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Preface 


There are many books on kinetic theory of gases and plasmas on the market. 
What was the motivation of the author in writing another book on this subject ? 

The foundations of present-day non-equilibrium statistical theory of gases 
and plasmas is due to the important work of N.N. Bogolyubov, M. Born, A.A. Vlasov, 
H. Green, J. Kirkwood, J. Yvon, L.D. Landau and I.R. Prigogine. In this book we 
attempt to present some of the ideas and methods of their work. They will be 
applied to a complete description of the kinetic processes in nonideal gases and 
plasmas and to the derivation of the kinetic theory of long-range fluctuations. 
The latter is important, in particular, for the description of turbulent processes, 
defining the so-called anomalous transport processes. 

Clearly, the simplest case is the one of weak nonideality, in which it is 
possible to introduce a small parameter: the density parameter or the plasma 
parameter. For denser systems one uses model equations, as in equilibrium theory. 
In this field, the developments are at present still very preliminary. 

The theory is constructed as a generalization of the kinetic theory of 
ideal gases and plasmas. It is therefore important to analyze the limitations of 
the usual kinetic equations. The book is written with great detail; therefore it 
should be of use not only to research physicists, but also to professors, and to 
graduate students of various specializations. 

The book consists of three parts. The first part is devoted to the classi- 
cal kinetic theory of nonideal gases, the second to the classical kinetic theory of 
fully ionized plasmas, and the third to the quantum kinetic theory of nonideal gases 
and plasmas. The concluding chapter presents a short account of the kinetic theory 
of chemically reacting systems and of partially ionized plasmas. This chapter was 
included in order to indicate some directions of further generalizations of the 
present results. and to attract attention upon this important and interesting 


problem. 
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The main stress is laid here on the fundamental aspects of the theory. 
Relatively little space is given to the applications. Whenever possible, the 
reader is directed towards additional literature. 

In several places of this book I used results obtained in collaboration 
with my students and collaborators: V.V. Belyi, YU.A. Kukharenko, W. Ebeling, 
W. Kraeft, V.A. Puchkov, E.F. Slin'ko. The collaboration with them was for me not 
only useful, but also pleasant. 

K.P. Gurov was the first person who read my work on the kinetic theory of 
nonideal gases and plasmas. He also read the manuscript of this book. I am very 
grateful to him for his help. I also gratefully acknowledge the remarks and dis- 
cussions about the manuscript with V.V. Belyi, L.M. Gorbunov, M.E. Marinchuk and 


A.A. Rukhadze. 


The Author 


PART I 


Kinetic Theory of Nonideal Gases 


INTRODUCTION 


The basis of the kinetic theory consists of the equations for the one- 
particle distribution function: the kinetic equations. Typical kinetic equations 
are those of Boltzmann, of Vlasov, of Landau, and of Balescu and Lenard. 

All the kinetic equations are approximate; therefore they provide a 
simplified description of the statistical processes in gases and plasmas. There 
are phenomena, which cannot be described in terms of the known kinetic equations. 
In order to include such phenomena in the description, the assumptions made 
in the derivations of these equations must be weakened and these equations must be 
generalized. 

Thus, in deriving the Boltzmann equation from the Liouville equation (oF 
from the corresponding BBGKY hierarchy) one makes use of the smallness of the den- 
sity parameter €. Similarly, for a plasma one assumes that the plasma parameter U 
is small. 

The parameters € and wu characterize the role of the interactions in the 
kinetic equations for gases or plasmas. This role is twofold. On the one hand, it 
defines the relaxation processes responsible, for instance, for the approach to 
equilibrium. In other words, the interaction determine the dissipative processes 
in gases and plasmas. 

On the other hand, the interactions contribute to the non-dissipative proper- 
ties, e.g., the thermodynamic functions (internal energy, pressure, entropy, etc.). 
These contributions of the interactions are responsible for the deviations of these 
quantities from their ideal value. 

In the Boltzmann, Landau or Balescu-Lenard equations, the interactions deter- 


mine only the dissipative characteristics. In this sense, these equations can be 
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called kinetic equations for the ideal gas or plasma. One of the problems of the 
present book is the construction of kinetic equations for nenideal gases and 
plasmas. Within their corresponding models — the binary collision approximation or 
the polarization approximation — these equations take account of the contributions 
of the interactions to both the dissipative and the non-dissipative properties [17, 
18). (see also refs [6, 67, 68,71, 73]). 

The second problem of the book is the construction of kinetic equations for 
dense gases. The first difficulty in this direction is the derivation of equations 
taking into account both binary and triple collisions. Such an equation was derived 
by Choh and Uhlenbeck [5], by using Bogolyubov's expression fer the two-particle 
distribution function to the first order in the density parameter. This kinetic 
equation is not quite consistent. In the dissipative characteristics it takes 
account of both binary and triple collisions, but in the non-dissipative properties 
it retains only binary collisions. In this book we derive an equation in which the 
triple collisions are treated more completely. 

In ref. [4], Bogolyubov developed a method by which, assuming the com- 
plete weakening of the initial correlations, he expands the two-body correlations 
systematically in powers of the density parameter. Clearly, this method also leads 
to an expansion of the collision integral of the kinetic equation in powers of the 
density. However, the realization of Bogolyubov's programme faces some difficul- 
ties of principle. The investigations of Weinstock [19], Goldman and Freeman [20], 
Dorfman and Cohen [21], showed that the collision integral, including four-body and 
higher order collisions, diverges [22]. 

The solution of these difficulties leads to the modification of the basic 
assumptions underlying the kinetic equations. It was shown that the complete 
weakening of the initial correlations must be replaced by the more flexible assump- 
tion of the partial weakening of these correlations [23, 24]. By using this 
assumption, we derive from the Liouville equation an equation for the smoothed 
distribution function in phase space. From the latter we derive a hierarchy for 
the smoothed distribution functions. It differs from the BBGKY hierarchy in re- 
taining explicitly the dissipation due to binary collisions. If this hierarchy is 
solved by assuming the complete weakening of the initial correlations in a time 
shorter than the binary collision relaxation time, the Boltzmann equation is 
recovered. 

For denser gases, we obtain from the smoothed hierarchy a kinetic equation 
whose collision integral is convergent. In this way, one may construct kinetic 
equations taking into account four-body, five-body collisions, etc. But these 
equations become more and more complicated. One therefore uses a more convenient 


method, analogous to the one used in equilibrium statistical mechanics of dense 
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gases and fluids. Instead of a kinetic equation for the one-particle distribution, 
one rather uses a set of equations for the one-particle distribution and for the 
binary correlations. 

From the hierarchy for the smoothed distribution functions we may derive 
kinetic equations taking into account the long-range fluctuations. From the latter 
we may derive hydrodynamic equations in which the viscosity and the thermal conduc- 
tivity are determined not only by the collisions, but also by the long-range 
fluctuations. 

In the derivation of the Boltzmann equation, one assumes implicitly the 
continuity of the collision process defining the collision integral. This amounts 
to describing the distribution function as a deterministic (non-fluctuating) quan- 
tity. Taking into account the discreteness of the collision processes leads to 
fluctuations of the distribution function. These fluctuations have a range much 
longer than the one of the fluctuations defining the collision integral. In order 
to describe the former, we may consider the Boltzmann equation as a Langevin equa- 
tion with a given source of fluctuations: the latter was first studied by Kadomtsev 
[25]. The development of the kinetic theory of the equilibrium and non-equilibrium 
fluctuations in gases is another problem of our book (chapter 4). The correspond- 


ing theory for plasmas is studied in chapter 11. 


CHAPTER 1 


The Method of Distribution 
Functions and the Method of 
Moments 


1 EQUATIONS FOR THE POSITION AND MOMENTUM DISTRIBUTION 
FUNCTIONS IN A GAS OF MONATOMIC PARTICLES 


The microscopic mechanical state of a monatomic particle gas at time t is 
defined by the specification of the positions ei (a See "y and of momenta P, ,.. Py 
of all the W particles. For conciseness, we introduce the notations: x ,= (r, : P,s 
a six-dimensional vector defining the state of the particle labelled « (1 © 2 «< W), 
and x = (x) s-e05 a y)s a 6NV-—dimensional vector defining the state of the complete 
system. 

The distribution function of the variables x is denoted by Ff yb »t). The 
expression fy(ast) dx represents the probability that, at time t, the coordinates 
and momenta of the particles have values within a range dr around x. The function 
fy is normalized as follows: f dx fy tat) =], 

Let (lr —F yl) =o 74 denote the potential energy of central interaction of 
the pair of particles 4,J. Let also m denote the mass of the atoms. Then the 


Hamiltonian # of the gas can be written as: 
2 
Pp. 
= >, (2 +u(r,)) 4 > o.. (1.1) 


where u(r.) is the potential energy of an atom in the external field. 
The distribution function fy (a >t) obeys the Liouville equation: 
r] Of: r) 
ty (24 ty 8H “u) -0 (1.2) 
at gt MOPe OF OFZ OP; 


We now use Hamilton's equations for the particles: 


. of P 
r.,.=-— = oe = Vv. 1.3 
& Op. m t ey? 
t 
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: oH oD.; 
aay ee > <i + Fir. ,t) (1.3) 
ss 1 1<j<y "t bs 

jt 


Equation (1.2) can then be rewritten 


of >) of of 
ot Lt or, L op . 
1<7<QG L t 


We introduced here the expression F(r,,t) representing the force acting on the 
t 


particle labelled 7: 


t) Yas Sk > o,, + Fi(r,,t) (1.5) 


where F =—9u/ar, is the external force. 
We now consider several different forms of the Liouville equation. We 


introduce the following operator notations: 


a oo... 4 oo... 9 
Oe eve tig a fo (1.6) 
td or. oP, ae oP. 
ee (», +52 + Fy +38) - ae: et) 
“1 t, jigs<e t t 1<i<j<s 
-(0) 3 ( 3 3 ) 
Gc =— + vee + F * (1.8) 
z, peeeylg at pees 4 or. 0 9p 


Using the definitions (1.6), (1.7), the Liouville equation can be written as: 


u 3 iad z 6 = 
et 2 Gra th ip, ) Scab fy7 9 8 


1<7i<N 1<i<j<y td 


or 5 m 
tetas |. ey} fy 9 (1.10) 


Finally, using the operator (1.8), Eq. (1.9) can also be written as: 


{2 - a > i. fA (1.11) 
mr Be yegcaacy 


The Liouville equation is a linear partial differential equation of first 
order: its characteristic equations are just Hamilton's equations (1.3). It follows 
that the solution of the Liouville equation requires the solution of the equations of 
motion of all the particles in the system. This problem can generally not be solved 


for the large systems considered here. 
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Thus, the Liouville equation cannot be solved in general form. However, in 
practice, the general solution is not necessary. For the description of the proces- 
ses in a gas it is usually sufficient to know the distribution functions of one and 
of two particles, viz., f,(z,».t) and f,(x,,2,,t). These are related in the 


following way to the function fy (est): 
fy(a,.#) =v | de, ... dey Fyl2y veers By, t) (1.12) 
— y2 
f(z, »x, »t) a | dey... dx, yl, precy Dy gb) (1.13) 


where V is the volume of the system. From these definitions follows the normaliza- 


tion property of these functions: 


1 _ 
Vfae f=1, 4 faejae, f= (1.14) 
The distribution function of a set of &s particles can be defined in a similar way: 
. = s . di = 
ic. V |e, e+ day Fy l@, oeees Sy) 5 | ae, ... de, f, l (1.15) 


Yad 


From the definitions (1.12) and (1.13) follows that Vf, dx, represents the prob- 
ability that the position and momentum of the first particle lies within limits 
dr, dp, around 7, ,P,, whatever the positions and momenta of the other particles 
in the gas. A similar interpretation holds for Ve f, de, dz, and for the higher 
distribution functions. 

We now show that the most important functions needed in a gas-dynamic des- 
cription can be determined from the sole knowledge of the distribution function fi: 

In gas dynamics, the most important properties are the number density of 
the particles, the momentum (or velocity) density and the kinetic energy density 


(or temperature). In a non-stationary state, these functions depend on the position 


and on the time: 
n=n(r,t), w=u(r,t), W=W(r,t) 


where W is the kinetic energy density. 
The quantities ,mté,W are average values of the corresponding microsco- 
: ae M M . , 
pic quantities  , (mu) , y™ which are defined as follows 


>. 6 (r—r(t)) 


1<7t<N 


n(r ,t) 


wn u(r ,t) 


> v. b(7—1.(t)) 


1<t< 


weir, t) = >. (p2/2m) &(r—r .(t)) (1.16) 
1<i< yn * a 
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Using the definition 
(A) = faz A(x) fy le » &) 


and taking account of the properties of the 6-function: 


| ae’ 6(x-—x’) = 1, fax’ 6(x—zx’) f(x’) =f(x) 
we obtain 


ys S(r—r, (2) fy =U | dx 6(r~ y(t) ge 


n(r,t)= | a 
1<7¢<WN 


N 
= 7 J, ar, 8r—r) P(r, Py t=2 fdpty(rsp.¢) 1.17) 
and similarly 


n(r,t)u(r, t) 


(w/v) {dp (p/m) f,(r.p5t) 


W(r ,t) = (N/V) | ap (p*/2m) f,(r.p >t) (1.18) 


From Eqs (1.17), (1.18) follows that for the statistical description of the 
gas-dynamical variables, the knowledge of the one-particle distribution function 
fi (rsp,t) is sufficient. The factor W/V entering Eqs (1.17), (1.18) represents 
the number of particles per unit volume, averaged over the whole volume. This quan- 
tity will be denoted by nm: W/V=n. The quantity 1/n represents the specific 
volume, i.e. the volume per particle. 

As the definition of many important averages requires only the knowledge of 
the one-particle distribution function, we are justified in making an effort for 
deriving equations which would only involve this function fy . 

In order to obtain such an equation, we multiply Eq. (1.4) for fy by V 
and integrate it over all variables except the first. We consider the result of 


this operation for each term separately. 


V [ dx, .. A = 


Here we used Eq. (1.12) defining fy In order to integrate the second term we 
must taken into account the fact that the distribution function tends to zero at 


the boundary of the volume enclosing the system. We thus obtain: 


v f de, ... de, yp, © =—l2 2 -s 


For the integration of the third term. we take into account the fact that the dis- 
tribution function vanishes as the momenta tend to infinity; using also the defini- 


tion (1.13) of f, >» we obtain: 
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of 
y | ade, ... dry > sl 2 ey\+sh 


i<i<y “\Asg<N 4 
J#t 
o® of N-} o¢, of 
_ 2 aia © eg | peal Soto Gn 
= v(W 1) [ dey... dey ee 7 | 4 aa - 


Using the fact that NV > 1, and the notations (1.8) and n=WN/V, we find the follow- 


ing equation for the one-particle distribution function: 


een ena tye 
ot 1 or, 0 ap 1 


_—___—__. (1.19) 


a of, (x, »y yt) 
’) ce oP, 


2 CO)n 
= a =nf de, 


We see that this equation is not closed for f, > as it also involves the two- 
particle distribution function. Similarly, integrating Eq. (1.4) over all the 
variables except those of two particles, we find, for M >1, the equation for the 


function Js : 


(o> ae \F =n|d be 3 O03. 3 f 
Hy, 12/72 3\ or, oP, or op 3 
=n| de, (6,,+9,,)f; : (1.20) 


Here we used the definitions (1.6), (1.8). 
Thus the equation for f, is not closed, as it involves the distribution 


function f5- The equation for ff. involves fis and so on. We thus obtain a 


hierarchical chain of equations. ee the determination of the function ae we need 
to know all the distribution functions of the system, up to fy . This chain of 
equations is called the Bogolyubov hierarchy, or the BBGKY hierarchy (Bogolyubov- 
Born-Green-Kirkwood-Yvon). The general equation for Fs (2 <s <N) can be written 
as follows: 
169) fo > 6..f_=n > | ax 6. f.... (1.21) 
Ti yeeey Fig tw °s S+1 2,8S+1 "stl 


le w<ges 1<7€s 


Because of the complication of this hierarchy, we must try to set up 
approximation schemes by which we can determine closed equations for the simplest 
of these distribution functions. An example of such an equation is the well-known 
Boltzmann equation, which is a closed equation for the one-particle distribution 
function i (x, St) 


The price to be paid in the transition from the Liouville equation (or from 
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the BBGKY hierarchy) to the simpler closed equations is in a coarser description 
of the processes in the system. For the investigation of a possible transition to 
an approximate description, it is necessary to discuss the relations among charac- 


teristic time scales and spatial parameters of the monatomic gas, 


2s THE APPROXIMATION OF BINARY COLLISIONS 
We first consider the simplest model of a gas, in which the atoms are idea- 


lized as hard spheres of diameter r The potential energy of a pair of atoms is 


0 e 
then given by the following function: 


co for r<Pr 
Thus, the atoms do not interact when their relative distance is larger than ry . 
The latter is a characteristic parameter of the system. Another characteristic 
1 
length is the average interatomic distance: Pes ~ (i/n)>. 


From these two parameters we may construct a dimensionless number: 


a ee 3 
E= nV, (r/P a) (2.2) 


€ will be called the density parameter. 


For atmospheric pressure and room temperature, the density m” is nes10!9 


cm-?, For monatomic gases, te 2—3+ 1078 om. For these values, we obtain 
€~ 107° <1. The mean free path, which determines the transport coefficients of 
the gas, is expressed as follows in terms of ry hy? 
| l r 
.=>=———— wn a 2%. 
V2T rn nr € 


We thus obtain the following relations among the three parameters: 


anil 

r.:r s:tew~lse 3:€ : 
0 av 

Hence: 


r<€r <€l1 for e<l1, (2.3) 


If the density parameter e€<1 the gas will be called ‘dilute'. The ideal gas is 
a limiting case of the dilute gas. Whenever € S1, the gas will be called ‘dense’. 

For dilute gases, we may limit our considerations to the first approxima- 
tion in €. We must however take account of the following remarks. 


The interatomic interactions play two roles in a gas. In the first place, 


us For a discussion of this and the following sections, see also the recent books 


of Balescu [67] and of Resibois and De Leener [68]. (Transl.) 
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they contribute to the thermodynamic properties of the gas: internal energy, entropy, 
pressure, etc. In the ideal gas limit, the contribution of the interactions to the 
thermodynamic properties is zero. In the dilute gas, there exist additional terms 
in the thermodynamic functions, as compared to those of the ideal gas. These terms 
are proportional to €. More generally, the contributions of the interactions to 
the thermodynamic functions can be represented as series in €. 

The interactions also define the relaxation properties of the gas, for in- 
stance, the process of approach to equilibrium and the various transport processes, 
such as viscosity, heat conduction, diffusion, etc. 

The characteristic time of approach to equilibrium (or relaxation time) is 
of the order of magnitude of the mean free time between successive collisions: 
tre] = L/Um » where Vn is the average thermal speed. To zeroth order in the den- 
sity parameter € the mean free path is infinite, because 1 ~ vi /e. Hence, the 
relaxation time is also infinite, i.e., there is no relaxation at all. This result 
is natural, because the relaxation process is determined by the interactions. 

The transport processes cannot be defined either in zeroth approximation in 
€, because the transition to a hydrodynamic description requires the condition 
2 €L,where Z is, for instance, the size of the system. As the mean free path is 
infinitely long in this approximation, the condition cannot be satisfied. 

Thus, in order to obtain kinetic equations, i.e. closed equations for the 
function i ,» describing relaxation processes, it is necessary to consider at least 
terms of first order in the parameter €. In this approximation one also obtains 
the contributions of the interactions to the thermodynamic properties. 

In the language of interparticle collisions, the first approximation in € 
corresponds to considering only binary collisions. This means that the contribu- 
tion of processes in which more than two particles approach each other at a 


distance of order PY, is negligibly small. 


0 
We now show that, in the binary collision approximation, the infinite hier- 

archy of equations for the functions f,>f, »«». can be truncated after the second 

one; we thus obtain a closed set of two equations for tf, and f,. For this pur- 

pose, it is useful to introduce the relations between the distribution functions 

fy >f,o--: and the corresponding correlation functions Jo 2Fg rere 


By definition, we have: 


f, (x, >Z,> t) ala (x, ,t)f; (x,t) +g, (x, >»z,,t) (2.4) 
For g,=0, fi=f, fy and the particles 1 and 2 are statistically independent. 


The three-particle correlation function 9, (x, > Lys Lys t) is defined by 


the equation: 
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PoCists): SF CIT (2) a) ey, Cg) 
Pf 2) 953) + fe Cs 2) 492015253). (2.5) 


For simplicity, we denoted here the set of variables sr of particle g by the sin- 
gle letter Jj. 

By removing any of the three particles to an infinite distance with respect 
to the other two the function g vanishes. Consider for instance the case where 
particle 3 is removed to infinity. Then 94 =0, and also g,(1,3) = 95 (2,3) =0 
and thus using ase” 


fel Bias CT 27 Gye fe sGls ae 2 OY. 


From the definition (1.15) of gs »fna+:- in terms of fy» we conclude that 


fe can be expressed in terms of Is 5 as follows: 
= 1 
Pee Y~ | dz oad i ie4 ‘ (2.6) 
In particular 
es | doe | Pe ca | 
f,=v [ az, r, : fae | az, f,. (2.7) 


Substituting Eq. (2.4) into the first equation (2.7) and using the normalization 
(1.14) of fy > we obtain: 

-1 —- y-l = 

V [ dz, @,,2)=7 | az, 9,(1,2) =0 : (2.8) 


Similarly, from (2.5), (2.7) and (2.8) we find 


=] _yv7l _y- _ 4 
V [ dz, 9, (1.2.3) =7 [ dx, g, (1,253) = 7 1 [ dz, gy (152.3) =0 (2.9) 


These properties of the correlation functions Go 2G will be used below. 

In the binary collision approximation, the configurations in which three 
particles are at distance r, are not considered. Therefore, g 
in Eq. (2.5). 

We now substitute (2.4) into the right hand side of Eq. (1.19) and intro- 


3 can be neglected 


duce the following notation for the average force acting on particle 1: 
= = 3 
F(r, jt) =F (r,t) 7 ee Ce oe (2.10) 


Here the first term represents the external force, and the second term represents 
the average force due to the surrounding particles, whose spatial density distri- 
bution is 
r = 
n(r, ,t)=n| dp, f, (a, ,t) . 


+t 


The correlations are thoroughly discussed in Yvon's book [69]. See also [67]. 
(Trans1.) 
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We rewrite the equation for ge as follows 


3 3 Q ) ‘ 
panne ° + Fe =f = . 
(2 sl ary oP, fy x, f T(e,, t) ety) 
The operator L,, ig differs from po. a by the substitution of F 
pore, pss 
for F) [see eq. (1.8) ]. : 
In Eq. (2.11) we introduced the notation 
9%), 89, (ey Hy, t) _ 


n{ de, 3 91990 - (2.12) 


This term represents the rate of change of the distribution function as a result of 
correlations between particles 1 and 2. In chapter 2 it will be shown that in 
the hard sphere model the correlations differ from zero only when the centres of 
the particles are at a distance Pos i.e. when the particles are colliding. There- 
fore, the expression (2.12) will be called the ‘collision integral’. 

For F, =O and for spatially homogeneous systems, in which f£, =F, (P)>*) 


and g, = Ie (7 - rae P,> Py» t), Eq. (2.11) simplifies: 


20 
a aes oe ge oe = . 
: | dr, dp, ——— ar OP, J, (Fr — Fy. Py» Py» *) (2,13) 


We now transform Eq. (1.20) for f,- We substitute into the right-hand side 
expression (2.5) with g,=0. We consider the result of this substitution in the 


first term of the r.h.s., containing the function %)3 


erie 
n| do? ae ee a {fF DF, +F 9,02 


+f, (2) 95(13) + f,(3) 9, (1,2)}. (2.14) 
Using Eq. (2.4), the first and last terms in the sum can be rewritten as 


d ot 
nf v. ee 1, (240% ) 3p f, (2, »x, ,%) 
1 


We bring this term to the left-hand side of Eq. (1.20) and combine it with 
F(a f,/0P ,)- Using the definition (2.10) of the average force, we obtain in the 


result the term 


af, (1,2) 
Per. 2) 6 ee (2.15) 


oP, 


The second term in (2,14) vanishes in the binary collision approximation, 
because it differs from zero only when the three particles are simultaneously near 


to each other. Indeed, the interaction o 3 vanishes when particles |! and 3 are 
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at a distance larger than eas and the correlation g, (2,3) vanishes whenever parti- 
cles 2 and 3 are far apart. 
Using the definition (2.12) of the collision integral, as well as Eq. (2.11), 


the penultimate term in Eq. (2.14) can be rewritten as: 


= 
a 
S 
s 
1 


by Fest) Fye, st) (2.16) 


As a result of the substitution of (2.5) into the second term of the r.h.s. 
of (1.20), containing the function 955 > we obtain, respectively, instead of (2.15), 
(2.16): 


Flr, ot) 8F,/80, » Te, f, (est) by File, .t)Fy(ay.t). (2.17) 


We thus find for Eq. (1.20), in the binary collision approximation, the 


following form: 


Pars ty Fo— yf, = Mee Fy (%) 2?) f(z, >t) ; (2.18) 
We recall that the operator L,, i is defined by Eq. (1.8), in which ®) is 
prereshy 


changed into F, 
Using Eq. (2.4), Eq. (2.18) can also be written in the form: 


Lp wy 9p (Bs, 2t) — 8, f, (@, st) =; (2.19) 

Equations (2.11) and (2.18) or (2.19) form a closed set for the distribu- 
tion functions rs (x, oa ee f, (x, »<., >t) in the binary collision approximation. 

We call attention to the structure of Eqs (2.18), (2.19). The left hand 
side of (2.18) represents the rate of change of the function Io as a result of the 
motion of the pair of interacting particles. The right hand side does not depend 
explicitly on f,: it describes the change of the functions fy (x, ,t) » £,(2%,,t) 
as a result of the motion of the non-interacting particles ! and 2 under the 
action of the average field. Rewriting (2.18) in the form (2.19), we clearly see 
that the operator Lg zx, acts only on the correlation function g,> hot on the com- 
plete function f, . 

For Fi=0 and for a spatially homogeneous system, Eq. (2.18) takes the 


simpler form 


{2 + yp o——-4P « 3 _ ei r) 3 —_ one e 3 by 
ot 1 or 2 or, or, OP, or Op 2 
== A, >t) f,0,,%) . (2.20) 


In chapter 2 we will see how Eqs (2.11), (2.18) can be further simplified 
in the framework of the binary collision approximation. They will be replaced by 


a single closed equation for f,: the Boltzmann equation. 
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3: THE WEAK COUPLING APPROXIMATION. THE POLARIZATION APPROXIMATION 


The binary collision approximation considered in the previous paragraph is 
less general than the approximation of binary correlations (9,=9). Indeed, in ob- 
taining Eq: (2.18) we did not only set g, = 0 in the expression (2.5) for f,3 we 
also neglected certain terms involving the binary correlations J, ° Thus, when 


(2.5) was substituted into the first term of the r.h.s. of (1.20), the term 


ad of, (x, .t) 
n|ae cls i ae 


was neglected in (2.14), and the similar term 


g(2,3) (3.1) 


7c Sane es Oe ers | 
n| dx, 23.2 g, (153) (3.2) 
ar, oP, 


was neglected in the second term on the r.h.s. of (1.20). These terms involve the 
correlations of the surrounding particles with one of the two distinguished particles 

We will see later that these terms play a fundamental role in plasmas, i.e. 
in mixtures of gases of charged particles. The interactions of charged particles 
decrease with the distance as 1/r, i.e. much slower than the interactions of neu- 
tral atoms. As a result, the effective radius of interaction of the particles ina 
plasma (the Debye radius, Py) is much larger than the average interparticle dis- 
tance: Tp) > 7, where the effective interaction radius is ro 

Thus, in the binary correlation approximation, the equation for the two- 


particle distribution function ie 1s: 


a 


(Z,., Xo a 312) fi) eae: a FC) F,(2) = 
= n| dx, 46,; g,(2+3)f,(1) + 8,,9,(1 » 3) ,(2)} (3.3) 


This equation differs from Eq. (2.19) — pertaining to the binary collision approxi- 
mation — by the presence of the right-hand side. 

Equations (2.11), (3.3) also form a closed set for the distribution func- 
tions hie sfo > but now in the binary correlation approximation. 

Later we shall consider also other approximate equations for fo > besides 
the binary collision approximation. All these models can be obtained from (3.3) by 
making additional assumptions. 

One of these approximations is related to the theory of perturbations with 
respect to the interaction strength of the particles. The dimensionless parameter 
in this case is the ratio of the potential energy (at a certain effective range of 
interparticle distances) to the average kinetic energy. Let us call this parameter 
TN and consider the equation for ae to first order in rn. 


For ne« l, g,(1 »2) is also much smaller than one, because the correlation 
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function is proportional to the interaction energy ®5- As a result, the right- 
hand side of Eq. (3.3) can be neglected, because it is of order n° . In the left 
hand side, ue ena can be replaced by re in the terms involving eis f,. 
Thus, to first order in the interaction parameter, the 'weak coupling approximation’, 


we get: 


bey Fo = phi ty : (3.4) 
The operator ae appearing here was defined in Eq. (1.6). 

This equation can also be obtained from Eqs. (2.18) or (2.19). Thus, the 
equation in the first-order approximation in the interaction parameter can be ob- 
tained both from the equation in the pair correlation approximation and from the 
more particular equation in the binary collision approximation. 

We also consider another approximation, which will be called the polariza-~ 
tion approximation. The justification of this name lies in the fact that this 
approximation is quite effective in a plasma, in which it describes the effect of 
the polarization of the medium. 

The equation for the function g, in the polarization approximation is ob- 
tained from (3.3) by means of the following additional assumption. On the left- 
hand side, the function f, SJ dp 05 can be replaced by Ne J in the terms involv- 
ing Cee, (as in the weak interaction approximation). This means that in the pair 
interaction process, the effect of the correlations is small, i.e. Ge dad ys But 
the contribution of the terms on the right-hand side of (3.3) can be large, even 
when G9,“f,f,. whenever each one of the particles ! and 2 interacts simulta- 
neously with many other particles. Such a situation is characteristic for plasmas. 


Thus, in the polarization approximation, the equation for g, is: 
+ n fae, {8,,9,(2 53) F,0)48,9,(13) AP. as) 


This equation differs from Eq. (3.4) by the presence of terms describing 
the influence of surrounding particles on the distinguished pair. These terms will 


be called polarization terms. 


4. THE EQUATION FOR THE PHASE SPACE DENSITY IN THE 
SIX-DIMENSTONAL POSITION AND MOMENTUM SPACE 


The microscopic state of the gas is defined by the specification, at each 
time, of the set of positions and momenta of all the particles a, (¢) peony a(t). 
The function fy describes the distribution averaged over all the microstates of 
the system. 


For the description of the processes in a plasma, and also for the 
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description of the long range fluctuations in gases, a different description of the 
microstate is convenient. The microstate is defined when the density (x,t) is 
known at all times and in all points x = (r,p) of the six-dimensional phase space. 


This function is defined as follows [8,18]: 


W(z,t)= > 6[x—-a,(t)] . (4.1) 
1<71<N 
The function N(x,t) is a microscopic quantity, as it depends on the values of the 


coordinates and of the momenta of the particles. The quantity 


W(x2,t)dx= > 6[x—x (t)] dx (4.2) 
1<7<N 
represents the exact (not the average) number of particles in the volume element dx 
of the six-dimensional phase space, surrounding the point 2. it actually is a 
random quantity, as it depends on all the x(t) . 
All the microscopic quantities of the gas can be expressed in terms of the 
function M(x,t), provided they are symmetric in the positions and momenta of all 


the particles. For instance, the Hamiltonian (1.1) can be represented as: 


H = | dx(p2/2m) N(x,t) + ; | dx dx’ 6(|r —r’|)M(x,t) W(x’,t). (4.3) 


The Hamiltonian (4.3) differs from (1.1) only by the fact that it includes the self- 
interaction of the particles. Whenever necessary, the corresponding term can be 
easily subtracted from (4.3). 


The microscopic functions (1.16) can also be expressed in terms of W(x,t): 


n> »t) = | dp N(z,t) 


(nu)p | dp (p/m) N(z,t) 
wM(r ,t) = | dp(p*/2m) N(z,t) (4.4) 


e e M e 
The microscopic force, F due to all the particles as well as to an exter- 


nal field, has the following expression: 


(Pan) 


F™(r ,t) =~ | de’ = 
or 


N(x" ,t)+F, (r,t) : (4.5) 
This expression differs from (1.5) by the inclusion of the self-force. 

The equation for the function W(x,t) can be obtained by using the equations 
of motion: 
ov 


ap (4.6) 


ll 
>) 


oN ov M 
WET * Or +F(r,t)> 
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Substituting (4.5) into (4.6), one obtains a different foun 


3 3 Pr) 
wet spt Fy(r st) - 


a / 
- [dz’ a n(x! ,t)} w(x, t) = 0. (4.7) 


Equations (4.6), (4.7) can be taken as the starting point for the construc- 
tion of a statistical theory. 


We consider a consequence of Eq. (4.7) related to the conservation of energy. 


We multiply (4.7) by p*/2m and integrate over x. The first term gives: 
3 2 
a dxz(p*/2m) N(x,t) 


which represents the change of kinetic energy. By integrating over the position, 
the second term gives zero. The last term, integrated by parts over P and? 
yields: 
oV(x,t) 

OF 


Z wt ae Trae seer le ee oe Cnn 


~ | de de’ o(|r —r’|) N(x’ ,t)v- 


In order to obtain the last expression, the factor ¥+*(0N/0r) was eliminated by 


using (4.7). Finally, the contribution of the penultimate term is: 
Fy | de y N(x,t) 


As a result, collecting all the terms, we obtain: 


a { | ae( p2/2m)n (x,t) 3 Jz dx’ (|r —r/|) (x,t) v(x!,e)} 


(4.8) 


0 


ay | de» W(x,t)=n"(r,t) uN(r,t) Fy. 


This equation gives the balance of the total energy of the system. 


oe THE METHOD OF MOMENTS 


We now study the relation between the moments of the microscopic phase den- 
sity W(x2,t) and the distribution and correlation functions. 
Using the definition (1.12) of the function I we obtain 


(w(x,t)) [ ay, > (x —y (t)) fy (Yo ++» Yy) 


1<t<WN 


Bl ay, 6(z—y,(t)) f,(y,) 


+ 


Equations (4.6),(4.7) are the classical analog of the corresponding quantum 
density operator in the Heisenberg representation (see sect. 71). 
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It then follows that 


(w(x,t)) = nf, («,t) , n=WN/V, (5.1) 
Hence, the average phase density differs from e only by its normalization: 


v7} J dx f (2,6) ain er | dx (w(w,t)) =WN 
Similarly, the second moment of the phase density is expressed as: 


(w(x ,t)m(a! ,t)) = BOE) 5 (ne !,t) + b(e—2/ EF (et) (5.2) 


It involves the two distribution functions i, and e ‘ 
The third moment is expressed in terms of the distribution functions 7; A 
f, ’ f, : 


(w(x t)u(e! ,e)n(a",e))= TED) 9p (eye! 22) 


r N(W~1) 


V 2 


| §(2@-2’) f(a" ,e",t) + §(x2'-2x"’) fi (2",x,#) 


+ 6(x2%-x) f (wre! st) | +0 6 (2-2! 6(x/-x" ) fi (2",t) (5.3) 


We now consider the expressions of the corresponding central moments. We 


introduce the following notation for the fluctuation of the phase density: 


6N=W(x,t) — (N(x,t)) (5.4) 
Using the fact that (6W)= 0, we find: 
(6W ee ={w(x,t)N(x',t)) —(w(x,t))(v(x’ ,t)) (5.5) 
This expression is simply the definition of the second central moment. We now 


express it in terms of the functions ig and J, - We use Eqs (5.2) and (5.1), as 


well as the definition (2.4), with the result: 


(S050). re: oe a) g(x. ot.) 
+ © {s(w—2!) #(est)—4 £ (wt) f, 2’ .2)} (5.6) 


It follows from the normalization condition (1.34) of ie and from the property 


(2.8) of J,» combined with (5.6), that 


II 
o>) 


rf a2 
| de cr - | dx (on 60), Cre 


BJ ’ 


These properties are consequences of the conservation of the number of particles. 
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In the limit: N+0, V+, N/V=n= const, Eqs (5.2), (5.6) go over into 


the simpler forms: 
(W(x, t)W(2',t)) =n f(x,a',t) + d@—2’) nf, (x,t) 


( 6 6) ia n° g{x,x',t) + S(x—x’) nf, (x,t) : (5.8) 
ee ie 2 


The third central moment is defined as follows 


(61 69 60) = (W(x,t)N(x! ,t)M(x",t)) 


iW 
pe. 42 4G 


= (W(x, t))(6N OM), a (M(x! »t)) (60 6M) a 2,t 


— (w(x, t)) (ow a - —( N(x,t)) (N(x! ; t)) (n( x” ,t)) (5.9) 


In the limit V+», V+, n= const, we find 


(60 6V8N) in 4, = 2 G4 (aor! a2”, t) 


+ n° [6(2— z')g (a',e",t) + d(x’ —2"') g(x" ,x,t) 


+ 6(a—2)g. (rx, £)) +2 8(2—2")6(2!— x") f(a” se) 3 (5.10) 


Thus, the third central moment is expressed in terms of the functions fi 29,5 g, , 

In all the previous expressions of the moments, all the suffices below the 
averaging sign correspond to the same time. Such moments are called one-time 
moments. All the previously considered distribution functions are also one-time 
functions. We now introduce the simplest two-time distribution functions and two- 
time moments. 

The one-particle two-time distribution function represents the probability 
of finding one particle successively at point x at time t and at point x’ at 


time t’. It is defined as follows: 
N 
Fi(x,t,0',t") = via y S(a—y, (£)) (x! —y (6) Fylyst’) (5.11) 
We note that, for t=t’ we have 


Fi(x,t,2',t) = 6(z-2') fi(x,t) (5.12) 


Integrating over x, we find 


| dx F (x,t,x',t')=f,(2',t’) : (5.13) 


Finally, using Liouville's theorem: dy =dy’, from which follows that ty (y,t) = 
fyly’ st") we find: 
| ax’ Fi(a,t,x',t")=f, (x,t) (5.14) 
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The two-particle two-time distribution function represents the probability 
of finding particle 1 at point x at time t, and particle 2 at point x’ at 
time t’: 

2 N 

f(x ,t32",t") =V | 4 y Oe CEN Oe Sa NS Ys ae oe (5.15) 
For t=t’ this function coincides with the one-time distribution function 
f(z, yt) s 


The two-time moment is defined by analogy with (5.2) 


N(N- 
(w(2,t)N (x! ,t’ )) ales t3 x’, t+ Pi(e2,t,2',t’) (5.16) 


For t=t’ this expression reduces to (5.2). 


The corresponding expression for the two-time central moment is: 


N(W—1) 
(OMSE). cosheay = er t’) 
+ Ele (esty0/st/) —~ f,(e st) flee} (5.17) 
Here : 
g,(x,t3x ig, ES fi (z,t32",t") - f (2st) f(x’ st") (5.18) 


is the two-time two-particle correlation function. It has properties analogous to 


(2.8). Using these properties, as well as Eqs (5.13), (5.14) and (5.17) we find 


N 6N = "(SN ON ; 
| ae (6 : Sa | dx ( : Des easical oat) 
In the limit V*~, V+”, nm = const. (5.17) reduces to 
( 6 617) =n2g(x,t;2',t')+n F,(z,t,2’,t') (5.20) 
x,tj;a’, t! 2 1 


For t=t’ Eqs. (5.17), (5.20) reduce, respectively, to (5.6), (5.8). 
More complicated two-time moments and distribution functions can be defined 


in a similar way. 


6. THE APPROXIMATIONS OF THE FIRST AND SECOND MOMENTS. 
THE POLARIZATION APPROXIMATION 


We now take the ensemble average of each term in Eq. (4.6) for the phase 
density N(x,t). We make use of the identity: 
7M _ 
(FYN(2,t)) = F( w(x, t)) + (SF ON), oe (6.1) 
where F is the average force and 6F pM F,. Taking into account the relation 


between the functions (W(2x,)) and fi (z.t), we find the following equation for 


f,(25t) : 
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r) r) r) 1 a 
— e + > = e ? — ; 
[2+ v \r F (r,t) 2 f, n Op (SF 6N’) 1 (eet) (6.2) 
where 
o6(|r—r’|) 
= = / / 
F(r,t) =F, n | ae pe) 


This equation corresponds to Eq. (2.11) for the distribution function 
f(a, >t). The only difference is the form of the collision integral. In (2.11) 
the latter 3s expressed in terms of the two-particle correlation function, whereas 
in (6.2) appears the one-time correlation of the fluctuations of force and of phase 
density. It is easy to show that these two forms are equivalent. Indeed, from 


(4.5) it follows that 


36 —r! 
6F(r,t) = — | de! 6m(x!,t) a. (6.3) 


Hence we find the following relation between the functions (éF 6) and (Sw 6x): 


_ pil 
~~ [ dex’ (6m 68) , oo 
H Omran’ 4 


(6F 6) 
yt or 
Substituting the relation (5.8), we find the relation between (6F 6) and g, and 


(6.4) 
Poot 


we prove the equivalence of (6.2) and (2.11). 

Equation (6.2) is not closed, because along with the function f, it in- 
volves the new function (OF EM) . From (6.4) we see that for its calculation we 
need to know the function (SF 6M), as t We now derive an equation for the latter. 


From (4.6) and (6.2) we first derive an-equation for the fluctuation 6/7: 


;) 3 3 3 
ES a wr +F(r ,t) 2 | 6ON(x,t) + 6F sp ty(x.t) 
Bains = 
sey | oF(r,¢) 6m (zt) (sF om), 4 (6.5) 


We write a similar equation for the function 6N(a’,t). We multiply the first 

equation by 6N(x’,t) and the second by SW(x,t), we average both equations and add 

them term by term. As a result we find the equation for ( 6 6) » , which, using 
xL,x 


(1.8), can be written as follows: 


A PS) 
La, gl (84 8V) og! a (6F 6W) alt’ WO nf (x,t) 
e) t 
ON oF be »t 
i ( a op’ cane 
5 ,) 
op ( ee op’ ( re 


This equation is not closed either, as it involves higher moments of the fluctua- 


tions 5N,45F. Thus, we obtain a hierarchy of equations for the moments, analogous 
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to the BBGKY hierarchy for the distribution functions. 

We now consider the first moment and the second moment approximations and 
relate the latter to the polarization approximation. 

In the first moment approximation, the right-hand side of Eq. (6.2) is 
neglected and we find a closed set of equations for the average phase density 


(w(x, t)) =nf, (x,t) and for the average force F (r,t): 


et ape ee) aps 
F =F, ~n 2. | de! 6(\r—r'|) f,(2/.t) : (6.7) 


This set of equations can also be written as a single nonlinear equation for the 
function bee . Equation (6.7) is called the self-consistent field equation, because 
the distribution function a is defined through the force, and the latter depends 
on the distribution function. 

The self-consistent field approximation provides a good description of pro- 
cesses in a plasma, whenever the characteristic size of the system is much larger 
than the mean free path. Under these conditions, the plasma is called 'collision- 
less’. Equation (6.7) is also call the Vlasov equation, after the name of its first 
discoverert. 

In ordinary gases, the second term of the average force (6.7) is negligibly 
small, hence the first equation (6.7) reduces to 


—_ 


of 
Se Piet Rpt) ee Ol (6.8) 


This equation describes the processes in an extremely dilute gas, when the charac- 
teristic dimension of the system is much larger than the mean free path. 

Equations (6.7), (6.8), corresponding to the first moment approximation, 
cannot describe dissipative (or relaxation) processes. They cannot be used for 
the study of the approach to equilibrium or of the irreversible processes such as 
viscosity, heat conduction or diffusion. This can be seen by defining the entropy 


as follows 
S(t)=- kn | de f,(2,t) dn fj (x.t) . (6.9) 


When the rate of change of the function Lin is determined by Eqs (6.7) or (6.8), 


the entropy remains constant in time: 
adS/dt=0 (6.10) 


t Equation (6.7) has the same form as the exact microscopic equation (4.6). This 
property is well known in quantum theory (see section 72). In classical theory, 
this fact was pointed out by Vlasov. (See reference [3], section 13.) 


KTNG -8 
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We now consider the second moment approximation. From (6.6), neglecting 


the terms involving third moments, we find 


. 2 
L_,(6W6N)  , + (SF én) poop ee 


oe Lye wb riz 
3 
+(6N 6F) os nf (x’,t)=0. (6.11) 
Co gl op’ d 
This equation can also be obtained directly from (6.5) — in which the nonlinear 


terms in the fluctuations are neglected — by multiplication by 6W and use of the 


equation for OF: 


re) ) 5 9 
ae Apia Ome : Fr wie _ 
6F(rt) = [ de! O(|r—r’|) Sa (2! ,t) ei 


The second moment approximation is not quite consistent; indeed, we see 
from (5.10) that the third central moments contain terms involving the functions 
Gi and g which define the second moments. Let us keep in Eq. (6.6) the contri- 
butions to the third moments which involve fy and Go» under the assumption that 


J, < Judy . We then find, instead of (6.11) the following more general equation: 


‘ 3 
Lg! VON éu) rt +6 ae 55 tf, (25) 
r] F C ,\source 
+ ° = 
(6 OF) rg at nfi(2',t)=b me > (6.13) 


Here we introduced the notation: 


(6H 6/ 


ee ae =n | 8(2— 2") ee ; Pleat) Ge): (6.14) 


x,x’ ,t 


In the limiting case when V+, V+™, m= const, 


(ow ow eon’? _ nO(ee a ) i (eet) 3 (6.15) 
a ae 


The superscript ‘source’ stresses the fact that these expressions do not depend on 
second moments, but are entirely determined by the one-particle distribution func- 
tion f,. 

It is easily seen that Eq. (6.13) is equivalent to Eq. (3.5) determining 
the correlation function J, in the polarization approximation. Indeed, it was 
obtained under the same assumptions that g,=0 and that g, < “ie Fy ; 

By using Eq. (6.5) for the phase density 6W(x,t) we can also construct a 
hierarchy of equations for the two-time (and many-time) moments. For instance, the 


equation for (60 6N ) x eh oped is obtained upon multiplication of (6.5) by 
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6N(x’, t’) and averaging 


é 3 
F 3.202 
Carr Ms ap te 
3 
alas ° (6F ON OW : 6.16 
op ( Le td 


This equation is not closed either, as it involves the third two-time moment. 
In the polarization approximation, i.e., when G,(e5n nbs ae’ yt! ) = 0, 


go (x,t x" »t’) «€ f, (x,t) fi (2'st"), Eq. (6.16) reduces to: 


A 3 
CL) (OF EN), 4 at gl "35 fy (et) 


is 2 \source 
L_ASW OW tn! t! (6.17) 


with the notation 


source 


(Sv 6N ) 


= _ yol 
ee (x,t; xv’,t’) V ie (x,t) f (2! e")} (6.18) 


1 1 


In the limit N7~,V*+™~%,n7 =const, 


(su SW eo 


> 9 ’ 


Equation (6.17) must be solved with the initial condition: 


(éy 6y ) 


= (6v6N) (6.20) 
Gb. 0 ot" 2 t 


9X ’ 


t=t/ 


Thus, in order to solve (6.17), we must know the solution of (6.13) for the one- 
time moment. We will see that, under certain conditions, such a solution can indeed 
be found. 

Let us note that the source { Ov 60 ee eet eh 


terms of the two-time one-particle distribution Pi(x,t x" »t’). In order to ob- 


in Eq. (6.17) is defined in 
tain an equation for this function, we introduce the two-time phase density: 


N(x,t, 2’, t’) = > 6[a-x,(t)] S[x’-2’(t’)]}. (6.21) 
1<t<W 


It follows from (5.11) that 
(N(2.tye! 46" )) = mF, (estan, t’) (6.22) 
The equation for the two-time phase density is 


M ) / / (6.23) 
—- +p? + fF »>t)>—rN »t, at mm . ; 
oe toe ie Cees 2} (Agee yee 


The microscopic force F"(r, t) is defined by (4.5). Averaging this equation and 


using (6.22), we find: 
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=I(x,t,2',t"). (6.24) 


This equation must be solved with the initial condition: 
Fi(a,t,0',t'),_., = 6(a-2') f,(z,¢). (6.25) 
In deriving Eq. (6.24), we used the identity 


M 2, tat 
(F ee x, t,x’ ,t! F(r,t)(W(a,t,2',t ))+ (OF 6¥), ' 


(6.26) 


CeCe ee at 


where 
6N(ax,t, a’, t’) =M(x,t,2',t’)—(N(2,t,2',t")) 


The collision integral I(x,t,x2’,t’) in Eq. (6.24) is expressed in terms 


of the second moment of the fluctuations SN(x",t), 6N( x,t, x’, oo) . For Vr, 


V>+o, the latter can be represented as follows: 
(5 ON) ae ast i sat 
=n6(x-an") F,(x,t,2',t") +n°g,(x',t,0',t/52",t) . (6.27) 


This equality follows from the definitions (4.1), (6.21) of the phase densities 
N(x,t), N(x,t,x' ,t’). 

In (6.27), the function g,(x,t.x' >t! 3”2/',t) defines at time t the corre- 
lation of two particles at points x,2”, knowing that one of them was at time t’ in 


point x’. We deal here with a triple correlation of two particles. For t =t’: 


do (stse" yt 22" 5t) = 6(x-2') g,(x,2",t) . (6.28) 
The collision integral in (6.24) only plays a role when BEE Re oa For 
times such that 
ae 
t-t < Tool? (6.29) 


the function Jo( xt yx’ ,t’ 3; 2” ,t) can be neglected. As the first term in (6.27) 
does not contribute to the collision integral, we may set [(x,t,x’,t’)=0 in 
this approximation. We then find, using (6.19): 
source 

=O. 6.30 
OO ie, ( ) 


Thus, in the polarization approximation, and under the condition (6.29), Eq. (6.17) 


L nF (x,t,x',t") =L (8 Sv) 


reduces to 


3 : 
reece! e! jp 2 F,(25t) = 0. (6.31) 


It must be solved with the initial condition (6.20).° 


- \ 
L.. (SN ON) gal. . + (6F 6v) 


t Equation (6.31) describes short range fluctuations, because of condition (6.29). Its 
form corresponds to Onsager's hypothesis about the time evolution of fluctuations. 


THE METHOD OF DISTRIBUTION FUNCTIONS AND THE METHOD OF MOMENTS 27 


Thus, in order to determine the two-time moments, we must first solve Eq. 
(6.13). This problem is, in general, complicated. It can however be significantly 
simplified if we take as a starting point Eq. (6.12) for SN with a source term 


equivalent to the one of Eq. (6.13), i.e., the following equation: 


Ef om(x,t) —saPOMre* (xz) } + OF (r,t) ‘sont, (xt) =0. (6.32) 


The correlation of the source fluctuations is defined by Eq. (6.30), which we re- 


write explicitly 


r) -) 0 source 
—+De +F t)e } ON ON =O, 6.33 
is or (7; ) op ( ) t,x! »t 


This equation must be solved with the initial condition: 


( ov éN) eae | 
x,t,x ,t le=t! 


= nj 6(e—2') f (est) et a f, (2st) i (x! t)| (6.34) 


It will be shown in sections 34- 39 that by this method the expressions for the two- 
time and one-time correlations can be obtained quite simply, without solving the 


integral equation (6.13). 


7. TRANSPORT EQUATIONS FOR THE MASS DENSITY, MOMENTUM 
DENSITY AND KINETIC ENERGY DENSITY 


We now consider the balance equations for the mass density p(r,t)=mn(r,t), 
the momentum density p(r,t)u({r,t) and the kinetic energy density W{r,t). From 
Eqs. (4.4) and (5.1) we find the expressions of these quantities in terms of the 


one-particle distribution function fi(z,t): 


p(r ,t) = mn | dp fi (zs) 
pu(r,t) = n| app fy(x5t) 
Wir ,t) =n | ap (p2/2m) f, (x,t) (7.1) 


In order to find the rate of change of these functions, we multiply Eq. 
(6.2) successively by mn, np, np= | 2m and integrate over p. We consider each of 
the resulting equations in turn. 
Noting that 
| dp F- (9 f,/dp) = 0 


,) r) 
d e = @ 
mn | py fy pu 


and that the integral over the momenta of the right-hand side of Eq. (6.2) vanishes. 


we find the continuity equation: 
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op y 2 
ot or 


which represents the balance of the mass density. 


“pu = 0 (7.2) 


The second equation has the following form: 
a ee ee nm | dp v.v.f =m} oF, +n | dp p.I(x,t). (7.3) 
ot 2 Or. t og 1 v t 


The second term of the left-hand side is transformed as follows. The velocity v 
can be written as v=u+év (where 6” is the deviation of the velocity Vv from 
its average u). Thus 

We introduced here the pressure tensor defined as: 


P..=nm | ap év, bu. f, ; (7.5) 
7 iy) Z d 


This tensor can, in turn, be represented as follows 


a: _i 
Pi = 64 Pia ol > Pig = 3P 53 (7.6) 
where 
Pig=nm | dp (80)? f = (p/m) ky? (7.7) 
is the pressure of the ideal gas, and 
2 1 
(p/m) kr =3n | dpzm( Sv)? f (7.8) 


defines the temperature 7, ks being the Boltzmann constant. 
The tensor Ve is called the viscous stress tensor, for reasons which will 
appear more clearly later. 


Using these results, we rewrite Eq. (7.3) in the form: 


A) pr) p | 
orerer sn 7 reer s . se + oe -_ « ° 
aE p u, + a2; (ou, u, + O4 Pia 34) == Betn dp p, Te. (7.9) 


This is the balance equation for the momentum density. 
The last equation in our set is: 


r) 2 r) p? p | p? 
— ——— © —<— = — e — 
2on| ap (p /2m) f+ -nf[ dpv = fy Feustn dp 5 Ios (7.10) 


Using the definition (7.8) for the temperature, and the definition of the average 
velocity, the first term in the left-hand side can be written as: 


0 p 
2 (dour +2 xr). (7.11) 


We represent v in the second term of Eq. (7.10) as v= u+6v, we use the defini- 


tions of u,T,P and introduce the notation S$ for the heat flow vector: 


ig? “tg * Pia 
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S = n| ap Gv ; m(dv)° ae (7.12) 
As a result, the second term can be written as: 
ee eae iis ae ©) +1. -u. +S (7.13) 
Pr. L\2 2m B id ry ees -\|*° . 
L 


Substituting (7.13) and (7.11) into (7.10) we find the energy balance equation: 


0 f- 943 9 1 2 3 P 
L 


p P 
+ oe e e =—_ — e —_—_—_ 
wee u;+ 8} _ u+n| dp P32 (7.14) 


We call attention upon the fact that the first term in this equation con- 
tains the time derivative of the sum of the macroscopic kinetic energy density 
ou7/2 and of the internal energy density of the ideal gas. Actually, for a non- 
ideal gas we would expect to find also the internal energy of the real gas under 
the time derivative. We will see that this contribution, related to the particle 
interactions, iS contained in the last term of the right-hand side of (7.14). This 
term will also yield a modification of the energy flow due to the interactions. An 
analogous role is played by the last term of Eq. (7.9): it defines the contribution 
of the interactions to the momentum flow. All these facts will be proved in 
chapter 2. 

The set of five balance equations (7.2), (7.9) and (7.14) is not closed, 


because besides the five functions ¢~, &, [, it also involves the functions 


2 

Tay Ss, | ap pr, jap Fr. (7.15) 

The lack of closure of the balance equations is due, partly, to the hier- 
archical structure of the original equation (6.2), which is only the first of the 
chain of equations for the distribution functions. In the next chapter, a closed 
equation for the one-particle distribution (the Boltzmann kinetic equation for the 
non-ideal gas) will be derived in the binary collision approximation. In this equa- 
tion, the interactions play a double role. They define the terms describing the 
dissipative processes, but they also contribute to the non-dissipative properties 
of the gas, such as the internal energy, the pressure, etc. 

If the contribution of the interactions to the non-dissipative properties 


is neglected (i.e. the approximation of the ideal gas), the collision integral has 


the properties: 
|appr=o, Jap rao. (7.16) 


as a result, there remain only two additional quantities in the balance equations: 
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"4 and § (there are altogether eight scalar functions, as the tensor 1. is sym- 


J 
metric and traceless). In the approximation in which the characteristic dimension 
of the system Z is much larger than the mean free path, the Boltzmann equation 
yields the following expressions of these quantities in terms of p,u,T: 


3 3 2 re) } 
em a iia waa uu. + — aay oe Voie me © 
To n C5 ae us, ; Fe ar, UZ (7.17) 


S=—«—T. (7.18) 


Here n is the viscosity coefficient and kK the thermal conductivity. The following 


expressions are obtained for these coefficients [2, 3,5,9, 12]: 
5m (=): 
are ee es 
0 


75 kp kel \2 


If Eqs (7.16) - (7.18) are substituted into the balance equations (7.2), (7.9) and 
(7.14) these become a closed set of equations for the functions p,#, fT: the hydro- 
dynamical equations of the ideal gas. We will see in chapter 2 that the Boltzmann 
equation for the nonideal gas provides more general hydrodynamical equations, taking 


into account the contribution of the interactions to the thermodynamic functions. 


CHAPTER 2 


The Boltzmann Kinetic Equation for 
Nonideal Gases 


6. SOME RESULTS OF THE EQUILIBRIUM STATISTICAL THEORY OF NONIDEAL GASES 


We recall here a few results of the statistical theory of gases, which will 
be used below. Consider the canonical Gibbs distribution 
F-#H x,5a 
f._(x%3,a,7) = exp FoH({z,a) (8.1) 
N kpT 
where dad is an external parameter, and F is the free energy, related to the parti-~ 


tion function 2: 


P=—k,T Ln Z 


Z2= | ae exp (- AAzea)) 


kT 
From (8.1!) we can obtain the Bogolyubov hierarchy of equations for the equilibrium 
distribution function. When the Hamiltonian is of the form (1.1), the momentum 
distribution function of each particle is Maxwellian; we may therefore restrict 
attention to the distribution of positions: f,(r,)> Far sry) oe. The first two 
equations of this hierarchy are [4,5] (they can be obtained from Eqs (1.19) and 
(1.20)): 


9 ] ou n | ( 3 ) 

a ee = — —— — . 

ary f, kT OF i kpT a or ae I, ae 

B 1 : 
ah dm 

p) 1 ou I 12 n | 13 
ate ge Ach Oe es GN ee Bien tee Ne (8.3) 
ar, t, kpT O°, f kyT 97) f kyTi 3 ary . 


where u is the potential of the external force. In the case u=0, fo=f(l7,-7,1) 


and we obtain from Eq, (8.2): 
KTNG - B* fi(ry) =I, ae Jar, fy, =|. (8.4) 
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These equations describe a spatially homogeneous distribution. 


From Eq. (8.4) follow the relations between the distribution functions 


and the correlation functions in the form: 


f, (1,2) = I +g, (152) 
fy(ls2,3)=14+9, (152) +9, (253) +9,(1,3) + 9, (15253) (8.5) 


In the binary collision approximation (i.e. to first order in the density 
parameter) we set g,=0 in (8.5). In this case, the right-hand side of Eq. (8.3) 


vanishes: 


30 
| ar, Or. {i 49, (153) +9, (152) +9, (253) } 20 (8.6) 


The first two terms vanish because the integral is odd in the variable r The 


13° 
remaining two terms only contribute when the three particles interact simultaneously: 


they must be neglected in the present approximation. As a result the equation for 


f, reduces to: 
oe 1 9% 12 poet as 
k ae 
or, B or, 


Hence 


fs = C exp (— 6 ,/k,T) , (8.8) 
The constant C is obtained from the normalization condition (1.14) 


=i 
C jv? dr, dr, exp (~ 9 4/kg?)} 


Td -1 
{1 + 4nV | dr 2 [exp (— 0/k,?) — 1) =I, (8.9) 
0 
Indeed, the contribution of the second term is of order z /V and vanishes in the 


limit V>%, We thus obtain the following expressions for fy» Jo in the binary 


collision approximation: 


t, 


9» 


exp (— oo/kgT) 


exp (—9,/k,T) —-1., (8.10) 


We now calculate the main thermodynamic functions in this approximation. 
We therefore look for expressions of the internal energy and for the pressure in 
terms of - and ts ; 

Averaging the Hamiltonian (1.1) with the weight fy and using the defini- 
tions (1.12), (1.13) we find the following expression for the internal energy 
density: 


H é 2 
v=—=n{ dp? i V | ae dx' (|r —r’|) fi (2,2") (8.11) 


2m 
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Hence, using for fy the Maxwell distribution, and for fs Eq. (8.10): 


fe) 
3 2 2 e 
U= nk T+ 210 | dr r“ 6(r) exp [—6(r)/k,T] = U gt AU (8.12) 
0 
We denote by AU the contribution of the interactions to the internal energy density. 
The relation between the pressure and the two-particle distribution follows 


from the well-known expression: 


(=) k r(- = =) (8.13) 
p=- = mr > . 
OVS p B OV /p 
It has the following form: [4,5,9] 
k a pes = + A 8.14 
p=nk T ae oe, ee oi? = Pig p. (8.14) 
Substituting Eq. (8.10) and integrating by parts we obtain: 
oo 
dp = —kg?+ 20n? | dr r*[exp (— o/k,7T) -1)] ‘ (8.15) 


0 
From Eqs (8.13) and (8.15) follows the expression of AF, the contribution 


of the interactions to the free energy: 
[o.°] 


(AF/V) = =Ker 2m | dr r* [exp(— ¢/k, 7) -1]. (8.16) 
0 
From (8.12) and (8.16) we finally obtain the contribution of the interactions to 


the entropy : 


AS = 2nn” ke | dr r*(6/k,T) exp (~ /k,T) 
+ 2nn? ky | ar r? [exp (—0/k,7) —1] ‘ (8.17) 


The results obtained above are valid for every model of a monatomic gas. 
Let us consider as an example the model of weakly attracting hard spheres, for which 


the interaction potential is: 


0 for rer, 
o(r) = (8.18) 
o(r)< 0 for r>r, 
with 
|o(r)|/k 7 < ls 
We substitute this potential into (8.12), (8,15) and (8.17) and introduce the follow- 


ing notation for the van der Waal's constants D and a: 


b= 5 Tre 
a= 20 { drr2}o(r)| (8.19) 
r 


0 
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The quantities AU, Ap , AS can then be expressed as follows, to first order in 
|| /k,T : 


Saige = ye 2 ee Bis 2 
AUS =%" a, Ap n kt (> oa) AS kn D (8.20) 


From these formulae follows that the contribution of the interactions to the thermo- 
dynamic functions are small, of order nr = € compared to the ideal part. 

We now consider the fluctuations of the particle density in a volume element 
AV which is much smaller than V but still contains many particles. We return to 
formula (5.6) which connects (SN ON) oe, ‘ and g(x ,x',t), and integrate both 


sides over the momenta p,p’. Using the properties: 
| ap Sie See 
| dp dp’ g,(252") = g,(r.r’) 
(w/v) | dp f, =n(7) 


we derive the relation between the one-time correlation of the fluctuations dn(r) 


and the spatial correlation function g(ror’)3 


(on én) = a g(rsr’) 
+ [8(r—r’) n(r)—W7} n(r) n(r’)]. (8.21) 
We shall denote by 
Way = | arn(r) (8.22) 
AV 


the average number of particles in the volume AV, and by ON, the corresponding 
fluctuation. We now integrate both sides of (8.21) over r,r’ in the domain AV 


and make use of the expressions : 


(w/v)? | dr dr!’ g,(rsr’) =nm,,{ dr g(r), 
AV 
| ar dr’ [8(r—r/)n(r)— wo! n(r) n(r’)] = yy li — (Wy /¥)] =Najye (8-23) 


From (8.21) -— (8.23) we derive the following formula for the fluctuation of the 


number of particles in the volume AV: 
] 
th eg fitn| ar 9 (n)} (8.24) 


The second term on the right-hand side represents the role of the interactions. It 


involves the binary correlation function. 
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We consider here again the approximation of binary collisions, in which case 


Eq. (8.10) yields 


2 
(8° Vay) ; 
oe ‘ +ann | dr x [exp (—O/k,7) — 1}}. (8.25) 

n? AV ? 

AV 
For the model of weakly attracting spheres, with the potential (8.18), we find: 
2 
6 °ON 
te gtd tae). (8.28 
AV . 


As in the case of the pressure, the interaction term results from a competition 
between the effects of the attraction and of the repulsion, characterized, respec- 
tively, by the van der Waal's constants a and Db, 

The expressions obtained above represent the zeroth and first order terms 
in an expansion of the thermodynamic functions as a series in powers of the density, 
the so-called virial expansion. Analogous virial expansions exist for the functions 
f, 2° Equations (8.10) define the first terms of these expansions. From the 
hierarchy of equations for the distribution functions, the functions Tas g, can be 
determined to arbitrary order in the density parameter [4,5]. Thus, the first two 


terms in the expansion of fy» g, are 
f, = exp (—9,,/k,T) {1 + n{dr, [exp (—%, ,/k, 7) —1] [exp (-$,, /k,?) —1] 
a ie a ae (8.27) 


Using these expressions, the first three terms of the virial expansion of 
the thermodynamic functions can be derived. 

The use of higher-order terms in the virial expansion is less effective. 
These terms are very complicated, and do not provide a convenient method for calcu- 
lating the thermodynamic properties of dense gases. These properties are computed 
either by numerical methods (the method of molecular dynamics, the Monte Carlo 
method), or by solving model integral equations for the pair correlation function 


[33 , 34]. 
9. NONLINEAR INTEGRAL EQUATIONS FOR THE TWO-PARTICLE CORRELATION FUNCTION 

A certain number of non-linear integral equations have been derived for the 
correlation function g,(r)." Historically, the first of these was the so-called 
Kirkwood-Bogolyubov~Born-Green equation. It can be obtained from the second equa- 
tion of the Bogolyubov hierarchy (8.3) by substituting for pe the superposition 
approximation due to Kirkwood. For spatially homogeneous gases, the superposition 


+ 


A thorough treatment of the integral equations is to be found in ref. [70]. See 
also [67,69]. (Translator.) 
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approximation is: 
fA fis tya75) = ee pear, flrs r,) filrs—r),) (9.1) 

In a series of papers [36,61] it was shown that the Kirkwood-Bogol yubov- 
Born-Green equation leads in many cases to a qualitative description of the proper- 
ties of dense gases and of simple liquids, but is insufficient for numerical 
calculations. 

Percus and Yevick derived another integral equation for the description of 
the properties of liquids, which gives better results. This equation was first 
derived on the basis of a physical picture of the character of the collective 
Motions in a liquid. In more recent work [33, 34] a more fundamental justification 
of the Percus-Yevick equation was obtained. 

Formally, the Percus-Yevick equation can be obtained from the well-known 


Ornstein-Zernike equation [33 , 34]: 
g, (FoF) =e( rer) +n | dr, C(r, 573) 9o(r4275) (9.2) 


which in fact, provides a definition of the so-called direct correlation function 
e(r); ro) in terms of the pair correlation function Jo» In order to derive the 


Percus~Yevick equation, we need a second relation between the functions ¢ and Go: 


From (9.2) and (9.3) we obtain a closed equation for G, OF, equivalently, for 


P= '+9,? 


fy (152) = exp (—4), /kgT) (9.4) 


{1 tn far, exp(?,,/k,T) f, (1,3) [exp (— 9, /k,7) —1)[F,(253) -a}} 


Another model equation is provided by the 'hypernetted~chain' approxima- 
tion. This model can also be obtained from the Ornstein-Zernike equation, by using 


instead of (9.3), a different relation between c and g, : 


e(1,2)=f,(1,2)-1-—%& fo(le2) =e. /k 7 (9.5) 


Both expression (9.3) and (9.4) satisfy the general conditions for the 
asymptotic behaviour of the functions tf, and ¢ for r+, 


In ref. [35] a still different type of equation was used: 
f, (1,2) =exp (—¢,,/k,7) {1 +n dr,(f, (153) = Ef, (253) —1]} (9.6) 


It is more symmetrical than the Percus~Yevick equation, but has a different asymp- 
totic behaviour at large distances. 


All the proposed integral equations yield exactly the first two terms of 
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the virial expansion of i but give different contributions to higher order in the 


density parameter. 


10. THE BOLTZMANN KINETIC EQUATION FOR THE SPATIALLY HOMOGENEOUS IDEAL GAS 
In section 2 a closed set of two equations was obtained for the functions 
fi» fo in the binary collision approximation. For a spatially homogeneous gas it 


simplifies to the following form (see (2.13),(2.20)): 


oo 
) 1 *) = 
9 9 8%1n og 0910 9 } 
—t+p,° ae de a = * = om f(r —lfo,5P,5P , t) 
ot 1 ary ar, ar, OP, ar, OP, oat 2 1 2 
_ ~@ 
= 35 F (p> *) fi (p,» *) (10.2) 


We now consider additional assumptions, by means of which a single closed 
equation can be derived for the one-particle distribution fi : the Boltzmann kinetic 
equation. 

The solution of Eq. (10.2) can be represented in the form of a sum of two 
terms, which are, respectively, the solutions of the homogeneous and of the inhomo- 
geneous equations. The former depends on the initial value of the distribution 
function ie , and (as Tose | £1, +9) also on the initial value of the correlations 
J, ° 

The first additional assumption for deriving the Boltzmann equation consists 
of the introduction of Bogolyubov's condition of complete weakening of the initial 
correlations. 

In fact, for deriving kinetic equations, we may only neglect those initial 
correlations for which the correlation time ee is much smaller than the relaxa- 
tion time of Fa which in turn is of the order of the mean free path Loe lg 


Thus, we may neglect the. correlations for which 


ae <€ La (10.3) 
Thus, the condition of complete weakening of the initial correlations corres- 
ponds to the assumption that the long-living correlations (with Toor 2 Tag? do not 
play an essential role in kinetic theory. We shall see later that this is not 
always true. 
By using the condition of the weakening of initial correlations, the solu- 


tion of the equation for ie is defined only in terms of the product 


f, (P,»t-T) Fp, > t—-T) 


t See also refs [67,68]. (Translator.) 
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where T is some positive time. Thus, the function fo depends on the value of fy 
at an earlier time: there appears a retardation effect. 

The second assumption in the derivation of the Boltzmann equation is the 
complete neglect of the time retardation. In other words, one assumes that the dis- 
tribution function f, at time t is defined by the value of the function f, at the 
same time t. 

In this approximation, the right-hand side of (!0.2) can be neglected 
because it is proportional to the time derivative of f, . We may thus use simply 
the homogeneous equation (10.2). By using these approximations, the solution of 


Eq. (10.2) reduces to 
Fol r, 27,5 P,> Pot) = £5(P,C~).t) £,(P,(-),t) 


=o 


fi (p >t) f,(p,>t). (10.4) 


Here 
P(-~) = lim P.(-T) 
j tr+0o J 

is the initial value of the momentum of particle J, and chai the propagator of 
the particles | and 2 (considered as an isolated subset of the system of W 
particles). The limiting process T*+™ is possible because of the inequality 
Ty = Y)/Yp < Tre 

In order to obtain the collision integral J we must substitute the expres- 


sion (10.4) for GFT into the right-hand side of (10.1), with the result: 


I(p,>t) -n|dr, a.m : iF f,(P,(-=),¢) fy (P5(-™),%) (10.5) 
The collision integral was first obtained in this form by Bogolyubov. It involves 
only the one-particle function fi. Hence Eq. (10.1), with the right-hand side 
(10.5). is a closed equation for fi> called the Boltzmann kinetic equation. 

Originally, this equation was derived by Boltzmann by using a different 
method. He calculated the average number of collisions leading to an increase or 
a decrease of the number of particles having momenta within a range dp, around the 
value Pi: The collision integral was then obtained in a different form. We now 
show that expression (10.5) can be transformed into the classical Boltzmann form. 


We multiply both sides of Eq. (10.2) by m and integrate over r, and P, F 


2 
The first terms on the left-hand side and on the right-hand side contribute the 


following terms to the result: 


3 3 
n+ | dr, dp, (f,-F,F)) 8 S(f\-f,) = 0 (10.6) 


We used here the normalization condition (1.14) for the function f, and the first 


equation (2.7). We note further that 
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0% 
n | dr, dp, 12) sas f, = 0. (10.7) 
2 or, oP, 
We thus obtain from Eq. (10.2) 
dr, d eee dr, d we 
n | ry P, ar Op, n | lr, DAV eae.) or, . (10.8) 


We note that, because of the spatial homogeneity, fo can be replaced by J, in 
Eq. (10.8). Then the left-hand side coincides with the collision integral (10.1) 


and thus 


I(p,s#)=7| dr, dp,(¥\-%)-=>g,. (10.9) 
1 


This is a convenient different definition of the collision integral. 
We substitute into (10.9) the expression (10.4) of the correlation function: 


,] 
or, 


T(p,st) =n] dr, dp, (¥,— %)) += FPO), #) Fy P(-@) 4). (40.10) 


We recall that Pi P, are the initial values of the momenta of the interacting 
particles 1,2 which, at time t, have the values Pi» P,- The explicit expression 


of these initial momenta in terms of Py ol) > Por?> is 
P, (—~) =Pi(r, = Pas P)> Po> — oo) 


Pi(-o) =P,(7, -— 7, P.> ea (10.11) 


The momenta PL, P, depend only on riwlo and not separately on r,, 7). 
In the initial state the particles are sufficiently far apart for their 


interaction to vanish, hence we can write the relation: 


2 2 2 2 
Big 2s aie —r,|) ci (10.12) 
2m 2m . fol 2 2m 2m : 


which expresses the energy conservation law. 
In Eq. (10.10) we may perform the integration over r, and represent the 


result as a difference of two terms: 
I=I-T., (10.13) 


This means that in the binary collision approximation we may distinguish two classes 
of collisions. One of them (collisions of type a) decrease the number of particles 
with momentum P at the point rp whereas collisions of type b increase the parti- 
cles of that kind. These collision processes are represented schematically in 
Fig. I. 

In the processes of type qa the momenta P,> Pp play the role of ‘initial’ 
momenta, and P; »P, of 'final' momenta. Conversely, in the collisions of type Db, 


Pi »P, are initial, and Pi> Pp, are final momenta. In both cases, the momenta 
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Pp p> a ae 


(a) (b) 
Fig. 1 


Pi» Pos PY, Ps are related by the laws of conservation of momentum and kinetic 


ener 4 
ey 2 2 42 12 
1 gy 2° 2m 2m 2m 2m ~ ; 


We come back to Eq. (10.10) and go over to cylindrical coordinates 2, 0, ¢. 


for the variable er The axis of the cylindrical coordinate frame is chosen 


2 
along the relative velocity vector vi—P- Eq. (10.10) then takes the form 
00 27 oo 
) 
I(p, »t)= n| ap, | da | de | do oly ,— vy] 2 f,(Py(-™) st) f (Py) 48) 
-00 0 0 


The integration over 2 is easily performed: 


27 oo) 
1(P,,t)=n fap, | 46 [aoolr,—» 1 FP om).#) F098) | (10.15) 
0 0 ~ 


For 2#-©, the contribution to I(p >t) is negative, thus P,, P, are 


initial values of the momenta in collisions of type a, i.e. 


P, ara ro > P)> P, a = Py 


Pi{r, —Fo Pir Pa» -™) | P, 


25-0 


For 2=+”, the contribution to I(p,,t) is positive, thus P,, P, are 


initial momenta for collisions of type b, i.e. 


ae : (7, — r. ; P, »P, »-x) es = Py 2 (10.17) 


> 


As a result, Eq. (10.15) reduces to 


277 a 
1(p,,t)=nfap, { do] dooly-vnl {7 (wi .6) F,les.t) —F,(p, -#) f(p, »¢) 
0 0 (10.18) 


where the momenta P,>P.,> Pi >P, are related by the conservation laws (10.14). 
The four scalar equations (10.14) are, of course, insufficient for the 

determination of, say, PP, in terms of p,,P,3; the functions Pip, >p,)> 

pit, »P,) thus depend on two parameters, which can be chosen to be 9,¢. Thus, 
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in (10.18) 


/ —_nféf 
Pye =P. 2 (P,+P,:0+9) ° (10.19) 


The determination of these functions reduces to the solution of the dynamical prob- 
lem of the collision of two atoms. 


We recall that the quantity 
do = pdpd¢ (10.20) 


is the differential scattering cross~section for a collision parameter p. 

Instead of the variables (,% we may also choose the scattering angles 
x, . We must then find the dependence of the collision parameter P on the deflec- 
tion angle x, i.e. p= p(x), by solving the mechanical problem. We then obtain, 


instead of (10.20) 


p dp 
do = (x) =| dQ , dQ = sin x dx dd. (10.21) 
sinx |dy 
Equation (10.18) is valid for an arbitrary interaction potential @. Let 


us consider as an example the case of the hard-sphere model, when 


0 


o(r) 7 for rr, 


o for rer 
‘6 (10.22) 


We choose as parameters in Eq. (10.19) the values 
of the angles defining the orientation of the unit 
vector Mt, , directed along the line of centres of 
the particles at the instant of their collision 


(see Fig. 2). Eqs (10.19) become: 


$s — ° 
Py = Py m(veny) My 


(10.23) 
Ps = p, + m(v on, ) ny 


where V= (Pp, —P,)/m is the relative velocity of 


the colliding particles. It is easily seen that 


Fig. 2 


the expressions (10.23) satisfy the conservation 


laws (10.14). From (10.23) we find the relative velocity 


y= —2(v9m,) (10.24) 


Thus 


/ 


pion, =—(ven,); vi X n= Hv Xn, jv’ } = |v] (10.25) 


0 


Thus, the length of the relative velocity vector is unchanged, whereas its projec- 
tion on the vector n changes sign. 

For convenience of the calculations, we represent the atom '2' as a sphere 
1 es 


with double radius, i.e. with radius ry» and the atom as a point (see Fig. 2). 
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As a result of (10.25), the angles between the vectors v and ny on the 


one hand, and between vy’ and ma, on the other hand, are equal. We call their 


0 
common value @. The deflection angle is y=1-20. 
The collision parameter € is related to a by p= ry sin a and therefore, 
in the collision integral (10.18): 
vo do do =vre cosa sinadadd = (veny) rr dQ (10.26) 


The integration domain for @ is between the limits 0 and 1/2, which correspond 
to a half-sphere. One may also integrate over the complete sphere, but then the 
modulus |v en, | must be used instead of ven, and the result must be divided by 2. 


The final form of the collision integral for a gas of hard spheres is 


1(p,.t)= $n v2 fap, | doly-n] {Fp .t) £,(0h.t) Ff, (7, >t) £,(8, »*)} 


(10.27) 
In this expression, the momenta P5>P’, are related to P,>P, by (10.23). 

Thus, we obtained the form of the collision integral for an arbitrary poten- 
tial 6 (expression (10.18)) and for the special case of the hard-sphere model 
(expression (10.27)). We recall that these results are obtained under two condi- 
tions: (1) the condition of complete weakening of the initial correlations, (2) the 
complete neglect of the retardation of the function Le in the solution of (10.2). 

In the next paragraph, we study the general properties of the Boltzmann 
collision integral. It will be shown, in particular, that this kinetic equation 
does not take into account the contribution of the interactions to the thermodyna- 


mic functions. It therefore describes the kinetic processes in an ideal gas. 


1. PROPERTIES OF THE BOLTZMANN COLLISION INTEGRAL FOR THE IDEAL GAS 


We multiply the collision integral (10.18) by an arbitrary function o(P, ) 


and integrate over P)- We introduce the notation: 


1(t) =n { dp, o(p,) I(p, »t). (11.4) 


We introduce into (11.1) the expression (10.18) and perform a double symmet- 
rization: (1) We symmetrize with respect to the particles |] and 2, i.e. we permute 


the variable subscripts 1#2. (2). We symmetrize with respect to the momenta before 


/ 
1 


vo dod¢dp, dp, =v" p' do’ dg’ dp’ dp* Chia) 


and after the collision, i.e. we permute P, » P, = p', P,. We also use the equality 


which results from the solution of the equations of motion of the two colliding 
particles and expresses the mechanical equivalence of the collisions of type a and 


b. After this symmetrization, Z(t) reduces to 
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27 © 

I(t) =5n? { dp, dp, [ao | ao oly, —¥l{o(p,)+o(p,)—- (Pi)- (p5)] 
0 0 

-{F,(oh st) fy (phot) —F,(0, >t) Flv, t)}. 0.3) 


It then follows that the integral I(t) vanishes exactly, for any function 


fi(p, » t), whenever the function ¢ satisfies the equation 
o(pP,)+¢(P,) = o(P{) + o(P4) (11.4) 


We recall that Py» P>3 Pi» P, are, respectively, the momenta before and after the 
collision, thus (11.4) is satisfied for all functions $ which are conserved in the 


collision process, i.e., for $(p)=1,p, p*/2m. Hence 


r(t)=n| dp ir Ose )-w: Fb Gia pe (11.5) 


We now consider another property of the collision integral. We choose for 
o(p): 
d(p) =—k, &n Fle, »t) 


and rewrite (11.3) as: 
fi (Pp, >t) Ff, (Pp. >t) 
fy (p)>t)f,(p5>t) 


{F1(04 5#)F\(055#) —F,(ey 8) F,(0 2 >t) f (1.6) 


1 . 
T(t)=-Zk,n* [ ap, J ap, { 46 [ do o|y— Jan 


It then follows that 
I(t)>0 for ¢(p)=—k, &n f,(p,t). (11.7) 


The equality sign appears when the function fy satisfies the condition 
fi (pyst)fy (pot) = fy (pi ot)h, (post) - (11.8) 
The solution of this equation is the Maxwell distribution : 
ao 
f,(P) = (20mkg?) 2 exp (- p*/am kg? ). (11.9) 


Under the condition (11.8), the collision integral (10.18) vanishes, and 


thus (11.1) reduces to 
of, (p,»t)/at = 0. (11.10) 


Thus, the Maxwell distribution is the equilibrium solution of the Boltzmann equa- 
tion for a spatially homogeneous gas. In presence of an external field, the equili- 
brium solution of the Boltzmann equation is the Maxwell-Boltzmann distribution. 

We now use Eqs (11.5) to derive the balance equations for the mass, momentum 
and energy densities (Eqs (7.2), (7.9) and (7.14)). Besides the five scalar func- 


tions 0, u,,7, these equations involve the unknown functions (7.15). For the 


1? 
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Boltzmann collision integral, 
| ap pil=0, | dp(p2/2m) 1 =0 (11.11) 


and therefore Eqs (7.2), (7.9) and (7.14) for F,=0 and for a spatially homogeneous 
gas reduce to: , 

Op _ Pu d (391 _ 

at yee 8 a eee 


Under these conditions, the quantities 


0, pw, 5 — kK P= U (11.12) 


do not change with time. 

The quantity U;q is the internal energy of the ideal gas. This shows that 
in the Boltzmann kinetic equation, obtained under the two assumptions discussed in 
section 10, the interactions do not contribute to the non-dissipative characteris- 
tics of the system. In this sense, we shall say that the Boltzmann equation (10.1) 
with the collision integral (10.18) is the kinetic equation for an ideal gas. 


The property (11.7) is related to the growth of the entropy: 


s(t) =—kyn [dp f,(p, 4) an Fy(p5¢) . 11.13) 


Indeed, from (10.1), (10.7) and (11.13) we obtain 


dS/{dt >0, or dH/dt <0, H=-S (11.14) 


(Boltzmann's H-theorem). The equality sign appears in the case of the equilibrium 
state. 

We now show how the conservation properties (11.5) can be derived from the 
form (10.5) of the collision integral. 

The validity of the first relation (11.5) is obvious. We examine the second 


relation by multiplying (10.5) by np, and integrating by parts over Py: 


38, 


2 
n | ap, P, I(p,;%) =—n? | ap, dp, atop, 1h e8) ae ae 15) 


where fF r.-fr As a result of the spatial homogeneity the integrand in (11.15) 


io a ? os 


depends only on r,- 7,3; thus under the substition Pp, *P»5,l,;9*%- )>) it changes 


1 
sign, and therefore the expression (11.15) vanishes. 


We now multiply (10.5) by np /2m, integrate by parts over P, and symmet— 


rize the result in | and 2. We find 


n | dp, (p2/2m) I(p,,) 


a6 
1 12 
= 3 n? | ar, , 40, 4p, (02-4) oi FL (PC) gt) Ts (P,(-~) ,¢) ° (11.16) 


We add to this expression a time integration by writing it as 
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n | dp, (P2/2m) I(p, +t) 


1 2 7 9910 d 
=5n | ax yo} az, dz(v,—v,)° a de fi (P,(-1),#) fi (P,(-7),¢) : 
0 oy (11.17) 
We perform the change of variables Ly »%,>X-T); X(-T) . By the Liouville 


theorem for the two-body problem, dz, dz, = dX, dX, hence 
2 
n | dp, (pz /2m) I(p, 5 €) 
a®,5 
87° io 


= n? | ax v' | dx, dX, l(o,—m): £ AP, >t) fy (2, ot) (11.18) 
T 


tele 


The brackets [ . Mean that the corresponding expression is a function of T through 


the integration variables KCHt) 1 Oe ae 


We now use the equation of motion for an arbitrary dynamical function A(z): 


ite) = [H(x) , A(x) ] (11.19) 


For A= f APC tT), ¢t) fCPC 1) ,»t) we must use in (11.19) t=—T. We thus find 


d 
d(~-T) 


fi (P) (-1),t) Ff, (P,(-1),#) 


(11.20) 


—_—_—_— 


tye), fy , 
ery a RE - ARES er) 


eo 


(oe ,) Win 9 


Thus, in the integrand of (11.18), the expression (d/dt) f f, does not depend expli- 
citly on T, but depends on this variable only through the integration variables 


X)(- 1), %,(-T). We note further that: 


(11.21) 


(",-¥,) Orel «ae * 12], - 


We now substitute (11.20), (11.21) into (11.18) and note that by integration over 


tT only the contribution from T=0 remains; however, X, ,(-T) =X . Hence 
152 T=0 142 


n | dp, (p_/2m) I(p, »t) 
9915 d 3915 


— i 2 = ——— » ——— + -2) = 
on | az, dz, V °,( ar, P , Dr, Ps fi(p,»t) f,(P,>#) 0. 


(11.22) 


We have thus proven the third relation (11.5). 
This proof of Eq. (11.22) will be used in section 12 for the study of the 


conservation relations for a nonideal gas. 
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12. THE BOLTZMANN KINETIC EQUATION FOR A SPATIALLY HOMOGENEOUS NONIDEAL GAS 


We come back to Eq. (10.2) and consider its solution by retaining only the 


assumption of the complete weakening of the initial correlations. Thus, we do not 


neglect the time retardation of the functions fy . Instead of (10.4) we then obtain 
the following solution: 
f(x, »@, >) i FAP CT) st >T) f,(P.(-1),¢-T) 


T 
+ [dr | 2 f (p, >t) f,(p, >t) » (12.1) 
| EF aon 1 Pe Lis, polices 


In first approximation with respect to the retardation (i.e. to first order 
in T)(8/8¢) ~Ty/T, 93) we obtain 


fAa eet) é (1-« Be) Fy (Py (-1) 58) fi (P,(-7) 5t) 


T 
3 
+ av’ |= fF f, | : (12.2) 
Be ae ale eeecee Nee 


In the second term we integrate by parts over / 


3 3 ; 
= =| dt’ tr! re PP a eit) (Poet se) » (12.3) 


We may now go to the limit T**. We thus obtain the solution of (10.2), including 
the contribution of the retardation, to first approximation in the small parameter 


Ty/T re. ! 


4 
i) 

8 
-_ 

8 

ct 

Il 


2 FAP Ge) st) : ae 


, (P,(-%) »t) 


@ 


Oe eee ee : 
a atta Fi (P\(-1) st) Fi (PQ(-7),t) . (12.4) 
0 


The first term is the same as in (10.4), whereas the second term takes account of 
the retardation. 


We substitute (12.4) for Ota f ie into the right-hand side of (10.1) 


e « « « + 
and represent the resulting collision integral as a sum of two terms: 


- The nonideality correction "@ was derived, to all orders in the retardation 


and in the interaction strength, by Prigogine and Résibois [71]. They expressed 
this correction term as an operator §}, acting On the ‘ideal’ collision operator 
Y. (They did not use the terminology ‘ideal' and 'nonideal'.) It is not diffi- 
cult to check the equivalence, to first order in the retardation and in the 


density parameter, between their result and Eq. (12.6). See also [5, 67, 68]. 
(Translator.) 
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T(p,.t)=I),)(p,+t) +1) ,,(p,>#) (12.5) 


The first term is the same as (10.5), whereas the second term is 


: a0 
gees Sea ea ee é ‘ 

ery: J acJ ar, qP, or apt ae FPO 8) FP OO) . 

0 : 1 (12.6) 


The integral Tay possesses the properties (11.5), i.e. 


n | dp, o(P,) I(,)(P,»t) =0 for $= 1,7, ,P./2m . (12.7) 


We now consider the corresponding relations for the integral Leay? From (12.6) it 
1s obvious that 


| dp, I,(p,,t) =0 


We multiply (12.6) by np, and integrate by parts over P,? 


n| ap, Pi tis) 
, 8915 3 
=n | dt|dp, dp, dry, t AW OD st) AUP, #). 02.8) 
0 
Because of the spatial homogeneity, as before in (11.15), the integrand depends only 
on (7, — r,) and changes sign under the substitution p,*+Py, %)2* —1,,3 thus the 
expression (12.8) vanishes. 


Thus 
n| dp, o(p,) I°,,(Py>#) =0 for = 1,7, ’ (12.9) 


We now show that, in contrast to (11.5), the equality (12.9) does not hold for 
>= pr/am. Multiplying (12.6) by the latter factor, integrating by parts over P, 
1 


and symmetrizing the result in 1 and 2 we find 


n| dp, (pi/2m) F665 


a® 
1 ,) 12 
=> — ee. d v3 [a d. yp— p < 
ae = | T x, x, (¥, » 7, 


t= f,(P,(-0),#) F(P)(-1),€) - 


(12.10) 
This expression coriesponds to (11.17). As for the latter expression, we change 


(=) 


the integration variables: tis ri x, (-T), X(-T) , and use Eq. (11.21): 


2 
n | ap, (p,/2m)Z°,) 


2 a 


2 fdcy7 [dx axy SLO), t ae fy (Py(- 1). t) fF, (P,(- 0 #). 


(12.11) 


1 
= - 7" 
2 
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We perform in (12.11) an integration by parts over 1, recalling that the integrand 


in (12.11) does not depend explicitly on T;3 thus: 


3 ne 
| dt tae [Oyo = | dt [9,0]. : (12.12) 
0 


After reverting to the old integration variables, we thus obtain: 


n| dp, (p?/2m) I, 


a ee ~1 3 : 2 
Sg ae | dtv | ae, dz, a ae (P ( t),t) fees EV gent. “C2 tS) 
0 
The integration over T can now be performed. Noting that, for a spatially homo- 


geneous state: 


2 | dp, 4p, f,(p,>t) f,(p,.t) = 9, (12.14) 


we obtain our final result: 


je RS At Peet) TE ee ats (12.15) 


~n2 yr! 
et Ms | dx, dx 
We consider again the energy balance equation. From (7.14), (12.7) and 


(12.15) we obtain: 


2 
Py 
X {nf ap, ora i (Pp, >t) + 
ne 
+ a | ar,, ap, dp, ®,,f,(P,(-©) ,¢) fi(P,(-1),¢)} =O. (12.16) 


Thus, by taking the retardation effect into account, we find that the con- 
served quantity is the sum of the kinetic and potential energy of the colliding 


particles. The internal energy density must now be defined as: 
2 


4 


~ gn? | dry, ap, dp, %,. Fi(P)(-7),8) fF, (P(-%),¢) . (12.17) 
In the equilibrium state we have: 
fy (FP Ce) 30) PAe ee) et) 


(pr /2m) + (p5/2m) 2 


(12.18) 
ay 


= (2mm k,T)~* eXp E 


We used here Eq. (10.12). Using Eq. (12.18) we get for the internal energy density: 
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0) 
a 2 12 Sn? 
U= 7 KT + aL fer, e exp ( 7 ) ; (12.19) 


This expression coincides with the result (8.12) of the equilibrium theory, obtained 


in the first approximation in the density parameter. 


13. THE COLLISION INTEGRAL IN THE WEAK COUPLING APPROXIMATION. 
THE LANDAU KINETIC EQUATION 


In the weak coupling approximation we use, instead of Eq. (10.2), the sim- 
pler equation (3.4). In the case F, =0, and for a spatially homogeneous state it 


reduces to 


*) p) 9 
(B+. ee, g,(x,»%,5t) 
ey june ae 12. 4 ) : : 
ee OP, ars oP. fi (p, > ) f, (Pp, > ) (13.1) 


By using the condition of complete weakening of the initial correlations, we con- 
serve only the solution of the inhomogeneous equation (13.1). Taking account of 


the retardation effect, the solution is written as 


- (2-2) ap, , 1) #0, #7) (13.2) 


This expression defines the correlation function J, in the weak coupling approxi- 


mation. To first order in the retardation, it reduces to: 


(1-1 LC ere, f\(P,.t) f,\(P,.t) (13.3) 


We now show how this expression can be derived directly from the solution 


(12.4). Using the equations of motion of the particles 1 and 2: 


sc ee sas 
dt ery» 
we express P,, P, > in terms of PY(- 7); P,(-T) : 
a 
12 
Pp =P, yCHT) = | at’ 
1,2 9 t-t oF i 2 t/ 
ao 
12 
= P(t) = | dt‘ (13.5) 
’ 4 or 2 pint 
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In the weak coupling approximation, it is sufficient to calculate the functions 
ee (t-tT) to zeroth order in the interactions: 
$ 
r t= =f = . ‘ 
1,2! Tt) 1,2) vot (13.6) 


As a result, we obtain from (13.5): 


3 
; +[ ar ee ee a a (13.7) 
0 32 


Foyt) TPS 
We substitute this expression into (12.4) and expand the result: we obtain Eq. 
(1353). 

We now derive the expression of the collision integral. From (13.2), (10.1) 
we obtain the expression of the collision integral in the weak coupling approxima- 


tion, but without assuming the smallness of the retardation: 


t oPi2z 9 
I(p,,t)=n| dt | dz, —-—— - . 
; OR a OP ig 
(a(n 7 — (=) 1) (s2—-— ) Ae, 2-8) Filey tH). 


(13.8) 
We may also obtain a different form, by introducing the Fourier transform of the 


interaction potential: 


6(r) = (2m) | ak etl alk). (13.9) 
Substituting the result into (13.8) and integrating over ro, we obtain: 
n 3 2 
I(p.,t)= | dt | d | ak k.k. 0° (k)- 
eae a P, phy 07 Cn) 
0 
* exp|—tke (v.-¥,)T eae ae f,(p.,t-t) f,( t-T) (13.10) 
P ae: dp oY eal ae 1\Po >» , 
J 


To first order in the retardation effect, we represent again the collision 


integral as a sum of two terms: 


a ete oe 
with 
n ;) | 2 ( r) ,) ) 
2 ee dk dp, kk, 0°(k)& (kev, — kev x . 
(CD) gn? ap, Pak, ke Oo (k)S (key 2) aR, OP 
"f(r, +t) f, (ep, >t) » (13.12) 
I so a g | ak ap Kk, &; 07(k) | | dx ceos(k ev t—kev | - 
(2) (2m7)”> at 8P 1, 2 t J } ] 2 
-(—2 - *—) rla,.t) Fyn, >#) 
3p 3p ite Part) (13.13) 
LZ 


2g 
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Expression (13.12), which defines the collision integral in absence of 
retardation effects, in the weak coupling approximation, is called the Landau colli- 
sion integral. We will see that this approximation is widely used for systems of 
charged particles, interacting through Coulomb forces. 

The collision integrals (13.12), (13.13) possess the same prcperties as 
those of the binary collision approximation quantities considered previously. 

Till now, we did not yet investigate the role of the additional collision 
integrals JI in the formulation of Boltzmann's H-theorem. This will be the 


(2) 


object of the next section. 


14, BOLTZMANN'S H-THEOREM FOR THE NONIDEAL GAS 

In section 8 we presented the calculation of the thermodynamic functions to 
zeroth and first order in the density parameter. The zeroth approximation corres- 
ponds to the ideal gas, whereas the first order represents the contribution of the 
interactions to the thermodynamic quantities. In particular, the entropy S was 


calculated, with the result: 
= + 
S S34 AS (14.1) 


where 5,4, is the entropy density of the ideal gas, and AS is the contribution of 
the interactions: to first order in the density, the latter is given by (8.17). 
In section 11, by using the Boltzmann kinetic equation, we found an expres- 


sion for the entropy of a non-equilibrium state: 


Sa(t) =— kgn [ dp f,(p.t) inf, (pot) - (14.2) 


In equilibrium, Ts is Maxwellian, and (14.2) reduces to Sp =5,q.- This shows that 
(14.2) does not contain the terms of first order in the interactions which are res- 
ponsible, in equilibrium, for the correction (8.17). 

This means that (14.2) does not account for the contribution of the inter- 
action. Indeed, the distribution functions fie faces can be expanded in powers 
of the density parameter. In the binary collision approximation, it is sufficient 


to keep the first two terms; thus, for instance: 
0 1 
ae ia (14.3) 


oO. : r ‘ - 1 . ‘ 
where f, is the ideal gas distribution function, and ae the contribution of the 
interactions. The latter is defined in terms of the correlation function 9° In 


the binary collision approximation, we obviously get 
fi(p,.t)=Cyflenv} Gry Gh, Apa Ole. 6k )} (14.4) 
| 1 ea 1 1 2 2 9 1? 2? . ; 


The constant C is defined by requiring the normalization (1.14) of fi. We only 


need terms of zeroth and first order in the density, thus 


52 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 
S| 
f, (Pp, »t) =FP(p, ot) +nV J dr, dr, {f dp, 9. (Fy 2%, >P)>Pyot) * 
0 
»—[ dp! dp, a,(rysryspisp, >) £2 (0, >t)} (14,5) 
In equilibrium, the term proportional to m in this equation vanishes and thus 


i ApS fy (p,). (14.6) 


Thus, away from equilibrium, Eq. (14.2) contains the contribution of the 
interactions to the one-particle function. However, as we saw, this correction is 
not complete. 

We now derive an expression for the entropy which, to first order in the 
density, contains the complete contribution of the interactions. We also show that, 
within the framework of the binary collision approximation, this expression satis- 
fies the Boltzmann H-theorem for nonideal gases [37]. 


We represent the entropy in the form: 


S=S,+ AS (14.7) 


where AS is a correction to the entropy, due to the correlations. 
In order to define AS we proceed as follows. We rewrite the Boltzmann 


contribution in the form: 
soe a | 7 -2 
25k, V2 (de, def f, m(f, f,)=- kV"? f de, de, f, mm (Ff, fy) 


where we used the normalization (1.14) and Eq. (2.8). 


The entropy of a single pair of interacting particles is taken to be: 
os -2 
Sa [ ae, dz, f, Qn fi: 


As the number of pairs is N(N-1)/2, the two expressions can be combined to yield 


an expression for the entropy density due to the correlations [36, 37, 69]: 


ae, 
ae 2 y-1 2 
AS =—- 5 ke ni V | dz, dz, f. & (14.8) 


2 e 
FF, 
We now consider this expression in equilibrium. The momentum integrations 


can then be easily performed and we are left with 
1 as 
AS =—35 k, n2 yo} far, dr, fi(ry, r,) Qn Folly F%o) ; (14.9) 
where 
fi(7, 2%) = C exp(—9,,/k,7). (14.10) 
The normalization constant is 


-]} r 
oe {v-2 f ar, dr, exp (— bio/ kg?) a) = (14.11) 
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where TF is the correlation radius. 
corr 


For V+~,C+1, but in (14.9) this constant can be set equal to one only 


in the second factor of the integrand. Indeed, 


Ne 


2 yrl Pee. 
kn V far, ee a fae 2 kan Qn C 


| 
NI]re 


Ke n2 yl far, dr, [exp (—6,,/kgT) — | | 


which is of the same order as the other terms in (14.9). Using this result we 


obtain: 


Ag - 2 2 ® 
S ke n far lis exp (— 6/kpT) + fexp (— o/k,T) — 1] } (14.12) 


where ae ae a This expression is the same as (8.17). The first term repre- 


sents the internal energy, and the second, the free energy. 


For the model of weakly attracting hard spheres: 


fo @) 
2 ‘ 2 
MSSekyn bHTk. | dy vr? (6°(r)/(kgT)” J 
"0 
where Db = Tr is the van der Waals constant. 


The general expression (14.8), away from equilibrium, can be written in the 
form of the sum of two terms, one of which reduces in equilibrium to the internal 
energy and the second to the free energy. To this purpose we represent the func- 


=] 
(v3 [ ax, F,) F 


tions fiat, as 


Ie = 
oa die 
i aaa (v | a cas ) Py (14.13) 
re pen ae 
In equilibrium 
Bee exp (~0/k 7) 
G, = exp (—$/k,7) —1 ; (14.14) 


Equation (14.14) differs from (14.10) only in that here C=1, i.e., the normaliza- 


tion factor does not contain the contribution from the correlations. Noting that 
y~? | ae, Fl = 1+0(n) 


‘: 3 : 
and neglecting terms of order 7 , we obtain 
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V-! { dx, dx, F 

+k n? v1 | de, de, f, a 

Vl fda, F, Vv"! f de, Fy 


Ur? | idevde. iG, 


| 
N| = 


k,n Rn )1 + es 
V' fdx, FF, V' fdz,F, 


o- 


==> ke n2 yr} | ax, dxy Go. 


NO 


As a result, (14.8) reduces to [37] 


AS =— >kgn? yo} | ae, dz, lF, yee @, | ; (14.15) 
| ae | 
In equilibrium, by using (14.14), we recover again (14.12). We see that the first 
term is the non-equilibrium analogue of the contribution to the internal energy, 
and the second term corresponds to the free energy. 

We now derive the A-function for the nonideal gas [37]. From(i4.8), (14.15) 
we see that the correlations enter AS through Io and fn fos In order to calcu- 
late the contribution of the logarithm of the correlations, we proceed as follows. 
From the kinetic equation we derive an equation for ie J . We multiply the latter 
by 


f 
ve dz, dx, {dyn in (fF, fi ae n2 V &n | 


PLP, 
and integrate over Lic. Neglecting terms of order n° on the right-hand side, 
we obtain 
a nvnl | dx, “ Qn os - ; kp n2yul | dx, dx, aneae Qn = 
1° 1 
=—k, nv} | dz, Tay Qn Ts —k, n a dz, Teo) in f, = 1,+1,. (14.16) 


The integral J is the same as the Boltzmann collision integral, thus: 


(1) 
= -1 
I, ka nv f 4x, Ps in f, 20. (14.17) 


Using (12.6), integrating by parts over Py and symmetrizing, we obtain 


a o® 3® 
a2 ye 2 | f ty eee 12 =) ° 
Ts ; kan V dt dz, de, ( ar, OP, + ar, aP, an (f, f,) 


We now use a transformation similar to that used in sections 11 and 12 for the 
proof of the energy conservation. We use new integration variables u, 47%, a(t) 
> > 


in I, and note that 
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- (2 $42 2) ewir 7) 


ar, op or, OP » xX (-t) 
1,52 
arr 
- mmf f,)| ) 
d(-t) 171d x, 4(-t) 
We integrate by parts over T and revert to the old variables 2 


Loe 


Ly = ok, n2 yr) [ax | de, dx, wn (f, f,) a S__(1,2) fi (p,+t) f (P,.t) ; 
0 


We integrate over T and note that, to zeroth order in the retardation, 
g(@, x) a FCP, (-t),t) fi(P,(-T),¢) =f (RP yot) fi (Post) . 
We thus obtain: 


ag 
1 2 
I,(t) =—-7Zkp n2 yr1 | dz, dz, ae dy ee, < (14.18) 


We now use Eq. (10.2) in order to put (14.18) into a more convenient form, 


Eq. (10.2) is multiplied by in f,, and integrated over xx 


>? 
“fg 99, 
v | x, dx, (in f,) 2 = 0. (14.19) 
From Eqs (14.18) and (14.19) we obtain 
ag f 
afl 2 y71 “2 petieak eo 
I,(t)= kin V | dx, de, ae car ra (14,20) 
1 1 
As a result, we obtain from (14.16), (14.17), (14.19) the inequality 
=<] of, 1 2 re] of, ty 
—kypnv [ de, in f,-F kyr V | de, de, 52 tn 24 = T(t) 20. 
| De (14.21) 
We note the identities 
yt | de fr, 2 mf, -0 
1 1 oft ] 
14.22 
y-1 fae, ae, fe tn 1 fae, dx, 2 =0 
xz ax =z &n =—J7- x, dx = 0. 
LOO ebs ge OEE 


The latter relation follows from (10.2). We may thus write the symbol d/d¢ in 
front of the integral sign on the left-hand side of (14.21) and get 


az = —47 = I,(t)20 (14.23) 


with f 
H=-Seakgnv") [def taf +3k nrv-\ | de [ae ae ee 
B A 1 2 'B 1 229 
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This is the Boltzmann A#-function, taking completely into account the interactions, 
within the binary collision approximation. The correction term in (14.24) is the 
same as (14.8). 


Had we used the functions Fs Fy, G, instead of fie fous J, the H-function 


2 
would have taken the form: 


H=kgnv"? | de, f, in fy 


F 
Le 2 =a | a eee 
ie Ke V dx, dx, F, eae é, | 
I 1 
This form corresponds to the expression (14.15) for AS. 
In sections !10-14 we studied the kinetic equations for spatially homoge- 
neous gases. In the next paragraph we study the kinetic equations and the 


corresponding hydrodynamical equations for a spatially inhomogeneous nonideal gas. 


152 THE BOLTZMANN EQUATION FOR A SPATIALLY INHOMOGENEOUS NONIDEAL GAS 
In the framework of the binary collision approximation, we use the set of 
equations (2.11), (2.18) for the functions fy» f,- Assuming the complete weakening 


of the initial correlations, (2.!8) can be transformed into 


fi(z, »t, ,t) = f (%,(-1), t-7) f (%,(-7), t-T) 


far [(a+» Soy ‘ 2) (2, 4) f,(2,.2)| 
0 


ot 1 ar, 2 ar 5 x, (ot!) , tt! 
> 
(15.1) 
where X (-T) are the values of the coordinates and momenta of the particles at 


eae) 
time t-T. We assumed F =Q. For the monatomic gas this limitation is not essen- 


tial for the derivation of the collision integral, as the work performed by the 
force F over a distance of order Py is negligible compared to kpf. 

Substituting (15.1) into (2.11) we obtain an expression of the collision 
integral, taking into account the spatial variation of the functions a (x, oe 
f,(2,,€) over the range of the interatomic forces as well as the retardation of 
these functions. 


We shall consider several particular cases. 


(1) The distribution function is spatially homogeneous, and the retardation is 


neglected. We then obtain the Boltzmann equation for the ideal gas, (section 10,11). 


(2) The distribution function is spatially homogeneous, but the retardation is 
taken into account. We then obtain the Boltzmann equation for the spatially homo- 


geneous nonideal gas (sections 12-14). 


(3) The retardation is neglected, but the spatial inhomogeneity of f, over 


distances of order se is retained. We then obtain a generalized Boltzmann 
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equation, due to Bogolyubov (Eq. (9.17) of ref. [4]). For the hard-sphere model, 
the latter equation reduces to the Enskog generalization of the Boltzmann equation 
(chapter 16 of ref. [2])7. 

The difference between these equations and the Boltzmann equation is mani- 
fest, for instance, in the hydrodynamic approximation. Using the generalized 
equations, we obtain in the hydrodynamic equations corrections to the equation of 
state of the ideal gas and to the transport coefficients in the form of density 
expansions. 

It must be kept in mind that the Enskog and Bogolyubov generalizations were 
obtained within the binary collision approximation. As a result, the corrections 
of second and higher order in the density to the transport coefficients and to the 
equation of state are incorrect. Indeed, the neglected triple and higher order 
collisions give contributions of the same order. 

In the kinetic equation for inhomogeneous gases, in the binary collision 
approximation, it is sufficient to take into account terms of first order in rill, 
i.e. the terms of first order in the density. 

The Enskog and Bogolyubov generalizations of the Boltzmann equation do not 
take into account the retardation effect. As a result, in going over to the hydro- 
dynamical equations, they do not yield interaction corrections to the functions 
under the 0/dt sign. For instance, we do not obtain correction to the internal 
energy. In order to obtain all the first order corrections to the kinetic equation, 
we must take account of both the spatial inhomogeneity and the retardation, i.e., 


of all terms of order rift and To/Trel ° 


(4) In addition to the results of sections 12 and 13, we need an evaluation of 
the terms of first order in the inhomogeneity. We proceed as follows. 


We introduce into - (7, 27s Pi» Pos t) the variables 
Forty Miles Aer.) 22) 
and expand the result in powers of ry (d/dr,). To first order we have 


2 
2 
z 


Fila se5st) = Filr5 95 (ry + ry) > Pps Py» *) 


1 () 
(1-3r,, ee) For 97,9 Py Po) (15.2) 


We write an equation for the function 
Fairings 71s PyPo2*) 


= 9, (F549 Tyo Py Poo E)+F, (ry ols bE) F Cr,» Pas *) 


1 


See also reference [68]. (Translator.) 
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From (2.18) we obtain, to first order if the inhomogeneity: 


3 1 3 3 
Se 
— ° Pep te Tay e fol Pye? jos PysPos®) 
ar, oP, oP, 
= sey vpityp)- ane f(r t) f(r t) (15.3) 
Tt 2 1 2 ary l 1? ?)? 1 1°? >? e ° 


Assuming complete weakening of the initial correlations, the solution of this equa- 
tion is 
Fo (T) +P yy» Py» Port) 
1 


= fiCr, Yt vi) 19 P, (-T) ,t=t) f(r, —3 (o, +,)t Py (-1), t-1) 


T 
7 far [Ady +0) ditt) ) f(r, .P.(-0'),t). 
l 
0 


In the second term on the right-hand side, we only retained contributions of first 
order in the retardation and the inhomogeneity. In the first term, we expand in 
powers of T and retain the contributions of zeroth and first order; in the second 


term we integrate by parts and go to the limit t*~,. We then find: 


fo(ry> Tio? P\> Pot) =f (r, oP, (28) st) ria P hee )s et) 


3 l 3 3 
-(2+t0,+»,)- \J arr Zee n.t) Ar, Po C3T hse) 


(15.4) 


On substituting this expression into (15.2), we only retain terms of first order in 
Bll Ty/T oa Therefore, the operator (r,,/2) *(9/8r,) only acts on the first 
term in (15.4). The resulting expression of Fak? ast: >Py> Post) consists of a 
sul of three terms. The corresponding collision integral (2.12) can thus be repre- 


sented in the form: 


Ca or ae ae 
Ppa Tag aay 2 cay: eo 


The first term is defined as follows: 


d® 
I (a yt) = nfar—2 2 Fr 2P,(-™),t) f(r, +P, (-"),t)- (15.6) 
1 


It differs from (10.5) in the dependence of ‘ie on 7, The second term is: 
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ples sem| ae de, — ee 24 iy Be 
7 ae ie ea | “o ar, oP, \dt 2 Ral ee ary 
0 
g) ~” oe 
: tar f(r, oP, (-7),#) fF, Cry Po ¢ TYE): 2 (15.7) 


In the spatially homogeneous case, this term reduces to (12.6). Finally, 


04 
—_— _ +t __ 12 e Q e ae 
Feapee = pn | ae ar, re sr) 


Exe »Pi(- Sb) Tis Po -*) eh) SF ry »P >t) fi qunget)| ° 


(15.8) 

The presence of the second term in the square brackets is due to the fact 
that the collision integral is defined in terms of g,, not fo. This contribution 
is cancelled by a similar term in the expression of the average force on the left- 
hand side of the kinetic equation (see (2.10), (2.11). Thus, in Eq. (2.11) we 
replace F by F, ; 

We now use the kinetic equation with the collision term (15.5) - (15.8) for 
the derivation of the hydrodynamic equations of the nonideal gas. We consider the 
contribution of the collision integrals Tay) rdioy> Tis) to the balance equations 
of the mass, momentum and energy densities. We thus consider the integrals f dp oI 
for d=1,p,p2/2m. The integral Tony has the same property as (11.5), even for 


inhomogeneous systems: 
2 
= £ =l, 2m. 15.9 
n | dp, o(p) I.) (2, +t) 0, for 6 Ps pi! ( ) 


Thus, the integral Loy does not contribute to the transport equations. It does 
contribute, however, to the definition of the viscous pressure tensor ne and to 
the heat flow vector [5,9]. 


(2) has the property 


Just as for the homogeneous case, the integral JI 
n| dp, 0(P,) I,,,(@y ot) = 0, for ees ae (15.10) 
It does not contribute to the equations of mass and momentum transport. 
In the number density equation, the integral I (4) Bives no contribution 


either, because 


n | dp, o(p,) T¢y)(@, 58) =0, for o=1. (15.11) 


For > = Po» the integral Zo 3) gives a non-vanishing result, which contri- 
butes to the momentum transport equation. Multiplying (15.8) by np, and integrat— 


ing by parts over Pp, we obtain 


+ 
We cancel the second term in the square brackets of (15.8) and replace F py F, 
(see Eq. (15.8) 
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OAP,. 
pees 
ors. 


n| dp, Pyg Teg(ty et) =— (15.12) 


We introduced here the symbol APs to denote the correction due to the interactions 


to the pressure tensor bas It is defined as follows: 
1 9 Pag 86 
AP, =— 77? | drdp, dp, — ae Fy PCH) 08) FylryyPa(-#) 4) 
(15.13) 
where Pr =P, 7Po: We used the fact that 
oF 2 a 
on. r on 
Recalling that the viscous pressure tensor is defined by T,»; =P... —6..D, 


Ud Ud 9) 
we represent the tensor ee in the form: 


-.= ae + ethos ; 
AP,, = 8,, Apt Am,. (15.14) 


From (15.14) and (15.13) we obtain the contribution of the interactions to 


the scalar pressure: 


Ap =—<n* Jar dp, dp, v®'(r) f,(7r,,P,(-™),t) fy (r,s P(-%), ). (15.15) 


In the present approximation for AP a9 Ap, it is sufficient to calculate these 
quantities in the local equilibrium approximation. Indeed, the deviations from 
local equilibrium contribute terms of order EE,» where Ey is a small hydrodynamic 


parameter. In this approximation, we obtain from (15.13): 


AP . = §..A , Atwt., =O, (15.16) 


with 


p= - gn? | dr dp, ap, 7 9!(r) FO (P, (-=)) FOP (-#)) (15.17) 


Substituting the Maxwell distribution and using (10.12), we may perform the 


momentum integration: 


Ap =~éan’ | drx? 6’ (r) exp (~$/k, 7) 
2 -) 
=s1n2 kat | dr r? — [exp -0/k 7) | (15.18) 
0 


Integrating by parts over r, we finally obtain 


foe] 
Ap =— 27 n? ky? | dr r* | exp (— 9/kg7) - 1] : (15.19) 
0 
This expression differs from (8.15), which was obtained in equilibriun, 


because in (15.19) the density and temperature are local quantities, depending on 
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the position and the time. 


For the model of weakly attracting hard spheres, we obtain 


Sige meets ae 
Ap=n' kp? (2 a, : (15.20) 


where a and b are the van der Waals constants, defined locally. 


We now consider the contribution of the collision integrals Lioye F c3) © 


the energy balance equation. We multiply (15.7) by np 212m and integrate over p 


] 
After performing transformations analogous to those of ccuuies 12 we obtain 


2 
P 
1 ole 2 3 4 5 bd 
n | dp, Too) sn? | dr dp dp ,%, (s+ 5(»,+,) 2) 


a Atiets (~~) ,¢) f (7, ,P, (-),¢%) : ieee) 


] 
For spatially homogeneous systems, this expression reduces to (12.15). 


In the local equilibrium approximation, (15.21) becomes 


2 
P aAU 
n | dp —f --(-"s : -(uav)), (15.22) 
12m (2) dt OF, 
where 
au= ann? | dr vr? o exp (— /k,T) ; (15.23) 


0 
is the contribution of the interactions to the internal energy, and uw is the local 
average velocity. 


For the interaction potential (8.18) this equation reduces to 


AU =—n7a (15.24) 
where @ is the van der Waals constant. 
We now consider the contribution of Fo3) to the energy balance equation. 
We multiply (15.8) by np</2m, integrate by parts over p, and symmetrize: 
p r-Pr-e 
abs _1,2 Lid al ‘ 
n{ dp, ae T osy =n i | drap, dp,(v,, +v,. .) ee Me) 
*f\ (ry +P )(-7),t) f(r). P, (-9).#) . (15.25) 


In the local equilibrium approximation we find 


au (udp) , (15.26) 


where uw is the average velocity and Ap is defined by (15.19). 

After these calculations, we can write the hydrodynamical equations for the 
nonideal gas, in the binary collision approximation, in their final form. From 
(7.2), (7.9), (7-14), (15.12), (15.22), (15.26) we find: 
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3 
sata pu = 0, (15.27) 
3 3 p 
ada eee a ee ° + oe gle =, = é 
ot ch al or. [ou,u. cee fg +150] m Fog » (15.28) 
Eee en 3 aa _ 
ae (a Pu ous Be: [us (sou +Utp) +m u, +S, J=7 Feu. (15.29) 
where 
P= Ppt Ap, Us U4 AU (15.30) 


are the pressure and the internal energy of the nonideal gas, defined, in the 
binary collision approximation by (15.18) (or (15.19)) and (15.23). 

The viscous pressure tensor we and the heat flow vector § are defined, in 
the present approximation, by (7.17) and (7.18). 

Clearly, instead of the equations for (, pu, (9uY2)+U, we may just as 
well write equations for the functions 0,u, Tf, because the pressure p and the 
internal energy can be expressed in terms of ep and 7. 


These hydrodynamical equations were obtained from the kinetic equation 


3 3 r] 
— +  —+F .—— Ed P 
(s "1° Br * 0 "Bp, ) Py = Tay + Leay + Leg > pre 
in which the collision integral takes account of the retardation effect and of the 


(2) — f03)7 Ms 
then in the equations of hydrodynamics Ap = 0, AU = 0, and thus p= Pig Y= Vsae 


spatial inhomogeneity. If these effects are neglected, i.e. if I 


Hence, on the basis of the ordinary Boltzmann equation, one obtains the hydrodynami- 
cal equations of the ideal gas. 

In the derivation of these hydrodynamical equations, we retained only terms 
which are linear in both the density parameter € = at and the hydrodynamic para- 
meter €, = L/L (where LZ is a characteristic length of the system). The problem 
of higher approximations will be studied in the next chapter. Here we only note 
that the expansion of the kinetic equation in powers of the hydrodynamic parameter 
is effective only when the velocity distribution is close to the local Maxwell 
distribution. For large deviations from this state, the velocity distribution may 


be very badly distorted [65]. In such cases, the hydrodynamic description of the 


processes may be less effective. 


CHAPTER 3 


Kinetic Equations for Dense Gases 


16 PROBLEMS OF THE KINETIC THEORY OF DENSE GASES 


The collision integral in the Boltzmann kinetic equation for the non-ideal 
Monatomic gas (10.5) is defined by the expression (10.4) of the two-particle dis- 
tribution function. Let us recall the assumptions under which this expression was 
obtained. 

(1) Neglect of the collisions involving three or more particles. By this assump- 
tion the Bogolyubov hierarchy reduces to a closed set of equations (2.11), (2.18) 

for the distribution functions Jy ad oe 
(2) In solving Eq. (2.18) for the distribution function f,, use is made of the 


complete weakening of the initial correlations: the Bogolyubov condition. 


(3) In solving the equation for J the time delay and the spatial inhomogeneity 
of the one-particle distribution function BA are disregarded. Giving up this assump- 
tion (sections 12-15) leads, in the framework of the pair-collision approximation, 


to the kinetic and hydrodynamical equations of the non-ideal gas. 


(4) It was assumed (though not explicitly) that the collision process of each 
particle with its neighbours is continuous within a physically infinitesimal volume. 


This assumption will be dropped in chapter 4. 


The presence of a small parameter € - the density parameter — would suggest 
the construction of the kinetic equations, with account of triple and higher order 
collisions, by expanding the distribution f, as a power series in €. 

In his work [4], Bogolyubov developed a method, using the condition of com- 
plete weakening of initial many-particle correlations, by which the form of the 
distribution function i Can be obtained in each order of approximation in the 
parameter €. 

The expression (10.4) is the zeroth approximation in €. The next 


KTNG - C* 


63 


64 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


approximation contains terms of two kinds. One group describes the influence of 
the three-body collisions on the dissipative characteristics of the gas. The second 
group describes the influence of pair collisions on the non-dissipative properties 
of the gas, e.g., the corrections to the thermodynamic functions due to the pair 
interactions of the particles. This is equivalent to retaining in the thermody- 
el’ nyft. 


containing the terms linear in 


namic functions the terms of first order in T/T 

Using the expression for the function f, 
the density, it is possible to obtain refined expressions for the collision inte- 
gral in the kinetic equation. This was done by Choh and Uhlenbeck [5]. 

If the next approximation in the density is retained for tf, » a more general 
kinetic equation can be obtained. It accounts for the effect of four-body colli- 
sions on the dissipative properties and of three-body collisions on the non-dissi- 
pative quantities. 

Thus it seems that a general method is available for the construction of 
kinetic equations for gases to an arbitrary order in the density. In each order 
one uses only the condition of the weakening of initial correlations in times much 


shorter than T and the continuity of the collision. However, the realization 


rel’ 
of this programme is faced with serious difficulties of principle. 

The independent investigations of a number of authors: Weinstock [19], 
Goldman and Frieman [20], and Dorfman and Cohen [21] (see also Cohen [22]) showed 
that the contributions to the collision integral to higher orders in the density 
contain divergent time-integrals. It is interesting to note that the character of 
the divergence is different in two-dimensional and in three-dimensional gas models. 

In two-dimensional models already the first density correction (the contri- 
bution of ternary collisions) leads to a logarithmic divergence (2n t/T)) in the 
collision integral. The terms of order e” (n2>2) lead to divergences of the type 
Gh: 

In three dimensions the first approximation in € (three-body collisions) 
is convergent. The terms of order €”(n>3) in f, lead to divergences of the form 
(eit) 2, 

This shows that the construction of kinetic equations for dense gases by a 
direct density expansion is impossible. There exist a few papers [22] in which it 
was shown, in special cases, that the logarithmic divergence can be suppressed by 
summing the most divergent diagrams in each order in the density. This leads to a 


cut-off of the time integrals at T As a result the collision integral becomes 


rel’ 
proportional to On (Tre,/T,) ~ &n (1/e) which depends non-analytically on the density. 
As a result, a virial expansion of the kinetic coefficients is impossible. 

The problem of obtaining kinetic equations for dense gases can be solved in 


an alternative way, without summation of divergent density diagrams. One must then 
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give up the condition of complete weakening of inital correlations in times much 


smaller than T (section 18). 


rel 
It was eee out several years ago that the condition of complete weaken- 
ing of the correlations is only an approximation (see, e.g., the papers by Sandri, 
and by Hopfield and Bastin [64]). Only the influence of short scale fluctuations 
is weakened, more precisely of those fluctuations for which, in the binary colli- 


sion approximation, the correlation length and the correlation time are such that 


a <7, T, (16.1) 


<T 
co r r 


9) el ~ 

In the general case, there is only a partial weakening of the correlations. 
The long-timescale fluctuations do not decay quickly enough and must therefore be 
considered in the construction of the kinetic theory. Their role leads, in particu- 
lar, to the fact that the one-particle distribution function fy» obeying the kine- 
tic equation, is not truly deterministic (section 19). 

The condition separating the region of fast and of slow fluctuations can be 
introduced as follows [ 23,24]. 

Consider the approximation of pair collisions. We denote by Ly Ts the 
volume and the time interval which can be regarded as physically infinitesimal in 
the Boltzmann equation. Hence, T, = l [Up . 


$ $ 


The quantity Z, is defined from the condition of continuity of the colli- 


$ 


sion process: the interval between successive collisions involving an arbitrary 


particle within the physically infinitesimal volume equals a 1.e. 


T Z 
Le ee (16.2) 
n 13 ¢ Up 
¢ 
Hence, using the results of section 2, 
a8 _ 3 Oo i ee 
Le = e* 1, = Er Ug i eS Py (16.3) 


We shall call short-scale fluctuations those fluctuations for which 


Tages T, i Peon & LY . From (16.3) it follows that they decay in a time of order 


© Thel < Trel’ . 
We use similar arguments for three- and four~body collisions. We denote 


: 2 F (3) (4) 
the corresponding relaxation times by tei? Tel’ They are related to Tre] 48 
follows: 
(3) _ (4) _ 2 
Teel = Trer © > Tre1 = tTre1 © 
. ‘ . eos (3) (4) ‘ 
Using instead of Tey in Eq. (16.2) the quantities Teel’? ‘rer We obtain 
(2) 8 (3) 4 
T €" Tel < Tiel: t e*Lel. 
B (4) (4) : é ; “4 oe 
ut . OU ys ty ~ 1; hence when considering four~body collisions, there 
exist correlations for which T ~T Se ~ 1. Hence the collision integral 
cor rel cor 
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will depend on T,,, (or Z): this introduces an additional dependerce on the 
density. 
Note that for the two-dimensional case, already for triple collisions (in 
3 MY => ow we ° = e ° ° 
16.2) ae Ts ae T eis Le Z. Hence the triple-collision integral 


cannot be constructed without accounting for the correlations with ae OM as 


oe ~ 2. This explains why the density expansion breaks down earlier in the two- 
dimensional case. 

Thus, the definition of the limits separating fast from slow fluctuations 
depends on the approximation considered. 

The previous discussion shows that, in a time T < Trey there is only a 
partial weakening of the correlations which enter the kinetic equation for dense 
gases. 

By using the condition of partial weakening of the pair correlations, the 
Liouville equation does not lead to the Boltzmann equation. The simplification of 
the original Liouville equation consists only in the fact that, instead of an equa- 
tion for the exact distribution fy we get an approximate equation for the distri- 


~ 


bution fy smoothed over an interval Ts A 7 (section 18). 

From the equation for fy there follows again a hierarchy of equations, but 
now for the smoothed distribution functions f = fi» fs isis . This hierarchy 
differs from the BBGKY hierarchy; it is already dissipative, through the pair 
correlations, and all functions are slowly varying. 

In section 18 it is shown how this hierarchy can be used for the construc— 
tion of kinetic equations for dense gaSes. 

In studying the kinetic equations for gases in various approximations it is 
assumed that long~-scale fluctuations (To5y > Tre» leor 2 2) do not play any role. 
But these fluctuations do exist. They lead to the fact that the distribution func- 
tions for which the kinetic equations are derived are not strongly determined (sec- 
tion 19). 

The study of the long-scale fluctuations aroused considerable interest in 
recent years in connection with the study of noise in various systems. This study 
can be done in two ways. 

In the first method one starts from kinetic equations which are considered 
as Langevin equations with a random source. Such a method was used for gases by 
Kadomtsev [25], Gor'kov, Dzyaloshinsky and Pitaevsky [38] and by Kogan and Shulman 
[39]. 

The second method is based on the approximate solution of the hierarchy of 
equations for the distribution functions Fir fa veces or of the corresponding equa- 
tions for the Green functions [40-45] . In section 19 the long-scale fluctuations 


in gases will be calculated from the hierarchy of equations for the smoothed 
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~ 


distribution functions fi ee in which the dissipation is introduced from the 


pote 
beginning through the pair collisions [ 23,24]. 

In recent times another method for the construction of generalized kinetic 
equations has been widely used. It is based, on the one hand, on the work of 
Prigogine, Balescu, Résibois, Henin, George, Wallenborn, [46-48] and, on the other 
hand, on the work of Zubarev, Peletminsky, Tsukanov, Kalashnikov and Novikov [50-52]. 
In these papers the authors endeavour to derive directly the general kinetic equa- 
tions for particles with arbitrary Puepe aeons’) 

In section 20 such a generalized kinetic equation will be derived, taking 
account both of dissipative and of non-dissipative terms. For this purpose the 
method applied in section 12 for the derivation of the non-ideal Boltzmann equation 
will be used. The generalized kinetic equation is much simpler than the Liouville 
equation, as it involves a one-particle distribution function. However, it is still 
quite complicated and its practical use requires further simplification. Neverthe- 


less this method may be quite successful. 


17. KINETIC EQUATIONS FOR NONIDEAL GASES TAKING 

INTO ACCOUNT TRIPLE COLLISIONS 

In the previous section we mentioned that in Bogolyubov's work [4] a method 
was developed for the density expansion of the two-particle function f, for gases. 
In particular, in the case of spatially homogeneous gases the first two terms of 


the Bogolyubov density expansion of f, can be written as follows [4,5]: 


f(x, Xt) = 6 o (x, 2.) f, a 
a far] az, s (x,,2,){(6, +8, ,) cae (x) 2,525) 
0 


5 5 (2) ee) 
‘ae (x, 2,)]8,, 9% (ists) F028 | (z,2,)|} Fs fied; (27.6) 


Here s™ (x a x) is the propagator for the m-particle System 2), %,,.., = 


nee : 
The pee 8. was defined in Eq. (1.6). The normalization of the functions fi 
f, was defined in Eq. (1.14). 

For obtaining the collision integral, Eq. (17.1) must be substituted in 
(10.1). The first term in the expansion (17.1) yields a contribution describing 
the dissipative characteristics of the gas in the binary collision approximation 
and leads to the Boltzmann collision integral (10.5). 

Among the two terms proportional to m, the first one (involving Bel) 
describes the dissipative characteristics of the gas in the triple-collision 


+ 


A thorough discussion of the matters in this chapter is found in Resibois' and 
de Leener's book [68]. See also [67]. (Transl.) 
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approximation. The second one takes account of the binary-collision corrections to 
the non-dissipative properties of the gas (e.g., to the internal energy). 

Both terms were obtained in the kinetic equation due to Choh and Uhlenbeck 
[5]. We see that the Choh-Uhlenbeck equation does not describe the particle inter- 
actions quite consistently: in the dissipative terms the influence of both binary 
and triple collisions is included, whereas in the non-dissipative ones only binary 
collisions are retained. 

As a result, in deriving the hydrodynamic equations with account of the 
triple collisions, Choh and Uhlenbeck are led to introduce additional terms in the 
expression of the pressure (ref. [5], p.264). These terms, which ensure the consis- 
tency of the approximation for the dissipative and the non-dissipative quantities, 


are not contained in the kinetic equation. 


Let us consider the kinetic equation for a gas in the triple-collision 
approximation. We include the contribution of the particle interactions in both 
the dissipative and the non-dissipative quantities [24,53]. 

We rewrite the first three equations of the BBGKY hierarchy in the case 


of a spatially homogeneous gas in the absence of external forces (F, = 0) 


a n|dx, 6. f, Sul (17.2) 
of ‘ 
2 A 7 
seth f,=n|ae,(8,,+6,,) fz, 1, > i) 
of, A A A 
eo gl gs n fax, (8,,+6,, +6,,) ee oe 


In section 2 it was shown [see Eq. (2.20)] that in the binary collision approxima- 


tion the right-hand side of Eq. (17.3) is 
we 17.4 
I, = ae 141° \l7. F 


With the use of (17.4), the equations (17.2), (17.3), in the pair-collision 
approximation, become a closed set of equations for fi>f,- Using, moreover, the 
Bogolyubov condition of weakening of the initial correlations to the first approxi- 
mation in Tod Teer (Ge = ry/Vn)> one obtains Eq. (12.4). We re-write it here in 
the form: 

(2) 


ree! da (2) Ee 
fac Z o® Ft) Flot) = +8. (17.5) 
0 
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Boltzmann collision integral. The second term accounts for the contribution of the 


binary collisions to the non-dissipative characteristics. 
Consider now the triple-collision approximation. In this case we express 


the function fi, on the right-hand side of Eq. (17.4) through the functions fy» Jos 
GJ. »9,- The term involving I, is neglected, as well as other terms which differ 


from zero only when four particles are simultaneously together. Thus the function 


wn 


fi acted upon in Eq. (17.4) by the operator On» is approximated by 


(1,4) 
f° SF, OL, Or GF) # Er Cig. Ga)* 


we 


FOF, Bg. (2.4) + LF, (2F, 63) + 95(2,3) 9,14) + 


+ 


f, (2094015354) 4+- f,(3)9,01.2,4). 


Here we retain only terms which are non-zero when the two particles 1 and 4 are 
close together. As will be seen, they compensate the t+ divergence in the solu- 


tion of the homogeneous equation (17.4) in the terms of order t(d/dt). Retaining 
only these terms we obtain 


(1,4) _ 
Or Ore) 


Taking account of the analogous contributions to the other terms of the right-hand 
side of (17.4) and using Eq. (17.2), we obtain 


3 
Taal hi f, (17.6) 


and hence a closed set of equations is obtained for i ‘ Lr ee : 
From Eqs (17.4) and (17.6) together with the condition of complete weaken- 


ing of the initial correlations, we obtain to first order in To/T rey * 


F°° (xy sary gst) = S'2) F(0, tf, (9, .¢) fy (Py ot) 


3 d 
_ | dt eed fi (pt) f(r. +t) fy (P, +) 
0 
- ,0 | 
~ f, 7 f; ; (17.7) 


This solution for ie is analogous to the solution (17.5) for the function f, in 
the binary collision approximation. 

Consider now Eq. (17.3). The condition of the complete weakening of the 
initial weakening of the initial correlations of particles 1, 2, leads to the fol- 


lowing expression to the second order in the density parameter (neo onr) tits 
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3 2 2 
f\cianpstie) Sis 2) 2) (1 as Tr ) f,(P,>t) f\(p,>t) 
(17.8) 


if 
(2) 5 
/ A A } tr 
+n] dt | az, 811 (142)(8; 5+ 8,4) (1-1 af (x, Xs, st). 
0 


Using Eq. (17.2) for fi (P,s%) » f (Py. ®) and taking the limit 1+, we rewrite 


this expression as 
Lee] 


f, (x, x,t) = 6.2) fF i, +n ar far, (: -tz) {s so, 2) (8) . 85) i 


oO Cs?) ae Oe ae) mache ie (2,3) F,0 |}. (17.9) 


If we neglect the terms in nt(3/dt), which describe the retardation effects in the 
. (2) 
=S 


triple-collision approximation, taking account of the fact that S~ sete and 
substituting (17.5) and (17.7) (without retardation effects) into aaa the latter 
reduces to (17.1). Substituting this expression into the right-hand side of Eq. 
(17.2) we obtain the Choh-Uhlenbeck kinetic equation. 

We come back to Eq. (17.9) and rewrite it in a form in which the contribu- 
tion of the binary collisions, with account of the retardation, can be clearly 


recognized. We add and subtract in (17.9) the term 
[ a’ s ae 
-T' 9 


and use Eq. (17.2) as well as the identity: 


i (2) .€2)\ 3 = 2 fa d @) 

| at (5% =. P\ 2s ap i r dt t= ae f, F,- (17.10) 
0 0 

Finally, in the term containing t(d/dt) we change oc 2 Oh 2) into oo ty, 


We thus obtain the following expression for i in the Sern re approxima- 


tion: 


tr be 
sf, (x, st, st) i (x, sx, st) 


co 


nf dt dx, 9° (1,2) (8, +9, ,)¢% (1.2.3) 


0 


+ 


A be a be 
— 81, FP(3) Fy) — 8 FP? (2,3) F,0)| 


20: 
at 


ee (2) aA aA 0 
n dt [ dx,1s@ (142) {6 +8.) 6 


— s@() ,2)/ By £2 (143) F,(2) +855 /9 (2,3) fC) |}. (17.11) 
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The functions f°, a are defined by Eqs (17.5), (17.7) without the time retardation: 


0 (2) 
J = Se. F(p,st)f (pst) ’ 
i - f (py st) f, (Pat) f, (Pz +t) - (17.12) 


The substitution of any one of the expressions (17.8), (17.9), (17.11) into the 
right-hand side of Eq. (17.21), yields expressions for the collision integral 
describing triple collisions and the time~-retardation. 

Let us show that from the approximate kinetic equation one can prove the 
conservation of the total (kinetic + potential) energy. The internal energy density 
thus obtained corresponds to the first three terms of its virial expansion. 


We substitute bes from (17.1!) into the expression 
ytr — n[dx, 0, ft (17.13) 
which defines the collision integral in the present approximation. From Eqs. (17.13), 


(17.11), (17.12) follows 


n | dp, o(p,) r*T(p, >t) = O for 6 = 1,p (17.14) 


1° 
These equations express the conservation of the particle number and momentum by the 
collisions. 

We now multiply Eq. (17.13) by np?/2m and integrate over Py: After inte- 


gration by parts and symmetrization we obtain ve 
12 


2 
tr n 7 otr 
n fap, (pr/2m)I0 =~ [ a, dp, dr,, lv, —¥,) Ta 
where Faget fame ok Consider the contribution of the various terms of (17.11) to 


Eq. (17.15). The first term defines the contribution of the binary collisions; 


hence, from the results (11.22) and (12.15), we can write 


— oo P —_— oo t ° e 
Consider the contribution of the second term of (17.11). We introduce the notation 
A(x s@, st) fax, [8,54 8,,) (15253) 
yates (2)- 6,.f7°(2 43) F,(1) Carp 
> 813 f5 (1,3) f, 23° 2 23 1 ° . 


Thus from (17.15), (17.11) we find 


| | dp, (p2 /am) 1 | 5 
a 12 (2) 
— § 


n 
72 ax | dx, dx,(v, —v,)° t). (17.18) 
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Performing transformations analogous to those leading to Eq. (11.22), we obtain 
[ nf dp, (p*/2m) hae lis =0. (17.19) 
Consider finally the contribution of the third term of (17.11) to Eq. (17.15). 
We introduce the notation 
Bla »2,,¢) = | x, { (8, 54855 IF (12,3) 
2 * b A b 
S(i2) Oar Cale Cire (2.3)F,0)]}. (17.20) 
From (17.15), (17.11) (17.20) we obtain: 


[nf ap,(e2/2m) re] 


2 d® 
ams 12 (2) 


2? 


Performing transformations analogous to those leading to (12.15) we obtain 
2 Ace br 
| nf ap (p-/2) I | 
] ] 3 


st). (17.22) 


Adding together Eqs. (17.16), (17.19) and (17.22), and using (17.20) we 


obtain the final result: 


PAOFAORAO) © (17.23) 
The expression enclosed in curly brackets in Eq. (17.23) is identical to 
Eq. (17.1) which defines the two-particle distribution function i. to second order 
in the density. Hence, from the kinetic equation (17.2) together with the colli- 


e « tr e e 
sion integral JI we obtained the conservation of energy: 


t) 2 n? s 
2 {nf dp, (p2/2m) p+ 5 [ ax, dz, oth =0. (17.24) 


where the function Is is defined by Eq. (17.1). From (17.14) and (17.1) fol- 
lows the expression of the internal energy density in the triple collision 


approximation: 
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2 
P 2 
a _l ne (2) 
Yan | ap, oo f+ | ae, dz, $45 ea 
3 oO 
4 (2) - A (3) 
a7 | dx, da, | [ac | az, 51,2) (B54 See rca 
0 
2 ~ 2 A 2 
= ea 6 ge) (4,, 92 (1 3) + 6,; ss (2,3))| f f A ; (17.25) 


This expression defines the first three terms of the virial expansion of the inter- 
nal energy for a nonequilibrium state of the gas. 


In the local equilibrium approximation (17.25) goes over into 


2 ~-o /kpT 3 -o /k T 
3 n , 12 n 12/Rp 
Uanskgr+o | dr, dr, 15 2 +2 lar, dr,®,,@ 
_ eS m7 = T 
{ fer, [e (6,3 +9,5)/KpT - ®,3/Kpi au %53/Kp re } Higises 
3 


It defines the first three terms of the equilibrium vwrial expansion of the 
internal energy density. 

If the Choh-Uhlenbeck kinetic equation is used, then Eqs (17.25), (17.26) 
contain only the first two terms, describing the internal energy density in the 
binary collision approximation. This is one of the aspects of the inconsistency 
of the Choh-Uhlenbeck equation, mentioned above. 

If the state of the gas is spatially inhomogeneous, there appear additional 
terms in the expressions for fs" and Te. 


Using the kinetic equation 


re) A) 9 t 
— +peo— Pe a! r 
E ae renee 2 | f,=T (r.p,t) (17.27) 


it is possible to derive the hydrodynamical equations in the usual way. The expres- 
sions for the coefficients of viscosity and of heat conduction coincide with those 
obtained by Choh and Uhlenbeck [5], but the pressure and the internal energy den- 
sity contain the first three terms of the virial expansion. Thus, the kinetic 
equation derived here leads to the hydrodynamic equations containing the effect of 
triple collisions in the dissipative as well as in the nondissipative quantities. 
We recall that in the approximation of binary collisions the viscosity and 
heat conductivity coefficients, n,k , depend only on the temperature, not on the 
density (see Eq. (7.19)). This follows from the fact that, e.g., n~plvup and the 


1 and p~ 2”. 


mean free path l~n™ 
In the triple collision approximation, the viscosity and the heat conduc- 


tivity depend on the density in the form 


n=n, ten, 


— = ny > (17.28) 


K. +eEK 


S 0 } 
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where Npy»Kpy are the corresponding quantities in the pair collision approximation. 


0 
In the hard-sphere model one obtains the result [5]: 


Ny 9-6 Ny 9 K, =2-9 Ky (17.29) 


The values of n,,K,) were given in Eq. (7.19). 


0 
The method considered here might be generalized to the derivation of kine- 
tic equations describing higher order collisions. However, this generalization 
does not deserve interest because of the divergence appearing in the next orders 
of approximation. 
In the next section we consider one of the possible methods by which 
the difficulties of the construction of kinetic equations for dense gases can be 


overcome. 


18. KINETIC EQUATIONS FOR THE SMOOTHED DENSITY OF A GAS 


In sections 3 and !7 the kinetic equations for nonideal gases were derived 
in the binary and ternary collision approximations. The construction of kinetic 
equations for denser gases, taking into account higher order collisions, cannot be 
performed according to this scheme, because the collision integrals so obtained 
diverge (cf. sect. 16). 

We saw that in the derivation of the kinetic equations one makes use of the 
condition of weakening of the fast (short~-scale) fluctuations. The boundary 
between fast and slow fluctuations depends on the approximation considered. It is 
determined by the size of the corresponding physically infinitesimal intervals, 
bate (see sect. 16). In the binary collision approximation ae tagngeet Dy 
From the discussion of sect. 16 it follows that the collision integral in the four- 
particle collision regime cannot be obtained by the method of perturbation theory 


in powers of the density; indeed, the quantities i) ~T ae ~ 2 and they 


rel’ 
cannot be considered as negligibly small. As a result, the collision integral 
depends explicitly on Teer (or 2). This leads to an additional dependence of the 
collision integral on the density. 

In other words, in deriving the collision integrals describing four-particle 
and higher order collisions, it is necessary to take properly into account the con- 
tribution of the binary collisions to these higher order Seoreseiene. 

We start from the Liouville equation, averaged over a physically infinite- 
Simal volume oe defined in the binary eoliteron approximation [23 , 24] 

(16.3) and the definition of sect. 2: Ly ~ |/e* n (remember that L, et Ll <2). 


~ 


We denote this averaged distribution function by fy 


t We follow here reference [23]. A similar scheme for the ideal gas of hard 


spheres was developed in the work by Hopfield and Bastin [64]. 
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In order to obtain the equation for this function we proceed as follows. We 


represent the two-particle function fi (2, 22,,¢) in the form: 


= ote 
f, (2, x, st) ie i (18.1) 
where ie is the smoothed distribution function, describing the behaviour of the 


particles at distances |r -7,|>2 


$ 


es = 0 for ie > 1 


; (18.2) 


$ 
If the condition of complete weakening of the initial correlations is valid, then, 
in the zeroth approximation in the density parameter, the function J is expressed 


in terms of one~particle functions as follows (10.4): 


We recall that P, 56) are the initial moments of two particles colliding at 
> 
time t. 


If, instead, we use only the condition of the weakening of the short~-scale 


fluctuations, with Yo, <1, Teor < Tre,» then we obtain the more general expres- 
sion: 

f(z, se,.t) ae re ree are Coben be ry» P,(-~) ,t) . (18.4) 
Here ro FT» because in Eq. (18.3) one does not consider spatial variations of 
the functions ip over distances of order ros the time .retardation is also neglec- 


ted. If these two effects are included (to first order in To/Tre1) > one must re- 
place (18.3) by the expressions (15.2), (15.4). Thus, the condition of weakening 


of the short-scale fluctuation is expressed by the more general relation 


oe 3 es 
fy (e,otyt) = (1-2) Ay yes Pye) 


vty - 
-(3+ 1 7.2) dit & 2 (7r,,P(-1,7,,P,(-0,4). 
(18.5) 
If we limit ourselves to Eq. (18.4), it will be seen that the effect of the 
binary collisions in the equation for the smoothed function fy and in the corres- 
ponding equations for fio Fs rfy > ... appears only in the dissipative contribution. 


The use of (18.5) to first order in Ty/t rofl includes also the correction to 


rel’ 
the nondissipative contributions. 

For simplicity we shall use the approximation (18.4). The nondissipative 
contributions of the binary collisions can be added to the final results. 
cae < Le the function a is a rapidly varying function of 
rol, and corresponds to the function f, in (18.1). For [Pes] ae in (18.4) 


Pio = Py,2 and f(z, .@,.t)=f, (2, .2,>t), which follows already from the 


For |r 


definition (18.1). 
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In the weak-coupling approximation the moments Ps 27) are defined by 
Eq. (13.7). Using this expression we find from (18.4) the following weak-coupling 


approximation form for ie : 


f(x, .%,.t) = fi (2, »x,>t) 


ORS (iP) |) i 
+ | ar a pice : z (2-2) fi (2, "5 >t) 
0 ory P, °Pz 
(18.6) 
The second term vanishes for ia r i> 7 and corresponds to i in (18.1) 


From the structure of the Liouville equation (!.11) 


(i, ee, > 5 fp. (18.7) 
1 N os te td 
i<7v1<g<VM 


follows that in the pair approximation in each term Oa ty > the short-scale motion 
must be taken into account only for the particles t,J. We introduce the following 


notation: 


~ 


= fyla, sereaT a Pa acces ros Paoy.e+s Xy st) : (18.8) 


(244) 
fy j 


One can set here ret a3 as the nonuniformity on short scales can be neglected. 


Taking into account the fact that 


ae ee. 
6.2 fy = Ore fo + Op. fred) (18.9) 
tg ~N tj °N 1g °N ° 
we obtain the Liouville equation for the smoothed distribution function 
~ | ed 
“(6) o. A tee as z (15d) 
Le. erere ae Fry ‘ 2 oes fy 2 oS fy ° (18.10) 
1 N I<i<j<N l<i<j<W 


aw 


Henceforth, the tilde ~ will be deleted over Os and over the right-hand 
side in (18.10) whenever this does not lead to confusion. 

On the basis of Eq. (18.10) one can construct the hierarchy of equations 
for the smoothed functions ie ae ; ot. >». - From Eq. (18.10) we obtain for 
the one-particle function: 


*) re) 3 
(Stree) 


1 1 
ya | a Q f (2.59 £) 4+ f09? (2 x +) | (18.11) 
Oe oeiec ee 2 1g? : 
where, from (18.8), 
(1,2) = 
i (x oe ot) = FG » Pi &) > rie Pi C=) st) ‘ (18.12) 


We rewrite the second equation of the hierarchy as 
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*0 = n 5s 1,2) 
ue +2 f,-5,, (#,+5; ) 
Tero 
_ "-2 aot ope) ee (3 ) 
7 | dz, [6,4(7, ee )+ 6 4(F, +75 (18.13 


Clearly, this hierarchy for the smoothed functions is not closed. Hence the prob- 
lem of its termination arises again: one needs approximation methods for obtaining 


closed sets for a finite number of smoothed distribution functions. 
(1,2) 


We introduce two-particle correlation functions corresponding to fof, 


Using (18.4) we get 
f, (x, .2,.6) =I) (x,t) fileg2t)+Go(@,.2,,%) (18.14) 


FO (ae yey ot) = Fy ry» Py) t) Fy (ry Py (—™) of) 


+9,( 4) 9 Py(—™) os Po-™) .t) . (18.15) 


If the correlation functions in (18.14), (18.15) were zero, the first equa- 
tion of the hierarchy, (18.10), is closed and corresponds to the Boltzmann equation 
with the collision integral (10.5) or (15.6). 

Thus, the same cut-off of the hierarchy for the smoothed distribution func- 
tions, corresponding to the complete neglect of I> Paaeds leads to the Boltzmann 
equation for the ideal gas. The latter takes into account the dissipation through 
binary collisions. 

If instead of (18.4) one had used the more general expression (18.5), we 
would have obtained in zeroth approximation the Boltzmann equation for the nonideal 
gas, with the collision integral (15.5). 

We consider now higher approximations for the correlation functions. On 
the small scales, the correlation functions a can be neglected in (18.15). Indeed, 
on such scales (or order ry) the main role is played by the correlations due to 
pair collisions, but these are taken into account by the first term in (18.15). 

With these assumptions the first equation of the hierarchy (18.11), using 


(18.14) can be rewritten as 


;) 3 t) = 
(3+ Yi Fy ap) fa (eye) = I(z, .t) 


Iy(x, >t) + I(x,,t). (18.16) 


Here I is the corresponding collision integral. It consists of two terms: 
Ip is the Boltzmann collision integral (10.5) or the more general collision inte- 
gral (15.5) - (15.8), and I the part of the collision integral defined by the long- 


range correlations : 
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~ N-1 01, Ah, ts 

I=-—— -o , 

7 | ax, = ae. a(t, 22%) 
1 1 

Here (V—1)/V can be replaced by ”. Through this term the interactions 

of higher order than the binary ones can be introduced into the kinetic equations. 


We come back to Eqs (18.13) for . and express the distributions 
pO po223) 
3 bene 


through correlation functions. These relations are analogous to 


(2.5): 


w 
ch 
— 
ul 


ea »P, »t)f, (2, >t) fy (r, »P,,¢) 


+ 


re »P, st) g(x ot, >P, »t) 


+ 


+ 


a e 
f Cry» Py» )g,(rioP, or , P ) 


+ 9,( rps PyoZyo%y tb) (18.18) 


The expression for the function f{7" follows from (18.18) by the permu- 


tation of the indices 1! and 2. In Eq. (18.18) the third and the last terms can 
be neglected, as the long-scale correlations are unimportant at short distances. 
After these simplifications. we substitute (18.18) and the corresponding expression 
of as 


for the linearized Boltzmann collision integral (10.5): 


into the right-hand side of (18.13). We introduce the following symbol 


6 Trp {or(e, ,e)} =— n| dx 8, 4, [7 PAH?) st] éf [r, » Pi(-) ,t | 


+ of Leys Py Cms t] Flr, P=) 5¢]} (18.19) 


The minus sign introduced in this definition is convenient for further use. 
Consider the result of the action of the operator 67 on the correlation 


function Jy: For instance: 


=-y7 | ax, 6,447,( ry P (—o) , t) J ( es r »P,.(—©) yt) 


+ G,( ry Pym) myst) Fy (ry P,(-™) 0) } (18.20) 


An analogous definition holds for the expression 6 Ie {9,( zi, x,,t)} ; 
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Using these notations we rewrite (18.13) in the form 
~ ee 


6 ns fon “A ~ A ~ A 
Le z,t2+ (ai, +54, ) ge 6,.f, + 8,07, »P, st) f(r,» P,»t) 


= [Tp(x, >t) f, (z,.t) + I,(2,.t) f\(2,,#)] 


N—?2 A A ~ 
+] | 6, + 803) f, 


+ [Ip (2, >t) s (x,t) + I, (x, st) f (=>) (18.21) 


The Boltzmann collision integral appearing on the right~hand side is 


N~-! A 
Ip(z, ,t) ssa | dz, 8,5 f,("y> P,(-) st) Fi(r,>P,(-#),t). 
In (18.21) we separated from the last term a part proportional to 


1/(W¥-1) % 1/N. The meaning of such a separation will become clear below. We did 


not take the limit N+” ,V>o in order to leave open the possibility of studying 

the fluctuations in systems with a finite number of particles. One can however 

replace, of course, N-1 by WN, as N> 1. 
If Eq. (18.21) is multiplied by 1/V and integrated over Lys it coincides 


with the kinetic equation (18.16). In order to show this one must use the defini- 


tion (18.20) and the property (2.8) of the correlation functions. 


We continue the transformation of Eq. (18.21). We substitute into the left- 


hand side the expression Se i + I, for 2 and eliminate the derivatives of fy by 


means of the kinetic equation (18.16). We obtain 
“0 A “A ow 
Che, + éI,, + 7.) 7, ( 1,2) 


. [89 Fy (122) x | a, 18,5 F103) f, (2) +8, #(23)8,(0)]} 
* Cat ih ee) f(r) 2 Post) 


[r, (2,+#) f,(2) + Ly (2, .t) #,0)] 


a 


+ 


=2f ae, { 8,5[ 40203) - 40.3) 4,02) 


+ B [ F203) — F253) F,() |} (18.22) 


The second term on the right-hand side appeared because in front of the 


integrals containing ‘f,, there is a factor (N~2)/V, whereas in (18.16) the factor 


is (V-1)/V. 
We eliminate the functions fi» J by means of Eqs (18.14) and the corres- 


ponding expressions for f3: 
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fF Cisds3) =F CY fF (3) FF OY o0253) 
3 1] l 1 l 2 


$F (I) Ghose 3) a (Neo) ig (teen 5) 118.25) 


The bracketed expressions in the last term of (18.22) become 


fies yer (sade A) ay) 9 C3) FF 3) ees) 


fs iG28) Ail 253) 7, 1) He) gs ee (2) 9 C52) og 0g 3) 


(18.24) 
We neglect the terms containing the function f, 03) on the left-hand side 
and use the relation (2.10) for the average force. Hence, on the left-hand side, 


instead of Las appears the operator Z. It is defined by Eq. (!.8) in which the 


force Fy is replaced by F. As a result, we obtain the following equation for g, 


aA 


& 2, + Oly + ST, | 9 (152) =6y (fF, (1) fF (2) +92(162)) 


[ ae, {raf fy (3) +8, 1.3)] 42) + 


+ 


1 
V 
.5[f,(2) #, (3) +4, (2.3)] #,C)} 


- 


812 Fy (Py ot) Fy(P, ot) — 2 Byley ot) £,(2) + Zp(e, ot) 701) ] 


+ 


n| dey {8,5 [f, (1) G, (263) #8, (152.3)] + 


+ 65317 (2) g,(153) +5,(1,253)]} , (18.25) 

Let us discuss the role of the various terms on the right-hand side of this 
equation. The last term is proportional to m: it describes triple and higher order 
interactions 

The first four terms describe binary collision contributions. The latter 
can be split in turn into two parts. The first two terms define the contributions 
of the interactions at distances ri >t and the next two those at distances 
Boas tas 


1/N, ensure the existence of solutions of Eq. (18.25) for which 


>? 


The second and fourth terms, proportional respectively to !/V and to 


l = } ps 
7 | ae, Jo(Z,.t5.t) = tl de, G2, s2, 58) = 0 


The fulfilment of these relations is necessary for the consistency with the 
definition of the correlation function g, {cf£. the conditions (2.8)]}. 

The contribution of the ternary and higher-order interactions enters the 
kinetic equation (18.16) through the integral T The latter is defined through 
J. , which in turn is determined through Eq. (18.25). 

We now compare Eq. (18.25) to the second equation of the BBGKY hierarchy 
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(1.20). For convenience we write, instead of (1.20), an equation for the correla- 
tion function 9, = iat ae From Eqs (1.20), (1.19), taking into account (2.4) 


and (2.5) we obtain 


nN 


(En, 2,7 82) #20152) = 8 #01) F,(2) 
tn | ae, {6,,[ 7, (1) g, (253) +9, (1,253) + 
+ 855 [F,(2) 9, (193) #9, (15253) J}. (18.26) 


Here, unlike (18.25), there are no terms proportional to !/V. 
In the binary collision approximation the equation for the function J, 


{(2.19)] can be written as 


(En, 2, 7 bi2) glee) S 8, PAL) Pa) (18.27) 

Comparing Eqs (18.26) and (18.27), we see that the contribution of ternary 
and higher order interactions is described by the second term — proportional to 
m—on the right-hand side of Eq. (18.26). This term has the same form as the 
corresponding one in (18.25). 

It was said in section 16 that the density expansion of the BBGKY equa- 
tions leads to kinetic equations with divergent integrals. This statement changes, 
however, if the density expansion is applied to the solution of the hierarchy of 
equations for the smoothed distribution functions - ee ee 

As in the Eqs (18.25) and (18.26) the terms describing the contributions of 
ternary and higher-order interactions coincide, the main difference between these 


equations consists in the replacement of the operator 


“A A 


Leas (18.28) 


in (18.26) by the operator 
A a a 4 a : 
L re + SI, éIy, (18.29) 


in (18.25). 
In solving Eq. (18.25). the solution of the homogeneous equation can be 
neglected: because of the presence of the terms Oly,» 62 5655 the initial correla- 
(2) 
rel ’ 
triple and four-body collisions are of the order T 


and the characteristic times of the 
(2) (2) 
rei/© * Tre] 
In the solution of the inhomogeneous equation (18.25), the presence of the 


tion g, decays in a time of order T 


le, respectively. 


terms | 67 + 6I 9, ~ 9,112) leads to a cut-off of the collision integrals at 


atime t~T i.e. at a time of the order of the mean free time for binary 
collisions. 


For instance, considering triple collisions in Eq. (17.9) we are led to 
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the change 
oo oo -~t/t ; 
| dt sf" (1,2) “eg 1 abe | er Sis?) ieee: (18.30) 
0 0 


In this way, the divergence in the collision integrals describing higher 
order collisions are suppressed as a result of the dissipative contribution due to 
the pair collisions. An analogous result can be obtained by means of the diagram 
technique. One must then sum the most divergent diagrams arising in the density 


expansion [22 , 24]. 
(2) 
rel 


sity dependence in the collision integrals and in the corresponding transport 


The appearance of the new cut-off at t~T leads to an additional den- 
coefficients. 
For instance, for the viscosity n, instead of the alleged virial expansion 


in powers of the density parameter ¢ = nr?: 


0 
N= n (7) +en, (7) + Em, (2) Ge sags (18.31) 
the first three terms in the series are 
n=n,(?) +en,(r) + e* &n(i/e) n/ (7). (18.32) 


In (18.31), (18.32), the coefficients Nj», are defined respectively by 
binary and triple collisions. The next term in the virial series cannot be found, 
because of the divergence of the integral describing four-body collisions. The 
divergence has a logarithmic character {n(t/t, ). Hence, in presence of the cut- 


off (18.30), &n(t/T,) can be approximated by 
(2) a es 
an(t es /t) £n(1/e) (18.33) 


As a result, the third term in (18.32), describing the contribution of tour-body 
collisions. is proportional to e* Qn(1/e) and hence depends non-analytically on 
the density parameter. The existing experimental data on the density dependence of 


the viscosity do not yet allow us to distinguish the logarithmic term [55]. 


19, ON THE STATISTICAL DESCRIPTION OF NON-EQUILIBRIUM 

PROCESSES IN DENSE GASES 

We considered the kinetic equations for nonideal gases in the approximations 
of binary and triple collisions. As shown in section 18, it is possible to derive 
kinetic equations also for denser gases, where four-body and higher-order collisions 
play an important role. Such a method of successive approximations is, however, not 
very effective. We need here some other scheme, analogous to the one used in the 
equilibrium statistical theory of dense gases and liquids (Sect. 9). 

For thermodynamic functions there exists a density expansion (Sect. 8): the 
virial expansion. But in practice only the first few terms of this series are used. 


The calculation of the thermodynamic functions of dense gases and of liquids 
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proceeds either via numerical methods (the method of molecular dynamics or the Monte- 
Carlo method) or through the (analytical or numerical) solution of model integral 
equations for the pair correlation function Jo: In section 9 we considered several 
such equations. All of them provide the exact value of the first three virial coef- 
ficients and give approximate expressions for the higher ones. 

An analogous procedure is possible also for the construction of the kinetic 
theory of dense gases. Instead of a single kinetic equation for the function ae 
the description of non-equilibrium processes in such systems can be based on a set 
of two equations for fs 9, or for fy Fin. Let us consider one example of such 
a set. 

We saw that Eq. (17.11) for the function f, is defined through a sum of 
contributions of the binary and the triple collisions, with due account for the 
retardation. The contribution of the binary collisions is described by the first 
term in the right-hand side of (17.11): it consists in turn of two terms [see 
(17.5)]. The first one is of zeroth order in the density and describes in the col- 
lision integral the dissipative contribution, in the pair-collision approximation. 
The second term defines the contribution of the pair~collisions to the non-dissipa- 
tive functions, such as the internal energy, under the (0/9t¢) sign. Formally, this 
term might be considered as a contribution to fa» of first order in the density. 
But, as shown in section 17, the consideration of the formal density expansion of 
ie leads to an inconsistent description of the dissipative and nondissipative pro- 
cesses. 

Taking this fact into account we consider, for the generalization of Eq. 
(17.11), the expression f° given by (17.5) as a zeroth approximation for ee It 
describes the complete contribution of the binary collisions to the kinetic equa- 
tion. The first approximation is described by the remaining terms in (17.11): they 
define the complete contribution of the triple collisions to the kinetic equation. 

Let us use for the distribution functions the analogue of Kirkwood's super- 


position approximation in the form 


f, (15243) = Da fAVs2) F503) G4 298) 


be be be ped? 
Co ies 
The functions ok are defined by Eqs (17.5), (17.7). 
In first approximation, when [see (17.5)] 
ioe PR Ay R Gel RG it ORD 
we find from (19.1), (19.2), (17.7) = 


o, aE 22 G3) as d_ (3) ee 1 
FS a = gy 2 fat T ae Papa, = a (19.2) 
0 
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Consider the equilibrium state. As the position distribution functions are 


ae ro Fy) = exp G5 /K 7) 


tr = = 
Py” (reas ty) = exp | (9, +9,,+,,)/k,7 | (19.4) 
we find for the three-particle distribution: 
Fa (715 %5273) Sy kt oho) Fol hyo %s) fo 0", »7,) (19.5) 


which coincides with Kirkwood's superposition approximation (19.1). 
In order to define 8 equation (17.11) which defines f, in the triple- 
collision approximation, can be changed into an integral equation 


0 l C (2) 
TM N92) +f(152) | dx | de, ae 


Fo( 152) (1,2) ° 
= [(8,5 +853) F5 (15223) —8)5 Fy(153) Ff, (2) ~ 83 F,(2,3) £,(1)] 


oo 


shee = J as | ae, t ea 1 (8,5 +803)[ F, (15263) — £2 (15203)] 


— s@ (1,2) )8,,4£,(153)— £2 3)} (2) - 


a ee co) ee) ae (19.6) 
The functions foes tes entering this integral equation, are defined by Eqs. 
(19.2), (19.3) and f; by (19.1). 

In the triple collision approximation one must set under the integrals in 
Eq. (19.6): i = fees ft, and I = fr, fous, » +». Then (19.6) reduces 
to (17.11). 

Equations (17.2), (19.6) are a closed set of equations for the functions 
fy »f, . In equilibrium, Eq. (19.6) reduces to the corresponding equation obtained 
from the equilibrium hierarchy in Kirkwood's superposition approximation (sect. 18). 

One can use instead of (19.6) other types of approximate integral equations 
for f,(2, 22,26) » which reduce in equilibrium to the Percus~Yevick equations (9.2). 
(9.3) or to Eq. (9.6). 


20 GENERALIZED KINETIC EQUATION 


In section 16 we noted already that in recent years there have appeared a 
series of papers in which one tries, by various methods, to obtain generalized 
kinetic equations describing correlations of arbitrary order. A simple and clear 
solution of this problem appears in the work of Zubarev and Novikov [52]. The 


essence of their work is as follows. 
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We express the collision integral through the phase-space distribution 


function Fy = aa Note the normalization 


! = 
Sp | AeL eee dey Py A 


For spatially homogeneous systems we obtain from (2.13) 


°F; 


FET ryt) = 2 ary | ae, precy Uy Or, Op, (20.1) 


For the function Fy, the authors of reference [52] use the Liouville equation. 
Solving this equation with the condition of weakening of all the initial correla- 
tions, one can express Fy in terms of one-particle distribution functions. Sub- 
stituting this expression into (20.1!) one obtains a closed equation for the function 
fy: the generalized kinetic equation. 

However, the use of the Liouville equation for Fy leads to some difficul- 
ties in the passage to the usual (Boltzmann) form of the collision integral and in 
the derivation of the conservation laws. These difficulties can be avoided if one 


uses for Fy, instead of the Liouville equation, the equation 
N 


(2 + ity) Fy = |2+ > (», “<3 re pee )| i} f (255%) . (20.2) 
a5 


at . Op. 
t=1 L P. 


This equation has the same structure as Eq. (2.18) for ue in the binary 
collision approximation, or of Eq. (17.4) with the right-hand side of (17.6) in the 
ternary collision approximation. 

Clearly, Eq. (20.2) is not the Liouville equation. It is the Nth equation 
of the BBGKY~-hierarchy in the approximation in which the collisions of N+1 parti- 
cles are neglected. We assume V>1]. 

Under the assumption of the complete weakening of the initial correlations, 


the solution of Eq. (20.2) for a homogeneous gas can be written as [25] 


N t NV 
d N 
F, = | | fi (ez.t) + J ar’ (5%) ) | EAC (20.3) 
t=1 0 , 


Substituting (20.3) into (20.1) we obtain the collision integral of the generalized 
kinetic equation. 

The previously considered kinetic equations follow from the generalized 
kinetic equation by using the virial expansion of the non-equilibrium distribution 
functions. This expansion was obtained in the work of Cohen [22] and other authors. 

The collision integral obtained in this way possesses the properties (11.5) 


for = p,- For $= pe /2m, one obtains from (20.1), (20.3): 
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2 
Py n> 9 ] 
Hence, the internal energy density has the following form: 
Ps | 
ie I Fl Larne 
U n - | dz, a f, + - (N= 1 | dx, ree dx y P10 Fy ' (20.5) 


In equilibrium, Eq. (20.3) reduces to the Gibbs distribution function for WM parti- 
cles. 
The generalized kinetic equations have not yet been used for the solution 


of concrete problems. 


CHAPTER 4 


Kinetic Theory of Fluctuations in 
Gases 


21. EQUATION FOR THE SMOOTHED DISTRIBUTION FUNCTIONS 
IN THE POLARIZATION APPROXIMATION 


Let us consider again a gas which is sufficiently dilute for the binary 
collision approximation to be applicable. We recall that for the derivation of the 
Boltzmann equation the condition of complete weakening of initial correlations is 


used. Actually, as we noted in section 16, the weakening affects of the short-scale 


4 


correlations with Tages Er A r sey Thus, in the derivation of the 


rel’ “cor 

Boltzmann equation, it is essential to assume that the long-range fluctuations (with 
te 5s Ps ez) do not play any role in kinetic theory. Only at that 
price is it possible to obtain a kinetic equation, i.e. a closed equation for ie 


a FE 


The long-scale fluctuations do not have time to decay during the relaxation 
time of f, . Therefore, when such fluctuations are present, one does not obtain 
from the BBGKY hierarchy (or from the Liouville equation) the Boltzmann equation, 
but rather a set of equations for the function Js and for the long-range correla- 
tions Gyre: . This set can be replaced approximately by a Langevin equation for 
the random function dye i.e. by a Boltzmann equation with a stochastic source 
y(at). 

In this connection there arises naturally the question of the definition of 
the statistical characteristics of the random source. For the states of the gas not 
far from equilibrium, this question was first solved by Kadomtsev [25]. In his work 
the correlation functions of the random source y were calculated by using methods 
analogous to those developed for the Boltzmann equation itself. 

In the work of Gorkov, Dzyaloshinsky and Pitaevsky [38] the methods of 
Landau and Lifzhitz [56,59] and of Rytov [57,58] were used for the construction of 
the kinetic theory of fluctuations. 


The direct generalization of the work of Kadomtsev [25] to cover non- 


KTNG - D 87 


88 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


equilibrium, but stationary, states of the gas was obtained in the work of Kogan 
and Shulman [39]. In the work of Gantsevich, Gurevich and Katilius [40,41] of 
Jigulev [43], of Sadovnikov [44], and of Kogan [45], the theory of equilibrium 
states and of stationary non-equilibrium states was developed on the basis of the 
BBGKY hierarchy or of the corresponding Green functions hierarchy.” 

Here we shall proceed to the calculations of the fluctuations from the hier- 
archy of equations for the smoothed functions fie ie £25 (see sect. 18) and from 
the corresponding hierarchy for the phase densities N(x,t) [23,24]. 

Let us return to Eqs (18.11), (18.13), the first two equations of this heir- 
archy. For short distances (of order r,) the main role is played by the correla- 
tions due to binary collisions. Therefore, in Eq. (18.15) the contribution of the 


term g(r > Pit), ae P,(-) ) can be neglected and one finds for tS Eq. 


1 


(18.16): 
a a eee eee : = 7 
1 
Here I, is the Boltzmann collision integral: in the absence of retardation 


B 
effects and of inhomogeneity it is given by Eq. (10.5) and in the general case by 


Eqs (15.5)-(15.8). The second term is the part of the collision integral which 


is determined by the long-range correlations: 


Te | a hegre eer (2 505%) (21.2) 
I=n oir. ap, G5 12X92 , 
In the same approximation one can use Eq. (18.25) for the correlation function g, 
instead of Eq. (18.13) for the function i 5 

We already noted that in Eq. (18.25) the last term describes the contribu- 
tions of triple and higher-order collisions. These can be divided in turn into 
‘polarization’ terms (see sect. 3) which are defined by two-body correlation func- 
tions g,(253), J, (1,3) , and terms containing three-body correlations. 

Here we shall calculate the fluctuations in the gas in the binary correla- 
tion approximation; hence we shall set g,=0 in Eq. (18.2). Besides, because of 
the smallness of the long-range correlation functions, one may neglect in Eq. 
(18.25) the term 6. I, as compared to esi ie on the right-hand side. As a 


result, we obtain the following equation for the function ve 


+ 


A thorough treatment of long-range fluctuations, from a very different point of 
view is given in the recent book by Nicolis and Prigogine [72]. (Translator.) 
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L + 6l, + 62, )g = 6 
(Enc, + Ste, + Se,) 8,(1.2) = 8, A004, (2) 


1 a ee ————_—_ rhe ee 
Z | de,(6,,+6,,) £,(1) £,(2) £,(3) + 0, f, (rs Ppt) Flr, Poot) 


— = [ig(#1 54) f, (2) * I,(x,,t) f,(1)] 
+n | de[6,,4,(263) F,(1) + 6,59,(103) F(2)] (21.3) 


This equation is analogous in structure to Eq. (3.5) for the pair correla- 
tion function Jo (2 s%5st) obtained in the polarization approximation from the 
BBGKY hierarchy. 

The main difference with this equation lies in the presence, on the left- 
hand side of Eq. (21.3), of the additional terms Sle 9, . ble G,- They describe 
the dissipative and non-dissipative processes due to the binary collisions. 

The polarization terms, i.e. the last terms on the right hand side of Eqs 
(21.3),(3.5) have the same form. 

The first four terms on the right hand side of Eq. (21.3) are defined in 
terms of the one-particle distribution functions fy - They can be considered as 
sources in the equation for g,° The first term of the source corresponds to the 
source of Eq. (3.5). The second term compensates the first when integrated over 
Z, or x,y. The third term in the source has the form 

eee 
0 of (ry P (-@) ot) £, (7, Pa (-), t) . (21.4) 


There appears here the symbol of smoothing, i.e. averaging over a physically infi- 


nitesimal volume Ls (n /e*)? > re. 


In the state of local equilibrium, when f, = ae 


the expression (21.4) goes to zero because the integrand is an odd function of li 


the Maxwell distribution, 


and the averaging integral vanishes. 

The fourth term in the source supplements the third. Together with the 
latter it gives zero by integration over c, or x, , just like the first two terms. 
Hence, the equation for V7! J dz. J5 is homogeneous and has the solution 


1 ~ 
L | deg, =0. (21.5) 


The necessity of this condition follows from the definition (18.14) of the 


correlation function g,- 


22. EQUATION FOR THE SMOOTHED PHASE DENSITY. THE METHOD OF MOMENTS 
In sections 4-6 we used as a basis for the construction of the non-equili- 
brium statistical theory of gases the equation (4.6) for the phase density in the 


six-dimensional space of positions and momenta. Averaging that equation we obtained 
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a hierarchy for the moments of the phase density, which is equivalent to the BBGKY 
hierarchy. 

In particular, in section 6 we obtained Eq. (6.13) for the second one-time 
moment of the phase-density fluctuation (ev 6N),, y!.¢ Which is equivalent to Eq. 
(3.5) for the two-particle correlation function gy in the polarization approxima~ 
tion. It was also shown that, for the description of the processes in this approxi- 
mation, we can also take as a starting point Eq. (6.32) for the fluctuations of the 
phase density 6N. This equation contains a source 6N5°UTS©, The correlations of 
the source fluctuations is defined by Eq. (6.33). 

Similar considerations can be applied to the study of the long-range fluctu- 
ations in gases. To this purpose we take, as a starting point, the equation for the 
smoothed phase density W(x,t) instead of Eq. (4.6). From the former we obtain, by 
averaging, a hierarchy for the moments, equivalent to the hierarchy for the smoothed 
functions I mee at, B, catoite 


We rewrite the equation for W(x, t) in a form analogous to Eq. (4.7) 


B eee 
(22.1) 
where the operator Ba! is analogous to the operator Cg (1.6) 
x ao(|r-r’ 9 36(|r—r’ 3 
jj MUU: 2 gaetlomely a ne 
LE or op or! op 


The last term in (22.1), describing the contribution of the pair collisions, 
is written in the ideal-gas approximation. If the retardation and inhomogeneity 


effects are taken into account to first order in Tad rife this term must be 


rel’ 
written as follows: 


fae’ b 0 {1-5 -S )[ie eee) enilr, Peo) 2) 


- ue 3 vty! ) ) ,) 
—N(r,p,t) N(r, 1,2) |—( Ail AN) Py ee 7) 
(r,p,t) N(r,p',t) toe nen 


co 


: | ax ti (7,1), #) i(r,P!(-t), t)} : (22.3) 


This expression is written in analogy with (15.6)—(15.8). Equation (22.1) for the 
phase density, in the special case F, = 0 and without the first term on the right- 
hand side was first used by Kadomtsev for the calculation of fluctuations in an 
ideal gas [25]". 

i In a recent preprint of N.N. Bogolyubov [66] the equation for the microscopic 


phase density corresponding to the Boltzmann-Enskog equation (sect. 15) is con- 
sidered. 
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The equation for the smoothed phase density can be obtained from the exact 
equation (4.6) for W{x,t) by the same method by which Eq. (18.10) for the smoothed 
distribution is was obtained from the Liouville equation. We now proceed to the 
averaging of Eq. (22.1). Hereafter, wherever no confusion can arise, the tilde ~ 
will be omitted over the function W(ax,t), i.e. N(x,t) +WNW(x,t). 


The relations (5.1), (5.2), (5.6) hold true for the smoothed functions as 


well: 
(v(x,t)) = nf (x,t) (22.4) 
( ¥(2,t)N (x! ,t)) = —— Poa e) +e 6(x—ax’) f (x,t) (22.5) 
(SN 6V), ort = ree g,(ase'3t) 
+ 2 [o(a~a') £,(2,t)-7 f, (xt) f(a’ .e)]. (22.6) 
Here 
6N(x,¢) = W(x,t) — (M(a,t)) (22.7) 


is the fluctuation of the smoothed phase density. 

The equation for the average phase density (1) [see Eqs (22.4), (22.5) ] 
corresponds to Eq. (18.11): the first of the hierarchy for the smoothed functions 
fis as -»- - If the contribution of 7, for distances of order Po is neglected, 
as was done in the passage from (18.11) to (18.16), we obtain the following equa- 


tion 


3 3 2) = 

—+yp-. + Fe 7. (est) Sites) Hest): (22.8) 
@ or op eel = ie) See) 
This equation differs from (18.16) only in the fact that the contribution of the 
long-range correlations to the collision integrals is defined by the following 


equation [instead of (18.17)]: 


e) 
0 P 


7 - ( 6F én) 


seis ane (22.9) 


I(x,t)= 


| ax’ 8! (8 6M), al it = . 


As in (18.16), I, is the Boltzmann collision integral, defined by (10.5) in the 
absence of retardation and inhomogeneity effects, and by (15.5)—(15.8) in the 
general case. 

From Eq. (22.8), defining the relation between (80 6M) t and g, fol- 
lows that there are two additional terms in (22.9) when compared to (18.17). The 
second term on the right-hand side of Eq. (22.6) takes account of the self-inter- 
action; it vanishes upon integration over r’ in the integral a The second 
additional term (originating from the last term in (22.6)) takes account of the 
fact that in the expression for the average force (2.10) there occurs a factor W/V 


instead of (W—1)/V: this difference is compensated by this term. 
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Expression (22.6), just like the corresponding one (5.6), satisfies the 


condition: 


> 


7 fae(on onde gee fA (OHer) ge 0 G2 


which follows from the conservation of the number of particles. 
From Eq, (22.11) we now derive the second equation of the hierarchy for the 


moments of the smoothed phase density WN. Omitting the tilde, we obtain: 


Dag! MBM) a! >t ~ fax" {®ne” | (var eel ate (wan) 5 a! Pp” 2 


+ 6 pl! ( NNN) a! alttt (WN) pi Hie (22.11) 
This equation corresponds to Eq. (18.1) for the smoothed two-particle function os 

Let us show how we can make the transition from Eq. (22.11) to Eq. (18.13). 
This transition will allow us to establish the rule defining the action of the col- 
lision operator on terms containing singular functions. Such functions appear in 
the expression relating the moments of the phase density to the distribution func- 
tions, e.g. in Eq. (22.5). 


We write the corresponding expression for the third moment 


N(N—-1) (N-2) f (x,x! yx’, t) 
y3 3 


N — 
Fe AD 
V2 


(WH) 5 ar alg 


| 6(2—2") es wo" t)+ d(x a!) f,(2" ,c,t) 


+ 


6(2"—z) f(z,2,t)| +28 (2-2') 6(2/— 2") f, (x,t). 
(22.12) 
We substitute this expression into the first terms enclosed in square brac- 
kets on the right-hand side of (22.11). We neglect the terms describing self- 
interaction, we integrate the terms containing 6(2—-x”) , 6(x2/—x”) over x” and 


note that under the integrals in (22.11) 


€ tt +6 / 1) 6( 2-2!) ea § (x—a! (8, + Bratt Jeo ° (22.13) 


We thus find 
11a Th 6 
| de’ ane wall ,t + Olt (NW) a! wal! al 


N(N—-1) (W—2 p x > 
- Hae) | ax" (4 nt aa") fi(x,x' ot) 


+ — {3 5 (x—x') Jax”|é af(2,2" ,t) + 6 tit f(x" a | 


V2 Fa 084 05 2 Fé oi 0 


+ 6 a! f,(zs2!,t) \ (22.14) 
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The factor 5 before 6(x—2x’) appears from a symmetrization (with respect 
to x,2') of the expression enclosed in square brackets on the right-hand side of 
(22.14). 

Consider now the remaining two terms in (22.11). They differ from the pre- 


vious ones only in the following change of arguments: 
xc,c! > pp, Pyr,P! yo! yw" > SP’ SPY. (22.15) 


Clearly, this change effects only the arguments of the distribution func- 
tions of the interacting particles. Thus the substitution (22.15) into Eq. (22.11), 
combined with (22.12), does not change the arguments of the delta functions, and we 


obtain: 


wis a 
| sa Bs” CANN) po! pst i PALL P’ re 


N(N-1) (4-2) K ~ = 
= ee ae” | 8 sa fi (P,2'sP",t)+ 07.0 f(a, P! P,t)| 


v3 
N(W-1) 7, 7 : ; 
+ ee {3 § (2—x! ) | ae” = fi P,P ee) + oe yl! fs (P! : p',2)| 
+ Soran! fp. P!.e)} (22.16) 


We now transform the left-hand side of Eq. (22.11). We substitute into it 
Eq. (22.5) and consider the contribution of the second term of (22.5). Performing 
a symmetrization and using the first equation of the hierarchy for the smoothed 


functions, i.e. Eq. (22.8), we obtain 


Loa! 8(a-0' )[A(x.t) + Ff, (2! .t) | 
= : & (x—a! [2° fleet) +1", ee cake t) | 
=p AN afene!) f aot {uy [Flese" 0) +B, (P.P.2) | 
+ Birgu [fple ese) + Ber PY eo] (22.17) 


Using (22.14), (22.16), (22.17), we find from Eq. (22.11) an equation for 
ie identical with Eq. (18.13), i.e. the second equation of the hierarchy for the 
smoothed functions ue »f, .... The same procedure applies to the remaining equa- 
tions. 

Thus, the hierarchy of equations for the momenta of the phase density 
w (x,t) , obeying Eq. (22.1), is equivalent to the hierarchy for the smoothed dis- 
tribution functions which follows from the Liouville equation for fe We note 
again that in the proof of the equivalence, the substitution (22.15) appeared in 


the moment equations only in the arguments of the distribution functions. 
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From the proof of the equivalence it follows that, in the polarization 
approximation, we obtain from the moment hierarchy an equation identical to (21.3). 
We rewrite it in a form better adapted to the moment method. Using Eq. (22.6), we 
can group together on the right-hand side of (21.3) the last term and the first two 


terms. The equation then becomes (x, 50,50 


Nn nan + “a ~ 
(ead - 6f sf) I(x, ',t) 


1 A 

a PL CD 
ee 

a 8 gi ( OW éW) v!! ,t fita'e)|+ bed FCP, t) f,(P' st) 


: > x,x' ya" ) 


_ / / 

Ll rj(est) fyl2!.t) + pla’ ot) Alese)]. 22.8) 
We continue the transformation of this equation. We multiply Eq. (22.18) 

by n°, add to both sides the expression 


(Eas + 6I_ + 77) n| 8 (aa imate) f(a! ,t) | (22.19) 


and use Eq. (22.6) together with the relation between OF and ON: 


__ 29 | ! / 
6F(r,t)= a dx Oo 6N(x’ ,t). (22.20) 
As a result we obtain the following equation for the second moment (6 6). haere 
A _ ay a 
(2. + 62 +61) \ 6 8M) ea! e 
anf, (x,t) onf_({x’ ,t) 
+(6F 6w) oo, , «+—“* 4+ (69 6F) Oo, | -—— 2 
Psa gt 0p Ly et op’ 
= A(x,2",t), (22.21) 


A(x,2’,t) = (Baad ee si) )n| 6(a-’ i -Ff, (x,t) f(x’, ¢)| 


#26 fy(P,t) f(P!,t)-B[r5(a, #) F,(2’, 2) +I, (a! t)F,(252)]. 

(22.22) 

The function A is defined by one-particle distribution functions, and thus 

plays the role of a source in the equation for the second moments. We have in this 
respect an analogy with Eq. (6.13). Let us transform (22.22). Assuming, as before, 
that under the action of 6r, eae, » the change (22.15) effects only the arguments 


of the distribution functions, and using Eq. (22.8) for a we find 


A(x,x nt) =A an{6(a-w!) T(2,t)-F[T(2,0) f(x" ,t) + I(x',t) a eel} 
Level 
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It follows that A obeys the conditions 

[dz alas! »t) = | ae’ A(x,xz’ ,t)=0. (22.24) 
We note that the right-hand side of Eq. (6.13) can also be brought into the form 
(22.23): using Eq. (6.2) we obtain 


urce 


L ee! ( 6 SN) ee! e 


= n{6(a-2")I(x,t) 


— i [r(ese) (2! 48) +7 (2! se) F (2st) |}. (22.28) 


We see that the source (22.23) is expressed in terms of T- the part of the 
collision integral related to the long-range fluctuations, as is to be expected. 
Indeed, when T=0, i.e. when the long-range fluctuations are not taken into account, 
the Boltzmann equation, in the approximation considered here (see sect. 10), gives 
an exhaustive description of the kinetic processes in gases in the binary collision 
regime. 

Equations (22.8) and (22.18) form a closed set of equations for the func- 
tions fied: They can be taken as a basis for the description of non-equilibrium 
processes in gases, taking into account the long-range fluctuations, Alternatively, 
we may use Eqs (22.8) and (22.21) for the functions fi> (6 6), a! ie 

From the set of equations for F249, (or fy> (6¥ 5¥)) it is impossible to 
obtain a closed set of equations for fy: i.e. a kinetic equation, without further 
simplifying assumptions. The transition to a kinetic equation is possible if the 
function f, (x,t) changes slowly over distances of order tl and times of order 


T In that case we may, as in the derivation of the Boltzmann equation, use 


ie eondicion of weakening of the initial correlations, express os in terms of fy 
and thus obtain an explicit expression for the collision integral in (22.8). This 
will be done in Chpater 1], in the case of plasmas. 

We may drop still another limitation (condition 4 of sect. 16) which was 
necessary for the derivation of the Boltzmann equation. It was assumed that the 
collision process of any atom within a physically infinitesimal volume element can 
be considered as a continuous process. Actually, the collision process is dis-— 
crete ('shot effect'). 


The discreteness of the collision process leads to an additional contribu- 


tion to the source on the right-hand side of Eq. (22.21) 
A(x,x',t) = A(xz,x’,t) + AB (x ya! oe) (22.26) 


A is expressed in terms of the collision integral I (see (22.23)). The second 
term differs from zero even if I=0. As will be seen, it is defined by the same 
processes as in the collision integral JI_: we therefore use the superscript B 


B 
for this term. 


KTNG - D* 
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The shot effect, i.e. the discreteness of the collision process, is taken 
into account as follows. In the function (22.22), whenever the operators act 
explicitly, the substitution (22.15) must be made in all arguments involved in the 


collision Saerncor We thus find, instead of (22.23), Eq. (22.26) together with 
A’ (ax,0! ,t) =n? fae {8.0 | (r/—r) (8(e'-p) — 6(p’—P) ) 
+ §(r’—r" )(ato!—p") a (p'—P"))| Paty erst) 


+ (r,p ~rp')t (22.27) 


Clearly, AP =0 if the substitution (22.15) only affects the arguments of the dis- 
tribution functions. The function AP satisfies the conditions (22.24). 

In the equilibrium state the function A=0, because I[=0. But the func- 
tion AP #0 even in equilibrium, because the fluctuations due to the discrete 
collision processes exist also in equilibrium. In this case the expression (22.27) 
simplifies [the terms containing the functions 6 (p’-p), S(p’—p”), &(p—p”) 


vanish |: 
fete | ax” {a,¢0[ 8 (r—r’') S(p'—-P) 
+ 8(r/ 0) 8(p/—P")| FP) Fe”) 


+ (r,per’sp')} ; (22.28) 


A different form of A® will be convenient for further use. It follows 
from (22.27) upon integration over r”’,p” in the terms containing the functions 
S(r’-r") &8(p'’-—p”), 6 (r—-r”) 6(p—p”), and upon putting the functions 

Pp 


S(r’—r) S(p’-p) and &(r—r’) &( p—p’) under the 6 nl! ; o/ yl operators; 


we obtain 


B 
A (x,2',t) n &(x—x’) In (x,t) a i eee, 


2 “vwejyg , i 
n | ax {8.0 | 6(r r) &(p P) 

+ Bron") 8(p'—P”) | FP t) AIPM, 2) 

+(r,per’ ,p’)} (22.27) 
where I, (x,t) is Boltzmann's collision integral, and 


28 , =ne 
x 


eee p EAP ot) FP ot) (22.29) 


x 


t This amounts to admitting a variation of the function f 
i.e., over the ‘width' of the 6-functions. 


over the range ~Z 


1 >’ 
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It then follows that 


x,t), [aor = I (2',t). 


/ = 
| dx Lx! ra B 


B | 
In equilibrium, the first two terms of (22.27)5 vanish, and we are left again with 
(22.28). 

Finally, still another form of the function AB (22! t) is useful: it 


helps in understanding the physical meaning of the source of the fluctuations: 
A’(x,2/,t) = [(87,+ 67.) -(8T,+ 6T,,),] n 8(a-e’) f(2,t). (22.27); 


The subscript 0 means that the corresponding operators act only on the distribu- 
tion function f(z,t), and not on the 6-function. 
e e e e id e B 
In equilibrium, the second term in (22.7) 3 vanishes and the function A 


reduces to 
AB (x, x! »t)= (6r_ + éI )n S(x— <x’) f(z,t) . (22.28) > 


This result was first obtained by Kadomtsev [25] . 

The formulae obtained here can be studied also for model collision integrals. 
For instance, in the v-approximation, AP vanishes, but it is different from zero 
for the Bathnagar-Gross-Krook collision integral. 


For the Fokker-Planck collision operator, when 


x 2 
st=-(025 + 2 vp) 


9p2 sap 
D= Ymk,? 
We find from (22.27)3: 
2 
AF-P . 2p —2— 6(r—r’) 6(p—p’) f(r sp >t) . 
op op! 


Thus, in equilibrium A=0, but AB 4 0. Such a disparity is quite natural. 
It is due to the fact that in the hierarchy for the smoothed functions, or in the 
corresponding moment hierarchy, the dissipation is due to the short-range fluctua~ 
tions which define the Boltzmann collision integral. The present equations define 
the statistical properties of the long-range fluctuations. The spectral density of 
these fluctuations will be studied in the next section. It will be seen that the 
collision integral I can be expressed through the latter, if the characteristic 
scales Tf, L for the functions f, satisfy T > eee ,£>2. This occurs, for 
instance, in the passage to the hydrodynamic description. Naturally, in the hydro- 
dynamic equations, the dissipation due to both the short-range and the long-range 
fluctuations is taken into account. In other words, the dissipative contributions 
will be expressed not only in terms of the Boltzmann collision integral I? but 


~ 


also in terms of J. 
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For the calculation of the space-time density of the long-range fluctua- 
tions we need an equation for the two-time moments or their corresponding correla- 
tion functions. The equation for a (extse it ) in the polarization approximation 
can be obtained by analogy to Eq. (22.18) for the one-time function 95 (x,2’ ,t). 


It has the form 
> \3s a ee nea 
(z+ si.) G,(x,t x eal] de 87 (6M 6u) 


da" cee fy (r »P <b) Baas ae Fee“) 


+ 
-_— 


—> 1,(2,¢) fe st es (22.30) 


where the function F (x,t,«' ,t’ ) was defined in Eq. (5.11). 

Equation (22.18) for the one-time correlation g(a >a! ,»t) can be obtained 
from (22.30). To this purpose, one must write the second equation (22.30) for 
g, (x’ ,t,2,t’), combine the two equations and take the limit t/+t. This limit- 
ing process in the second term of the right-hand side of (22.30) is performed as 
follows. We introduce the retardation and inhomogeneity, and at the end take 


T=O, rg5r: 


lim | ey By Fy (yo Py > 8) Fi(z, pHa eet) 


pone 
ri=r,,t=90 
2 1? 

81> f(r, >P >t) f(r, > Pt). (22.31) 

We rewrite the two-time equation by using the following equality: 
N(W-1) ~ 
, pee ee S Pigs 
(ON SV]. or = 72 g, (et, x <i) 
tnfP (a,t.2/,¢/) 4 F (ast) fy (2st!) | (22.32) 


which, for t’=t goes over into (22.6). We multiply (22.30) by N(N—1)/V 2 and 


add to both sides the expression 


a & a. aes gl 
(i, + 67,,) n| Fy(25 tox eo) 7 fi (x,t) file Pe )| : (22.33) 
We thus find an equation for the two-time moment: 
i . anf (x,t) 
(z+ sT,,) (ON 6), gt gt + (OF ON) og ot ge =“ 
= A(x,t,ax’ ,t’) (22.34) 


where the two-time source is given by 
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A(x,t,x',t’)= (i+ sf.) n [F(a t52" ie ~s , (aot) f(x" st! | 


2 nw 
+n | an” 0 ll f(r sP.t) F(x’ Se a Cee 


= Palast) Fest’) (22.35) 


Equation (22.34) corresponds to Eq. (22.21). Let us transform expression (22.35) 


for the source A(x,t,2’,t’): we use the equation for the function BCo tse yb! ye 


“A N-t A Pe 
os pe " / te eel 
LFy= a? | dx Belt |G, (toto! ot ae ge) 


+ P(r, Py tsa! 50), (r,P".t) | : (22.36) 


This equation follows directly from the Liouville equation for the two-time 
smoothed distribution function (sect. 18) or from the corresponding equation for 
the phase density N(x,t,x! ,t’). The latter differs from (22.1) only by the 
change W(x,t) > N(x,t,x! SE ° Vs 

Let us write explicitly the expression for 61 Fy in (22.35) 


A N—1] A 
a 7 i a wt 


+ f(r ,P,t) F,(7,P" t,2/ 0"). (22.37) 
Using this expression and Eq. (22.36) as well as the kinetic equation for 
fi» we obtain the following expression for A: 


~ 


Altzeyt sc 4c) = n? | de” 6 | dy (wot on" ot/5 2” 0) 
— + g(x", t) f,(2' tt! ) | . (22.38) 


It then follows that the source A obeys the conditions 
| de! A(z,t,e’,t!) = | de a(z,t,2",t") =0, 


analogous to the property (22.24). 


From the expression (22.38) follows that the source A(x,t,2’, t’) is of 


order ni ~nF_/% ; hence in Eq. (22.34) there are two relaxation times, T ,T 
~ 1 rel rel’ rel 
For T €T , the right-hand side of (22.34) can be neglected. Thus, 
rel rel 
A(x,t,x2',t’)=0 (22.39) 
and therefore (22.34) is a homogeneous equation: 
L + 67,) $v 8W 
( x x ( ee 
anf, (x»t) 
+ (dN 6M ° —————— = 0. 22.40 
( ee 3p ( ) 


We arrived at a situation similar to the one prevailing in the description 
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of the short-range correlations in the polarization approximation. The difference 
between Eqs (22.21). (22.40) and the corresponding equations (6.13), (6.31) lies 


only in the substitutions 


pn, Se Df OX 
A Oe of On" 64 Bt + x 
Be. eke ee SOT 
PA by x x 


Thus, Eqs (22.21) , (22.40) take into account the damping due to the short-range 
+ 


fluctuations, which define the Boltzmann collision integral 
As in section 6, it is necessary for determining the two-time function 

(si 6m). tr’ ti © solve Eq. (22.21) for the one-time correlation. This can be 

avoided a iueread of the latter, one uses for the definition of the correlations 


the equation for 6NW, which is equivalent to the set of Eqs (22.21) , (22.40): 


(2, + st, fom(a,t) _ gwsource’ ze) } 


an f,(2,#) 7 


+ 6F(r,t) > =O. (22.41) 


dp 


The correlation of the source fluctuations is defined by the equation 


a A source 
(é, + sf.) ( 6W 68) eg! ges (22.42) 


which must be solved with the initial condition 


A “aA “A -1 
(SW 6m) °ONres® = ( ,+6l +62 } A(x,x’ ,t) (22.43) 
ie eae aes t=t’ ais = = 


fe : ‘ . ; 
where (...) is the inverse operator. The function A is defined by Eqs (22.22), 
(22,26), (22,23), (22.27),. 


If the contribution of the long-range fluctuations is not taken into 


account, the last term in (22.41) can be neglected, and in (22.26) for A one may 


put ie O. From (22.41) follows then 6N = 0 aaa hence the equation for 
(ov a g¢ coincides with (22.42) : 
(i, + sf) (oy 6M). oy ye = 0. (22.44) 
> > 9 


Equation (22.44) also follows, of course, from (22.40). Equation (22.21) reduces, 


in the same approximation, to 


nw aA a - / 
= + oe es 1,1 | (SN 6M) |. al ug = A(x,x a) J (22.45) 


Equation (22.40) corresponds to Onsager's assumption about the time-evolution 
of the long-range fluctuations (see footnote on p.26). 
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The set of equations (22.44), (22.45) can be replaced by the equivalent 


Langevin equation 


(z,,+ 61, ) 6N(x2,t)=y(z,t) (22.48) 


which represents the linearized Boltzmann equation with a random source y(x,t). 
Such an equation was first considered by Kadomtsev [25]. He obtained from it 


expressions for the spectral density of the random source in the equilibrium state. 


23. RANDOM SOURCES IN THE BOLTZMANN KINETIC EQUATION 
AND IN THE HYDRODYNAMICAL EQUATIONS 


Let us determine an expression for the spectral density of the source of 
fluctuations in the linearized Boltzmann equation. We assume that the gas is 
spatially homogeneous and that I=0. Then Eq. (22.8) becomes 


asa ae TA 23.1) 
+ e — ce e 
at 0° op piP>t) ( 


where Fy is the external force. 


Using Eq. (22.45) we write an equation for the spatial spectral density 
, changes slowly over 


(6 ON), ppt €3 assuming that the distribution function f 
> > > 
an interval Trel? the characteristic time of the long-range fluctuations. In zeroth 


approximation in 1,,,(9/dt) we get from (22.45) 


7 ‘ zs / A oe = B / 
{ek (v—y )+2,+8, bowen), or A’(k,p,p’ ,t). (23.2) 


Here, as in references [40,41], we introduce the notation 
- oF .%4 67. (23.3) 
Pp 0 op Pp 


The time dependence in Eq. (23.2) is through the functions f,(p;t) and F(t). 
Using Eq. (22.27), we find an expression for the spatial Fourier components 
of AP trae. p,p’,t). To zeroth order in k Ly (2, being a physically infinitesi- 


mal length element for the Boltzmann equation, see sect. 16) we obtain from (22.27): 
A® (ks p pi ,t) =n" [ ar” ap" ae |8(P’ — p") +8(p’—-p) 

— & p’—P") —6(p'—P) | F,(P st) FC PSE) 

+ Br glt|8 (9 —P") + 6(p—p')— S(p—P") 

— 6(p—P')| F.C Pt) £,(P" ey} (23.4) 


We see that in this approximation the right-hand side is independent of k&. 
Let us perform the corresponding transformation of Eq. (22.27)5. As a re- 


e e e B 
sult we find an alternative form for the function A : 
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A®(k, psp! st) n [6(p—p’) I3(P »t) +I p! 1] 


p 


2 Lar” dn} boon [8(o! —P) + 800! P”)| F(R.) F,(P* 52) 


+ 


Borg [8(P-P’) + 6(p—P”) |F,(P/, #) F(R" e)f (23.4) 


where I yp = fd(r— r/)I of ,» the function Fd being defined by (22.29). 
onus the spectral density (6N &N) k,p,p',t is defined by Eq. (23.2) with 
9 b + 
the right-hand side (23.4), or (23.4)>. 


We now write the corresponding equation for the space-time spectral density 


(6N 6N) Rpsphe in zeroth approximation with respect to Trey (9/9t) from 
(22.44): 
[s =) 
_ tw(t—t’ ) 
(+) = | at -¥/)(6m SN), ay } e 
LS 2 ia ee ae ) t—t',k,p.p 
6WV 6W 
= ( Leagan! at 
—t(w—-kev) + = 
t(w—kev) > 


We then find: 


i(kev —kew’) +F +4 ,](6N OV 
(ov én), ne pS) Pee EUS i pepice 
a SHOT 9 [—_ct(w-—kev) + +] [-—t(w—kev’) + # ae 
which expresses the space-time spectral density in terms of the spatial spectral 


density. Using Eq. (23.2) we can rewrite (23.5) in the form 


AB (k,p,p! ,t) 


(6y 6W) be pe er 
Wk,>p,p st [—t(w-kew) +e] c(w—-kew!) +7, ] 


(23.6) 
Thus, we succeeded in expressing the space-time spectral density of the fluctua- 
tions of the smoothed phase density through the function AP (ky pep’, t) which, in 
turn, is expressed in terms of f,@,¢) by Eqs (23.4)], (23.4)>. 

At this point it is not difficult to find the spectral density of the ran- 
dom source in the linearized Boltzmann equation (22.46). From Eq. (22.46) we find 


an expression interrelating the densities (6N 6M) i pipe and (yy), k pope 
> 3 > > 3 9 > > 


(yy) / 
(OTR rn och, (23.7) 
Sesh © [— 7 ( wokey) +] [-4 (w—k ev! )+ Fy] 
Equating expressions (23.6) and (23.7) we find 
_ 4B / 
(GY) 6 pp phe A oP ot) (23.8) 


Here we took into account the fact that, in zeroth approximation in as the func- 


tion AB(k,p,p’,t) is independent of k. 
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Thus, the spectral density of the random source in the Boltzmann equation 
is defined by Eqs (23.4), or (23.4)5. 
As the right-hand side of Eq. (23.8) is independent of w and of k, the 


Space-time correlation of y is given by 


(yy), = AP(p,p',t) 6(t) 6(r—r’). (23.9) 


a —r',p,p! »t 
Thus the random source, in zeroth approximation with respect to kl and 
to the retardation, is d-correlated in space and time. 
In the equilibrium state the first two terms in the expression (23.4) tend 


to zero and the spectral density (yy) is defined by the last term on the 


w,k,p,p’ 
right-hand side of (23.4)5, where is the Maxwell distribution. Using the defi-~ 
nition of the operator él» (22.37), this spectral density can be rewritten as 


follows in equilibrium: 


—_ a cs ey / 
w,k,p,p! ~ (S24) + Slps) nm 8(P—P*) f,(P) . (23.10) 


This result was first obtained in Kadomtsev's paper [25]. 


(yy) 


In a non-equilibrium state, the following equation can be used instead of 


(23.8), (23.4)o: 


+ (67, + 62,7) nS(p—p’) fi(p.t) » (23.11) 
where 
a, = n | d(r-r') Oa fi, (P.t) f,(P’.t) . (23.12) 


Following the terminology of ref. [40], this expression might be called ‘the incom- 
plete collision integral'. because fdp’ I yp! = In(P, b)s 

In a steady state, when the function fy is independent of time, Eq. (23.11) 
coincides with the one obtained by Gantsevich, Gurevich and Katilius [40,41]. 

In the work of Gor'kov, Dzyaloshinsky and Pitaevski [38] the spectral den- 
sity (23.10) is expressed through the transition probabilities. The corresponding 
result for a non-equilibrium stationary state was obtained in the work of Kogan 
and Shul'man [39]. 

We note again that Eqs (23.4), (23.4)5, (23.11) are only valid under the 
condition that the contribution of the long-range fluctuations to the kinetic equa- 
tion (21.1) are negligible, i.e. I=0. In that approximation, the terms in 6F, 
describing the long-range fluctuations of the force, can be neglected in Eqs (22.40), 
(22.41). These limitations will be lifted in Chapter 1], treating the kinetic 
theory of fluctuations in a plasma, 

We consider now the general properties of the spectral density (23.8), 


which are analogous to the properties (11.5), (11.7) of the Boltzmann collision 
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integral. For the function AB( pn, p! >t) we use Eq. (23.4)>. 
We multiply that function by o(p),wW(p’) and integrate over p,p’. We 


introduce the quantity 


1, y(t) = | dp, dp, o(p,) v(p,) (yy) . (23.13) 


Wk>P »P,r! 
After symmetrization in P,>P, we obtain: 


i git) = ne | dr, dp, dp, lo(p,) + o(p,) ][v(p,) + ¥(,)] 
: 2 
6, F(A, +t) £,(P, ot) —2 | ar, ap, dp, {lo(,) + 0, )] 


Biolv(P,) + ¥(P,)] £,(P, >t) £0, 06) + (oe uy}. (23.14) 


Here we used the expression for the Boltzmann collision integral IB and 
Eq. (23.12) for the ‘incomplete collision integral’. 

The form (23.14) corresponds to the Bogolyubov representation. For finding 
the general properties of (23.14) it is more convenient to use the Boltzmann form. 


We therefore substitute in (23.14): 


eke) 
MDs Ohi Oe te Se iis oe 


0 
. —— (23.15 
or. 3P ar,  3P, te LO Pay a 80 5 ) 


As in the passage from (10.10) to (10.!8), we use the cylindrical coordinate system 


—v,. Equation 


2,0, with the g-axis along the relative velocity vector vy > 


(23.14) takes the form 


27 


27 Uf 
Ty yt) = | dz | doo | aa | dp dp. |¥,—% I {Lo(p,) + $(7,)1] 
53. 46 ; 
5 5 [v(p,) + ¥(p,)—v(P,) + uP) IFC Pt) F,(P,2t) 


+ (9 = w)} (23.16) 


We integrate over 2 and, as in section 10, consider two types of collisions. For 


Z=—-O, Pro? Py » (see (10.16)), and Pi are the momenta after the collisions 
of type @. For z2=+ 0, ag ee and Pi» are the momenta after the colli- 
sions of type b (10.17). We thus obtain 
rare) 27 
n2 
Ty g(t) = | dp e | da | ap, cl Pa a ie : 
0 0 


| (o(7,) Zt o(p,) (¥(r,) : v(p,)) fi (Pp) >t) f, (P',.t) 


—(o(p,) +6(0,) \(v(a,) +0(P,)) f4(0 8) Fi(p, >t) | 
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- [(o(p,) + 010) )(v(04) + ¥(04,)) (4 ot) A (P45) 
2 (4(p,) + o(p,))( ve) +¥(p,) ) Ff; (Pp, >t) fp, >#) | 
+(ge uy}. 


We now transform the expression enclosed in curly brackets. After reduction and 


symmetrization with respect to P,>P» and P’ »P, we get 


1 pod{[oe,) +o0,)|[v@,) + ¥,)| 
2 | oe) + (4) || vi.) +v(p,)| 


+ 


oto’) + 6(p4) | vio) + vet) | +o ew) be, ot) £0, 2) 


| 6(p,) + o(p,) — (04) — 6(04) | ¥(r,) + ¥(P,) — vl) ~ v0) | 
: fy (p,>t) f,(p,>t). 


As a result on 


2 
qi zt) = n | dp oe | aa fap, dp, |v,—»y|f,(P1>¢) f, (P,>t) 
0 
+ 


(23.17) 
From this expression follow immediately the properties: 
(4) for ¢=1,p,p2/2m, and arbitrary ar 

I t) =0 ol 

wk for Y=1,pP » p@/am, and arbitrary 6 : 
and 

I, x*) 20 for >=, in particular for $= =—kp Qn f,(P, t) (23.18)5 
> 


The equality is valid only in the equilibrium state. 


Hence, in going over from the Boltzmann equation for the random function WV 


with the source y: 


(2 + yp oO 4 RK. =) N(2z,t) 
dt Or oP 


= | dx’ 6 ee! N(r,P,t).w(r,P! ,t)t+y, (23.19) 
to the hydrodynamical equations for the random fudetions” 
2 
p(r,t) =m [dpy, ow=|dpp ys, w= |dp 2 w. (23.20) 


Upon averaging, these functions go over into (7.1). 
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we can see that 
m|dpy(rspst)=0, [ap py(r.p,t)=0, [dp 2 y(ryp,t)=0. (23.21) 


Hence the y does not enter explicitly the equations of balance of the par- 
ticle density, of the momentum density, or of the kinetic energy density. But the 
transport equations are not deterministic, because they involve the functions T.., 


td 


Sy i.e. the viscous pressure tensor and the heat flow vector (see Eqs (15.27) - 


(15.29)). Calculating these functions, e.g. by the Grad method, we find the expres- 


sions 
ou. ou. 
Tee =—-7N ( ae ee oe < Ores em x) + 67.. 
td ons on Ld ary tg 
a oT 
S. =-kK rae + 6S. : (23.22) 


t 
which aiffer from Eqs. (7.17), (7.18) by the presence of the random sources 
oes » 5S . The spectral density of these sources are expressed in terms of the 


spectral density of the source y in the Boltzmann equation (23.19): 


et 
(6, ye =m | ap, dP, OvUl $v, SV 54 14a kp yp, 


mév2 move 


1 
Ss e = e e e 
€ 2°83), | ap, dp, 5, 64, 5 ; I ae (23.23) 


where 6vy=vy—umu is the peculiar velocity. 


In Grad's thirteen-moment approximation, Eqs (23.23) reduce to 
2 
(sx, mur) Pa 81 Sie See gt 3 ag a (23.24) 
e 2 
(ss, 653), 4 = 2K KT 654 : (23.25) 


These expressions are identical to those obtained phenomenologically by 
Landau and Lifshitz [60]. 

Thus in the hydrodynamical equations for the ideal gas, the random sources 
enter the expressions of the viscous pressure tensor and of the heat flow vector 
(23.22). For nonideal gases these statements might be modified, because the proper- 
ties of the function I, ft) are different. 

The property (23.18)5 is important for the study of the evolution of the 
entropy fluctuations. 

In concluding this chapter, we note that when the contribution of the long- 
range fluctuations are retained in the Boltzmann equation, i.e., for T=0, there 
appear new dissipative terms in the hydrodynamical equations. These are correc~ 
tions to the viscosity and heat conduction coefficients due to the long range fluc- 
tuations. As a result there exist additional terms in the expressions (23.24), 


(23.25) for the spectral density of the sources 67. 6S... 


ge? 


PART II 


Kinetic Theory of Nonideal Fully Ionized 
Plasmas 


INTRODUCTION 


In gases, the fundamental parameter is the density parameter €=nre . When- 
ever this parameter is small, it is possible to replace the hierarchy of equations 
for the distribution functions fy» f, »-+- by a closed kinetic equation for the 
one-particle distribution function fy: To first order in the density parameter, 
i.e. in the binary collision approximation, this equation is the Boltzmann equa- 
tion. 

When € <1, the number of particles in a volume ri 1s much less than 
unity. In a plasma, the situation is different. The role of the range of the 


effective interactions of the charged particles is played by the Debye radius Pn» 


OP exe 2 
t= xgtf(an en n,) 


a 


defined as 


In most plasmas, the number of particles in a Debye sphere is very large, i.e. 
nrs > 1. This means that each particle interacts simultaneously with a large 
number of other particles. The smallness parameter for plasmas is thus 


which is called the plasma parameter. 


From the definitions of the quantities WU and rn follows that 


1.e., the plasma parameter is of the order of the ratio of the interaction energy 


at distance r, to the kinetic energy. 


D 
Along with WU, another parameter appears in the theory of plasmas: 
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2 r 2 
E= e ~y—D ~ 
a 
av B av 


the interaction parameter. It is defined as the ratio of the interaction energy at 
the distance ray te the kinetic energy. For €<« 1, the role of the interactions 
is small, the plasma is close to ideal (§&<0), and the plasma can be considered as 
weakly coupled. From the definition of the parameters follows that whenever 
Poy < %p, we have u< ie 

The possibility of obtaining a kinetic equation for the plasma is not due 
to the smallness of the density parameter as in gases, but to the fact that each 
particle interacts simultaneously with many others. As a result, the density fluc- 
tuations (as well as the electric and magnetic field fluctuations) in any volume 
element, large compared to res are small. The zeroth approximation in the plasma 
parameter corresponds to the neglect of these fluctuations. 

The modern kinetic theory of plasmas is based on the work of L.D. Landau 
(1936), A.A. Vlasov (1938) and N.N. Bogolyubov (1946). Landau derived from the 
Boltzmann equation a kinetic equation for charged particles. The derivation of 
the Landau equation is based on a perturbation expansion in the parameter €. How- 
ever, perturbation theory is not sufficient for the description of a plasma. This 
becomes evident by noting that the collision integral in the Landau equation diver- 
ges logarithmically. 

The divergence at short distances (large wave-vectors) cannot be cured in 
the framework of perturbation theory, because at short distances the interaction 
energy is not small. To remove this divergence, one must sum an infinite perturba-~ 
tion series. For a dilute plasma, the result obtained in this way corresponds to 
the binary collision approximation, 

The divergence of the collision integral at large distances is due to the 
fact that in using perturbation theory (to lowest non-trivial order in §&), one 
does not take into account the collective character of the charged particle inter- 
actions, i.e., the fact that each particle interacts simultaneously with many 
others. As a result, the Landau collision integral does not display the plasma 
polarization effects. 

In order to construct a kinetic theory of plasmas, it is more appropriate 
to use LU as a perturbation parameter. This corresponds to a perturbation theory 
in the fluctuations, or more precisely, in the correlation functions. 

The zeroth approximation corresponds to the complete neglect of the corre- 
lations. In this approximation (section 29) one obtains a self-consistent set of 
equations for the one-particle distribution functions f, (where a is the index 
labelling for the species of particles) coupled to the Maxwell equations for the 


average electric and magnetic fields. The charge and current densities in the 
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Maxwell equations are defined in terms of the distribution functions Lone These 
equations were first derived by A.A. Vlasov in 1938. 

In the Vlasov equations the correlation effects are completely neglected. 
As a result, they do not describe dissipative processes, and conserve the total 
entropy of the plasma. 

In Bogolyubov's book ‘Problems of dynamical theory in statistical physics' 
it was shown that both the Vlasov and the Landau equations can be obtained 
as particular approximations of the hierarchy for the distribution functions, 

J ae Lai Dc ... Of the charged particles. 

The derivation of these equations is based on a perturbation expansion in 
powers of €. The Vlasov equation corresponds to the first approximation, and the 
Landau equation to the second approximation in &. In order to take into account 
collective effects, Bogolyubov introduced a perturbation expansion with respect to 
the plasma parameter (the polarization approximation). To first order in wu he 
obtained a closed set of equations for the one-particle function f, and the 
two-particle correlations Gap: The equation for the latter differs from the 
corresponding equation in the binary collision approximation by the presence of 
additional terms, accounting for the plasma polarization. 

In the work of Lenard and Balescu the equation for Gap was solved, with 
the assumption of complete weakening of the initial correlations and the neglect 
of the retardation effects and of the spatial inhomogeneity. As a result, they 
obtained an expression for the collision integral taking into account the polariza- 
tion of the plasma (sect. 37) [5,6]. 

The Landau and the Balescu-Lenard kinetic equations take into account the 
effect of the interactions only in the dissipative characteristics of the plasma. 
In that sense, they are kinetic equations for ideal plasmas. In Chapters 9 and 10, 
generalized kinetic equations will be derived. These yield the complete contribu- 
tion of the interactions, to first order in Uw. These are kinetic equations for 
the nonideal plasma. 

In refs [1,4-6] the kinetic equations were derived only for the case of 
Coulomb interactions (Coulomb plasma). The Bogolyubov method can be used also in 
more general cases, in which the complete electromagnetic interactions are retained. 
However, this method becomes very complicated for the description of such a plasma. 

In these cases it iS more convenient to use as a starting point the set of 
equations for the microscopic phase densities of each plasma component, 4, (x,t) 
and the microscopic electric and magnetic fields (sect. 24). The use of this method 
simplifies the solution of many problems. This is due to the fact that, instead of 
solving complicated equations for the distribution functions and for the field quan- 


tities, one is confronted with simpler equations for the moments of the phase 
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densities and of the microscopic fields. Even simpler is the use of the equations 
for the random deviations of these functions from their average value (sects 34,35). 

The Landau equation and the Balescu-Lenard equation have a common insuffi- 
ciency. In both collision integrals there appears a divergence at large values of 
the wave-number. This corresponds to short distances between the particles. On 
the contrary, if the Boltzmann equation is used (in which &€ is not supposed to be 
small) the collision integral diverges at large distances. 

For a description of the non-equilibrium processes in a plasma it is neces- 
sary to possess a kinetic equation which correctly describes the interactions of 
the charged particles at both long and short distances. As a result, there appears 
the problem of deriving a generalized kinetic equation for the plasma, taking into 
account both the collective interactions and the binary collisions. 


The possibility of the construction of such a theory is shown in sect. 56. 


CHAPTER 5 


The Microscopic Equations for a 
fully Ionized Plasma and their 
Average 


24, MICROSCOPIC EQUATIONS FOR A FULLY IONIZED PLASMA 

In the first part, two methods were considered for the description of the 
non-equilibrium processes in gases. One of them took as a starting point the 
Liouville equation for the distribution function of the positions and momenta of 
all the particles fylest). From the Liouville equation a hierarchy can be 
derived for the reduced distribution functions ie faves: The approximate solu- 
tion of this hierarchy under specific conditions leads to the kinetic equations for 
gases, i.e. closed equations for the one-particle distribution function fie 

The second method takes as a starting point the equations for the phase 
density in the six-dimensional space of position and momentum, i.e. for the func- 
tions N 

N(x,t) = > éfa—-xz,(t)] 7 o=(r,p). (24.1) 
t=1 
The evolution of the phase densities is defined by Eqs (4.6) or (4.7). 

From the equations for the phase density, a hierarchy can be derived for 
the moments of this density. This hierarchy is equivalent to the one for the func- 
tions fi> favees 

The state of a fully ionized plasma is defined not only by the values of 
the coordinates and of the momenta of all the particles, but also by the values of 
the microscopic amplitudes of the electric and magnetic field in every point of 
space. Therefore, the description of non-equilibrium processes on the basis of the 
Liouville equation for the distribution function of the particle variables and of 
the field is very complicated. It is more convenient to use the equations for the 
microscopic phase densities of all the particles and the microscopic fields. 

We denote by e , m the charge and the mass of a particle of species a. 


a 
In a fully ionized electron-ion plasma the index a takes two values: 
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a= @,2 (e, =e,e;=Zle|). 


nm, is the average 


No denotes the total number of particles of species a; w/v , 


concentration of particles of species a. 


The condition of electroneutrality of the plasma can be written in the form 


>, 25%, = 9 or > &a%q = 0- (24.2) 


a a 
The phase-density of particles of species a@ in the corresponding six-dimensional 


space « = (r,p) is defined by y 


a 
Wg(rspst)= D> 6[r—r,, (t)] s[p-p,, (4)] (24.3) 
t=1 
or, more briefly 
Na 
Ni (x,t) = > 6(x—-a,(t)] : (24.4) 
t=1 


From these definitions follows that NV (x,t )dax equals the number of parti- 
cles of species @, the positions and momenta of which are in a volume element dz 
around x at time t. The integral over the whole phase space equals the total 


number of particles of species a: 


| ae N,(2,t) = N, 


The evolution of the phase density N A& st) is determined by an equation analo- 
gous to (4.6): [py =p/m_] 
aN oN 


+ ve 2 + FN( r,t) + S20. (24.5) 


at Or 0p 


The force F. is defined as follows 


F" - F + e 
ao 


M Ca M 
: E"(r,t) + — [y xB (r,t) ] (24.6) 


a 
‘ - F M pM 
where Fay is the external force acting on the charged particle, and & ,B° are the 
amplitudes of the microscopic electric and magnetic fields. 
3 : ; M .M ; 
The microscopic charge and current density q ,j are expressed in terms 


of the phase density: 


qu (r,t) = > Ca AG >Pst) 
a (24.7) 
(rst) = > “a fap» WC rs pst) 


a 
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The equations for the microscopic fields, i.e. the Maxwell equations, are then: 


m 1 OEM an 
VxB -t 243 2&4 Jap» NA s Pst) (24.8) 
M 
VxEM + =. (24.9) 
vy: B™ _ 9 (24.10) 
M 
V:-E = 4t > ¢, | dp ual rspst). (24.11) 
a 


Equations (24.5), (24.6), (24.8)-(24.11) are a closed set of equations for the 
microscopic functions W,(z,t) EM(r,t), BM(r,t). 
Instead of the equations for the functions E* _B" we can also use a set of 


equations for the potentials AY gM: 


ao (24.12) 


The well-known arbitrariness in the choice of the potentials requires the formula- 
tion of additional conditions. 

The microscopic equations (24.5), (24.6), (24.8)-(24.11) can be used for 
relativistic plasmas as well, provided we change the relation between momentum and 


velocity p =m_¥, into the relativistic relation 


p=mv(1—v*/c*)3 = ym, . (24.13) 


In fact, 
Nalrs ps t) drdp (24.14) 


defines the number of particles of species @ in the volume element drdp and does 
not depend on the choice of the reference frame. As the phase volume element drdp 
is invariant, the function ¥,(r,p,t) is therefore also invariant under a change 
of reference frame (more details are found in refs [8,9]). 

For the description of a relativistic plasma one may also use, instead of 
Na (r,p,t), a phase density in an eight-dimensional space spanned by the four- 
position @ = (r,tct) and the four-momentum P = (p,t&/c). The function N(@,P) 


is defined by 


Na 
n(@.P) = > | ds .6[@—@,,(82)] 5[P-Pzglsz)] (24.15) 
f=1 


3 


where &, is the proper time of particle t, of species a. 
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Instead of Eqs (24.5), (24.6), (24.8)-(24.11) we may then use a set of equa- 
tions for the functions 4,(Q,P) and for the tensor ee the components of which 
are the amplitudes of the microscopic electromagnetic field EM, BM, This set of 


equations is: 


oN, ea M oN 
u, 20. + ea P rk uy 3P. — (24.16) 
B Lt 
oF 
a = 4T > e, | dp d& u NA@sP) (24.17) 
k a 
oFM oo gpM gp M 
LSS pe CE 0 (25k, ba 15253 54) (24.18) 


where u, is the four-velocity vector u=(Yvr,tey). 
The relativistic invariance of the set of equations (24.16)-(24.18) is mani- 


fest. This set can be obtained by means of a variational principle [8]. 


25. MICROSCOPIC EQUATIONS FOR A COULOMB PLASMA 
In the cases where one can limit oneself to the contribution of the Coulomb 
interactions among the charged particles (Coulomb plasma) Eqs (24.5), (24.6), (24.8)- 


(24.11) can be considerably simplified and reduce to: 


ov aN aN 


a a M a 
—— + ° E e = 4 
=a eae + (e, di) 7 0 (25.1) 
V xE™ = Oe: @ AY ee > eq | a Nor spst). (25.2) 
Qa 


In Eq. (25.1) we introduced the external force: 


e 


a 
ane e_F, see X By) (25.3) 


E,»8, being the amplitudes of the external electric and magnetic fields. 
The set (25.1)-(25-2) is a closed set of equations for the phase density 


N, and the potential electric field EM =- vom , 


a 
In the Coulomb plasma the state of the system is completely determined by 
the values of the positions and of the momenta of the particles. Therefore, the 
: MC. . ; 
field E 1S completely determined by the functions N Awst). Indeed, from Fq. 


(25.2) follows 


EM(r,t) =-vV4e"(r,t) 


é 
ti ey ay | az’ ———— NN, (2',t) ° (25.4) 
b 


pees 


The electric field can be eliminated from (25.1) by means of this equation. AS a 
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result we find a closed set of equations for N (x,t) : 


oN aN aN. 
— + pe ° 
at or a0 ap 
A 2, &p aN 
ae | ae! ee Os 02505) 
p oF lr —r'| ap 


This set is analogous to Eq. (4.7) for the phase density of atoms in a gas. 
For an electron-ion plasma, (25.5) is a set of two equations for the phase densi- 
ties of electrons, W,, and of ions, N. 

Because of their complexity, the microscopic equations cannot be used 
directly. We therefore go over to the equations for the moments of the random func- 


tions NV, ; E™ ‘ 


26. AVERAGING OF THE MICROSCOPIC EQUATIONS 
We average Eq. (25.1) and use the definition of the distribution function 


I and of the average field E: 
(V (at) ) =n, f (2,t) 


(EM) = E(;,t) (26.1) 


and the identity 


(E* w(2,t)) = E(r,t)n,f,(#.t) + (6E eH) oF: (26.2) 


As a result we find the equation for the distribution function 


af af af ee 
ac Se var eee one E+s+F )s Qa Zee -(6E Sv) = I (x,t) 
ot or os ag dp n. 0p aria t a 


VxXE =0, VeE= 4 > yey eee: 
a 


Equations (26.3) are analogous to Eq. (6.2) for the gas. By analogy, the right- 
hand side of (26.3) will be called the collision integral. This name is only given 
by analogy but does not reflect the essence of the matter, because in a plasma each 
particle interacts with a large number of other particles. As a result, the model 
of binary collisions of charged particles (which is the source of the name 'colli- 
sion integral') is not accurate in a plasma. 


For convenience we introduce special notations for the operators Lah be ae 


for instance, 


a _ (2 3 8 3 
| + v po ae ee ee (26.4 
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We denote by oe the same operator in which the external force F replaces the 


average force F. . Equations (26.3) thus take the form: 


A Ca 3 
L =—~— — e(6F 6N ae a ac 
ata "aq OP Ace ook gee 
VXE=0, eT eee dpf,. (26.5) 
b b ob b 


These equations are not closed, because of the occurrence of the second moment 


(SE éN.) . Using Eq. (25.4), the latter can be expressed in terms of (6M, 5M, ) : 


(SE 6M) nee ep | dz’ 2 1 (gn, 6m, ) (26.6) 
rx yt b on jr —r’ | Tiger it 
We now derive an equation for (6N, 6y, ) ik We first consider the 
A oa 8 
fluctuations ee 
év,= 0, —(N,)=0,-nf,- (26.7) 


From (25.1), (25.2), (26.5) we find the equations for the random functions oN, , OE: 


A ani fa A) ( 5 ) 

Lom, + oa 6E ° a ae ee ry" {oF 6N, 6E n)} 

Vx 6E=0, v-éE=61 2, ¢,| dp en,. (26.8) 
a 


We multiply both sides of (26.8) by SN, (a »t) and average. The corres- 
ponding equation for oN, is multiplied by 6¥ and is also averaged. Adding the 
two equations results in an equation for (dv, SN). Using the notation (26.4) we 


find 


L , (én, 6M, ) (SE 6N,) *Pala 
ab a Dh gh ge ee op 
on, f 
+e, (ov, 6E) 9, _+—2-B 
a Cee daar 2 op! 
) ) 
-— — “(SE 6N, ov — — (CV bE 6N 
fa ap ( a BU oe illo &b 3p! ( a ee 


(26.9) 

This is the second equation in the hierarchy of moment equations for Ov: 
It is analogous to (6.6) and is not closed either, because of the occurrence of the 
third moment. 

From the hierarchy of moment equations, one can go over to the hierarchy 
for the distribution functions fa> lap >f bert: or to a set of equations for the 
one-particle function i and for the correlation functions Jap? Fabortt? * We 
now exhibit the formulae relating the second and third moments to the functions 


te > Jab? Jabe These formulae are analogous to (5.6), (5.10): 
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N N,-8 

ab “aba ; 
(SN, 6M) j OT ee, ey 9 apex’ »t) 
DR am 2 V 


N 
+26 ,[(e—2") £(a.t)~ Lejlest) fyle! t) | 


(26.10) 
Hence, in the limit N7~ ,V+~ ,N/V=n=const: 


(6g 6p) he = 1,79, (z.0',z)+n 6 ,8(2—2') fi (a,t) (26.11) 


9 & b 
In the same limit, and for N= Mmyan: 


(sw, 6v, SW, ) 


= n3 I abel ® es a oe) 
x, x! ,x 


“ 
9 


+ n? lbp 8 (x— 2!) g, (x',0",t) +6), & (a! —x’ ) I a0 (2,2, t) 


TD aa S(a—a2/’) G pl tx » t) | +n... 6(x2—-2!) 6(2’ —2") f(a” ,t) 
(26.12) 
These equations will be used in the next section. 
In the general case, when the full electromagnetic field is considered, one 
must start from Eqs (24.5), (24.6), (24.8)-(24.11) for the random functions Ni»E, B’. 


Averaging these equations and using (26.1), (26.2) and the corresponding equations 


for the magnetic field, we find 


of of of 
a a 1 9 
—— . —— o—— = — — - (6F_ SN = I Pe 26.13 
a ee Pear in op (SF, a g(t) ¢ ) 
€ 
F =F +e E+ (vxB) (26.14) 
a ao a C 
Ca 
6F_ =e 6£ + — (vX6B) (26.15) 
a a C 
_190E , 40 
xB = oot ee | dpv f. (26.16) 
vxE=-1 9% ge Bao (26.17) 
Cot 
VE=6n D eqn, | dp f (26.18) 


a 


As before, these equations for ge ,E£,B are not closed, because of the occurrence 
of the second moment (oF, éu_) . The latter is defined in terms of the correla- 
tions of the fluctuations 6V,, SE, 5B. 

We now write the equations for én, , 6E, 68%. They follow from (24.5), 
(24.6), (24.8)-(24.11), (26.13)-(26.18): 
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A an ff 5 
aa__ . _ 

a eer ea {oF 6M, (6F,,6¥7,)} (26.19) 

_ 1 OE an 
xh ea | dpy oN, (26.20) 

a 
(peel 2 (26.21) 
e 3ot 

V'éB=0 (26.22) 
Ve sE=41 > e, | dp 6W, . (26.23) 

a 


From these equations one can derive an equation for the second moments of 
the fluctuations ON, , SE , 6B which, of course, will contain the third moments. 
We thus obtain an infinite hierarchy of equations for the moments of the phase den- 
sities and for the electromagnetic field amplitudes. 

We now show that, to first order in the plasma parameter (in the polariza- 


tion approximation), this hierarchy is limited. 


27 APPROXIMATION OF BINARY COLLISIONS AND POLARIZATION 
APPROXIMATION FOR PLASMAS 


The equation for (80, 8M). x! in the polarization approximation is 
> 


gt 
analogous to (6.13): 
" eee 
Lob 60 5Mp) t + (SF, Mp) os . rs 
dn, f A source 
+ (617, 6F,) ~— PP _ 7, (Mg 8M) (27.1) 
xix’ ,t dp! x,xv! ,t 
source _ slat . d 
(6m, My) oe = na Sap | 8( x ) f(#.t) ; f (2st) f(z 2]. (27.2) 


In the limit V*+~7,V+m™ , W/V=n, Eq. (27.2) becomes 


(sy aa \ source 5 5 ; p 
a OM che = 0g, (x—-2x’ ) f(z.) (27.3) 
We recall that the superscript ‘source’ denotes the fact that the right- 
hand side of (27.1) is independent of the second moment, and is completely defined 
by the one-particle distribution function FA8 
Using (26.10) and (26.13), we may write, in the same approximation, the 


equation for the correlation function Jap? 
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L rae: / 
Lop Gapi=>* ,t) = 8 ptal@*) f(z se) 
6 6 “ / 
4: > | dell |B iePopl els 2’ ,t) f_ (x,t) +6, Jag rx ,t) f(x ,)] 
: (27.4) 
where we introduce the operator [ see (1.6) ]: 
ao ao 
Taree eae (27.5) 
or 0p or’ 3p! 
with 
ee 
vob 7 a? . 
lr —r'| 


Equation (27.4) is analogous to (3.5). The second term on its right~hand 


side, proportional to ”,, accounts for the polarization effects, as will be seen 


c 
later. In perturbation theory this term can, to first order in &, be neglected. 


As a result, the equation for 9 ab to this order reduces to 


Aw 


Lon Jab (2,2/,t) = Ob f (x,t) f(a’ st) (27.6) 
and corresponds to Eq. (3.4). 


We shall not write here the equations for the two-time, one-particle func- 


tion Fo(x,t,0',t") and for the two-time moment (6m, ON, ) they 


/ fe 
Serpe se 
correspond to Eqs (6.24), (6.17). Thus, just as for the gases, the difference be- 
tween the polarization approximation and the second moment approximation is the 
inclusion of source terms defined by the one-particle functions Fs Ff 2 

On that basis, just as in section 6, we introduce a corresponding source 
term in the equation for the fluctuations OW, In the second moment approximation, 
the right-hand side of (26.19) is set equal to zero. In the polarization approxi- 


mation, there appears a source term corresponding to the source term in the equa- 


tions for (80, 5M)! = and (6¥, My) a! Pe 
‘ on, f 

be Gh 4 OR OS eT Byron (27.7) 
ab~ a a 3p a a : 


The correlation of the source fluctuations is defined by the equation: 


source 


i Aéw, my) sagen (27.8) 
with the initial condition 
(sy a 
BT acide 
1 
= ng Sap| (2 -2") fi (x,t) ais f (2st) fy (2's) | (27.9) 


KTNG - E 
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which in the limit V+~°,V7+2o,W/V=n. reduces to 


source 
= 6 ‘oe — a! cyt 27.10 
(51, 6H) wa Sap lene Salert) 7.10) 


In the general case, Eq. (27.7) must be completed with Eqs (26.20)-(26.23) 


for the fluctuations of the electromagnetic field amplitudes and the relation 


e 
SF =e 6E + “(vy X6B). (27.11) 
a ‘a 


a 


In the case of a Coulomb plasma, we only need the equations 


VXé6E =0 
Vi6E = 41 > a, | dp 6N, (27.12) 
a 

together with 

OF, =e, 5. (27.13) 

The results obtained here will be used in the derivation of kinetic equa- 

tions. 
28 TRANSPORT EQUATIONS FOR THE DENSITY, THE MOMENTUM DENSITY AND THE 


ENERGY DENSITY OF THE PARTICLES. TRANSPORT EQUATIONS FOR THE ENERGY 
DENSITY AND THE MOMENTUM DENSITY OF THE ELECTROMAGNETIC FIELD 


For the derivation of the transport equations we use the set of equations 


(26.13)-(26.18) for ne EB. 
The total mass density, the total momentum density and the total kinetic 


energy density for the particles of all kinds are defined by analogy to (7.1): 
p(r,t) = 2 mn, | dp i 


DPata = > al aves, 
Qa Qa 
| ape 
W(r,t) = n — 28.1 
(r,t) = > ng Pom, 14 (28.1) 
a 
Multiplying Eq. (26.13) by mgmg, integrating over P and Summing over @, we find 


the continuity equation for the total density of the plasma: 


dp(7r,t) 
—_—~- +V> op u =O. (28.2) 
ot 2 a 


We consider now the momentum balance of the plasma. The momentum flux ten- 


SOr Ny is defined as follows 


Mag = MaNa | P42 2jFg* 2 OT ge ha (28.3) 
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where Ee is the pressure tensor 


= = (a) 
a = > | dp bv 4 OU ae ta =) Ee (28.4) 
a a 


with 6v_. 8 p) 
at at U 


case of gases, the pressure tensor can be represented as follows 


=v,—u is the pressure tensor of component @. Just as in the 


p?) =. yD + nea) 


tJ td bd 
(a)_ 1 ,(a) 
D = 3 Pe. (28.5) 
(a) , : (a) 
where Pp is the scalar (hydrostatic) pressure of component @ and i the 


corresponding tensor of viscous stresses. 


We finally introduce the definitions of the charge and current densities, 


qg= 4%q | dP i 
a 

] > e,%, | & y. i . (28.6) 
a 


We now multiply (26.13) by nD integrate over P, sum over @, and per- 
form the transformations leading to Eq. (7.9). In the result, we obtain the balance 


equation for the total momentum density of the particles, analogous to (7.9): 


9 3 (a) 2) 
ae 2, Pavat * ap » (0,15 %ag + 844 P ey 
a a 


= li; 
=qE,+—( xB) + >, | dp p,r, (28.7) 
a 


The first and second term on the right-hand side represent the jth compo- 


nent of the force density: in order to derive this expression we used Eq. (26.14). 
The third term on the right-hand side defines the contribution of the collision 
integral to the momentum balance. It can be written in a more convenient form. 

We use the relation of the collision integral I, to the correlation of the force 


fluctuations and 6,3 as well as Eq. (26.15) and the definitions 


6a= > e, | ap 6M, 


a 
éj = e | dp» 6M, 
2, a 
We then find 
» 1 [ dppI,= (64 SE) + 1 (57 X6B) (28.8) 


a 
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We now consider the kinetic energy density balance. We multiply Eq. (26.13) 
by gp /2m,, integrate over p, sum over a and perform the transformations leading 
to (7.14). As a result we find: 


2 
=> et tee 
at < 2 2m, $68 4 


a eel 
=f E+ ng | re (28.9) 
a 


where I. is the temperature of component a, s. the heat flow vector of component 


a e 


Using the definition (26.13) of the collision integral, the second term on 


the right-hand side can be rewritten as 


> x, | a PB” 7, = (87 +8). (28.10) 
a a 
From Eqs (28.8), (28.10) one sees that the contributions of the collision integral 
to the momentum and energy balance of the plasma are expressible in terms of the 
correlations of 6q,4f and 6E, 5B. 

We now consider the equation for the momentum balance of the electromag- 
netic field. To this purpose, by using Maxwell's equations (26.16)-(26.18), we 
transform the expressions of the electromagnetic forces appearing on the right- 
hand side of (28.7) : 


] é 


= L(v-E)E+— (¥xB) xB —-—_— (24) xa. 
4w 4w 4c at 


Hence, from (26.17) 


gE + ; (7XB) = 7 [E(V -E) +B(V-B)] 


ot ee eS 
+1 {ewxa)xe + (vxe) xe} ea (EX B). (28.11) 


We now use the vector identity 
A (V+ A) + [(VXA)XA ],. 


Se BO yy Once Ste <2 RE 
= (42 7. )+ (A, A) ae (A 4,) (28.12) 


Substituting successively A,=E, and A,=B,s and adding, we transform 


THE MICROSCOPIC EQUATIONS FOR A FULLY IONIZED PLASMA AND THEIR AVERAGE 123 


Eq. (28.11) into 


4 (EX B) . . i 
SON Ne eee ae AOE ie 3 od, ae ee fy . 28.13 
dt 4m an td Tee RB 


The tensor os is called the electromagnetic pressure tensor or the Maxwell tensor 


and is defined as follows 


2 2 
-- 2 (a,8, + 3,8; -6,; 42 ). (28.14) 
4T L 


tj Lg a tj 2 
From (28.13) follows that the vector 


= (Ex B) (28.15) 


defines the momentum density of the average electromagnetic field. 
Adding term by term the particle momentum balance (28.7) and the average 
field momentum balance (28.13) we obtain the total momentum balance for the plasma 


and the average field: 


3 
at {2 Pa Mia * 


(Ex B),} 


Ate 


: 2) tah Bod 
tO LD (Mae Mag + as )+ ee => us dp Pyl, (28.16) 
P78 a 

The right-hand side of this equation can be transformed by using Eqs (28.8) and 
(26.20)-(26.23). Performing a transformation analogous'to the one leading to Eq. 


(28.13), we obtain instead of (28.8) 


, (SE 6B), 4 


Yr a a A SE Kes 28.17 
2. | PP sta at 4u1e or, td 
ss J 
where we introduce the tensor Ky 4 of the electromagnetic pressure due to the field 
fluctuations: 
2 2 
eu (6E*) + (68°) 
Combining (28.16) and (28.17) we find 
3 } 
ae Pe eee 
= {> a %a¢ Tap MEX B), + (SE xéB) 1} 
a 
<a (a) Me 
+ a (2 Pa %2¢ ag + oe + Peg + Kegf = 0 (28.19) 
d 


It thus follows that the total momentum density of the particles and of the fields, 


including the field fluctuations, is defined by the vector G: 
] 
G = > at + Tne {(E XB) + (sE x6B)} 
a 
l 


> Pat, + ez (AN xe"). (28.20) 
a 
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The expression appearing in (28.19) under the action of ofan. defines the 
total momentum flux tensor of particles and field. 

We finally consider the electromagnetic energy balance. Multiply (26.16) 
scalarly by E and (26.17) by B, subtract the second from the first and use the 
identity: 

V:(ExB) =B-(VXE) —E-(VxB). (28.21) 


We thus obtain the energy density balance for the average field 


0 FE +B C 
— —_——- +9 e — ExXxB =— ye e (28.22) 
ot 87 4 ( Boe 
The vector P 
Sp = — (EXB) (28.23) 
4t 


is the energy flux vector of the average field, i.e. the Poynting vector. We now 


add Eqs (28.9), (28.22): 


2 
(5 (toll 2a a0) «est 


ot - 2 2m, Boa 81 J 
e ut 3p 
pes {>| (24 ee eet KA +p) 4 1 u + 5 
ar. aj 2 2m Ba gn an j 

JQ a 

‘ed p* 

i (EXB). 2". areas (28.24) 
a 


On the left-hand side there appear the total energy density and total energy 
flux density of the particles and of the average field, without accounting for the 
fluctuations. The contribution of the latter is contained on the right-hand side, 
through the collision integral, just as in the case of the momentum balance. 

We transform the right-hand side of (28.24) by using (28.10), (26.20) and 
(26.21). Proceeding as for the derivation of (28.22), we obtain: 

2 2 
2 SE) +( 8B ) 
Z 3 ( C 
n | dp ——I_ =(6j * SE) = — — ——————_ _ 9+ = (S8EX5B). (28.25 
Ba] 4 ay, Te 7H 8) egg Theil inaees 
Substituting into (28.24) we find the exact balance equation for the total 


energy density of particles and field, including the effect of fluctuations: 
2 
pu 30 
21> (32 a Lp 2 L( 2 23) 
es — eR [ee a ICE eC SB 


2 
+2 I> (ez tap +p) 4 0 +S | 
or. at 2 2m, Boa tj ag au 
4 a 


Cc C eo 
+ & (Exa), +2 (se xsz),| 0. (28.26) 


For the case of a Coulomb plasma, the balance equations are simplified: 


6B =0 and B reduces to the external magnetic field, By: 


CHAPTER 6 


Kinetic Equations for the Plasma in 
the First Moment Approximation. 
The Vlasov Equation 


29. KINETIC DESCRIPTION OF THE PROCESSES IN A COLLISIONLESS PLASMA 


We introduce the well-known relaxation time of a plasma, defined as 


T 
rel’ 
the time necessary for reaching local equilibrium; bed is the corresponding 
length. In the case of ordinary gases we had called the corresponding quantities: 


T (the average time between two successive collisions) and 2 (the mean free 


rel 
path of the atoms). Sometimes, we shall use this terminology also for plasmas. 
The plasma consists of several components. In the simplest case, there 
are two components. It follows that the relaxation processes in a plasma proceed 
in several steps, characterized by different relaxation times, Tap: For an elec- 
tron-ion plasma, a=e@,7, hence there are four of these: T. ,T_.,T, ee 
ee eu te tt 
The relaxation processes are caused by the existence of fluctuations. Their 


gE 


contribution to the kinetic equation for the functions f, is determined by the 


collision integrals: 


1 9 : 
ty ai ap + (6K, 6) 
2 2a 2 | . 
= - ao B+ (se 6Ng)+ Z¥x (OB 8u,) 5 (29.1) 


We used here the definitions (26.13) and (26.14). 
The kinetic equations for plasmas are closed equations for the one-particle 
distribution functions i and for the average fields, E,B3; the collision inte- 


grails therefore depend on these quantities 


I, = If, >= +B) , (29.2) 


If the fields are not very strong (see sect. 37), the collision integrals are prac- 


tically independent of them: 
i= TNS) ; (29.3) 
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The relaxation times are defined in such a way that 


Peep. Oe oS. (29.4) 
cae? ae Ta 5 ab 


In section 38 it will be shown that the shortest relaxation time Teg and 


the corresponding shortest relaxation length = are defined in terms of the quan- 


1 
tities Py, W and Vv, as follows : 


L el ~ ry/u : Tel = Lee!’ p ~ ry/vpt ; (29.5) 
Therefore, for a dilute plasma, for which uw «1, we have 
L el > rs ae > r/Y%p : (29.6) 


The relaxation length is much longer than the quantity ry which defines the corre- 


lation radius of the density fluctuations, as well as the effective interaction 
range of the charged particles. 

If the characteristic dimension of the volume enclosing the plasma, 1, and 
the corresponding time 7 are such that 


L ,7t>r 


re Tel > TP nln, 


D bd 


then, to zeroth order in L/l,.,,.T7/T,,,. the term of Eq. (26.13) containing the 


fluctuations oF A ON, can be neglected. In other words, the contribution of the 
second moments can be disregarded. As a result, we obtain a closed set of equa- 


tions for the first moments of the random functions aan aa ioe i.e. for the func- 


tions ie =(N)/ng,E5B: 


of of rs) 
or Mi a EE oP es (29.7) 
ot or a op 
E+ <a 
Fa Pte, ee (» XB) (29.8) 
1 O£ 4m 
eG a5 ae cee c e4%,| Pvt, (29.9) 
B 
vxE=--1 2 (29.10) 
Cc t 
V-B = 0 (29.11) 
VE =47 > e,n, | dp fis (29.12) 


a 


This self-consistent set of equations was first studied by A.A. Vlasov and was given 
his name, 


For Coulomb plasmas, Eqs (29.8) - (29.12) simplify to: 
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F = Fx + e,F (29.13) 
VXE=0, VeE=41 > e424 |4Pf, . (29.14) 
a 


Instead of the Poisson equation for E it is sometimes convenient to use 


the equation for the total current. Equations (29.14) are then changed into 


VxE=0, + an > egNq [apr f, = 0. (29.15) 
a 
Equations (29.7) - (29.12) are also valid for relativistic plasmas, provided 
the relation p=m,v is changed into the relativistic relation p = m,Y». 
In the first moment approximation, the correlation effects are not included; 
therefore these equations cannot describe dissipative processes. The total entropy 


of the plasma: 
S(t)=—k, dn, | ar dp tf inf, (29.16) 
a 


is therefore constant: 
aS{dt=0. (29.17) 


In order to prove this result, it is sufficient to multiply Eq. (29.7) by 
—k, n inf» integrate over rf and p and sum over a. 

In the language of gas theory, Eqs. (29.7) -— (29.12) correspond to the com- 
plete neglect of the collisions of the charged particles. They are said to describe 
processes in a ‘collisionless plasma‘. 

For a collisionless plasma we may use the balance equations for the mass, 
momentum and energy densities, obtained in section 28, provided we neglect all 
terms involving the integrals J, and the correlations of the fluctuations 6q, 5), 
SE and 8B. 

Because of the neglect of dissipative processes, Eqs (29.7) - (29.12) cannot 
be used to describe the approach to equilibrium. As a result, in the absence of an 
externa] field (E,5 =0), the solution of Eqs. (29.7) - (29.12) with EF=0, B=0 is 


any arbitrary function of the absolute value of the momentun, Ff (lel). 


30. THE LINEAR APPROXIMATION 
The set of self-consistent equations, in the absence of external fields 
ean = 0) has a particular solution: 
f,=f(el) > E=0, B=o0. (30.1) 
Indeed 
a=De,n, |e f, (Pp) = Den, =0 (30.2) 
a a 


as a result of the overall neutrality of the plasma, and 


KTNG - E° 
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— 0 = 
] Dear | de» s3(0) =O. (30.3) 


Thus, the equations for the fields are homogeneous and have the solution E=0, B=0. 


We now consider a solution of (29.7) - (29.12), close to the particular solu- 


tion (30.1). Thus, 
_ 0 ] 1 0 
fi ee), eo 
E = E}, B-= B} (30.4) 


From (29.7) - (29.12) we get the following equations, linearized in ee , E', B: 


0 

of } of} of 
I eae ne ae ae ay (30.5) 

ot r a oP 
pt at OE Fie 2 en | 4 vf. (30.6) 

~ @ at C S aa P a? ° 
a 
1. 1 9B} 
VXE —@ 3E (30.7) 
vB =0 (30.8) 
V-E! =4n > enn, | df, (30.9) 
a 


i 7 L: 3 : 
We used the fact that the term involving B in (30.5) vanishes, because: 


af? (p) 
(vxBl).—2 — = o, 
op 


In the case of the Coulomb plasma we get instead of (30.6) - (30.9): 


VXxE1=0, V°E =4n > oyna | dh (30.10) 
a 


and from (29.15): 
1 


1 JE 1 
VXE =0, — + 47 de," | ar of, = 0 (30.11) 


From here on, we shall omit the superscript 1 on fk Bt 


Sometimes, instead of the differential equations (30.5), we may use the 
corresponding integral equation. In order to derive the latter, we transfer the 
last term of (30.5) to the right-hand side, and consider it as a source term. The 
solution to the equation for ae can then be represented as the sum of two terms: 
the solution of the homogeneous equation, corresponding to the initial condition 
I =f (r,P ,0) for t=0, and the particular solution of the inhomogeneous equa- 
tion, which vanishes for t=0: 
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filr>P,) = flr Hv es p,0) 


t 0 
| af (Pe) 
— | ae! B[r —v(e—2/), e'] - 2 — ; (30.12) 
a 3 
P 
It is easily shown that this equation is equivalent to (30.5). Its right-hand side 
depends on fi, through £, hence it is an integral equation. 


From the structure of (30.12) follows that the charge and current densities 


can be represented in the form: 


q=q * iq > j=l + j (30.13) 


The first terms are defined as follows: 


Geet > ea%g | oP fy(? —yt, p,0) 


a 
ext _ > _ 
/ = egta | arty (r vt, p,0) (30.14) 
a 
they are given quantities (or ‘external’ quantities), because the integrals only 
involve the given initial value of FA r >P 50). 
The second terms in (30.]3) are proportional to the field E, hence they 
are called ‘induced' quantities: 
t 


af? 
ind __ 2 / ” an oe 7 ne 
q > ern, | dp | dt'E[r—v(t—t’), t’] - (30.15) 
‘ a: 0 
of 
pod _ > et nf apy | ae’ E[r—¥(e-e'), e/] + —8 (30.16) 
aa op 
a 0 


When the expressions (30.14) —(30.16) are substituted into (30.6) —(30.9) we obtain 
a set of linear inhomogeneous equations for the fields. Their source terms are de- 
fined in terms of the external charge and current densities (30.14). 

The corresponding equations for E in the case of the Coulomb plasma are 
obtained by substituting (30.]3) into (30.10), (30.11). 

We shall study the corresponding homogeneous equations for £, B, in order 


to derive the electromagnetic properties of the collisionless plasma. 


31. ELECTRICAL CONDUCTIVITY AND DIELECTRIC CONSTANT 

OF A COLLISIONLESS PLASMA 

The expression of the electrical conductivity of a collisionless plasma 
will be derived as a limiting value of a more general, collisional, expression, in 
which the collision frequency ve = i + 0 is made to approach zero. To this pur- 
pose, we introduce into Eq. (30.5) an additional dissipative term Vad on the 


right-hand side: 
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0 
Fg ae cP = 
——+ ve + @ Es =—-v f =-vf (31.1) 
ot or a op ae a 


We assumed here that Vs is independent of the subscript a. In the final expres- 
sion, we let v>O. 

We note that Eq. (31.1) does not make sense for finite v, as it fails to 
satisfy the continuity equation. In order to avoid this difficulty we should intro- 
duce a dissipative term which vanishes as v>O but also satisfies the continuity 
equation for finite v. However, we need not dwell on this general problem here, 
as we are only interested in the limit v7>0. 

As for Eq. (30.5), the solution of (31.1) can be represented as a sum of 
two terms, similar to (30.12). Here, we shall only consider the terms proportional 
to the field, i.e. the induced parts of q and /. 

We look for a solution of (31.1) and (30.6) - (30.9) in the form: 


fi(ropot) = Ff (wskyp) exp —t(wt —kr)+c.c. 
E(r,t) = E(w, k) exp —-t(wt—&kr) +c.c. 
B(r,t) = Biw,k) exp —t(wt —kr) te.c. (31.2) 


Substituting these expressions into (31.1), (30.6) - (30.9) we finda a set of 
equations for the complex amplitudes fi (woksp), E(w,k), B(w, k): 


| | af 
—t(w-kev+itv) fi =—e, Es op (31.3) 
eR Sa" Rey (31.4) 
Cc Cc 
t(k X E) -is (31.5) 
t(k*B) = 0 (31.6) 
t(k - B) =41q (31.7) 


We introduced here the following symbols for the Fourier components of the charge 


and current densities, q(w,k), j(w,k): 


e. na | dp f,(wsksp) (31.8) 


Q 
t 


~, 
ll 


a 
> 2a n, | 4p fylwsksP)- (31.9) 
a 


Equations (31.3) - (31.7) being linear, the vectors E(w,k) and B(w,k) can 


be represented as follows: 
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k 
Em (kh -E)+ E-5 (eee) s E's cE’, B =e’, 
k k 
(KXE') =0, k-Et=0. (31.10) 
The superscripts |i ,1 , denote, respectively, components of the vectors parallel 


and perpendicular to k. The field gE! will be called longitudinal, and the fields 


E', Bt, transverse. A similar decomposition is performed on the vector /: 


1 1 
ree ; kx! =o, ke-j =0. (31.11) 


Corresponding to this decomposition, the set of equations (31.3) ~ (31.7) 
can be split into two subsets. The first involves the longitudinal field E! and 
the corresponding part of the distribution function, an (through Eq. (31.3)). 

The second involves the transverse fields E|l : Bi and the corresponding part of the 
distribution function, Ie ‘“ 


The first set of equations is 


» FQ 
—t(w—kevt+etv) f . =-E + — (31.12) 

al op 

hd ll e ° I] 
tk-E =0, tkcE a Le (31.13) 
From (31.13) we get 
Wk 
E'=-7¢ a DAnegn, | dp f.,- (31.14) 
a 


The second equation (31.13) follows from the Poisson equation. From the 
Maxwell equation (31.4) we may obtain an alternative form for E! . Taking the 


scalar product of (31.4) with k, we get 


Hh 4at ot et k . 
E = 7m | en rica » ee n | ap me (k v) Jai < (31.15) 
a 
In the last term, we used the fact that j! =k(k- j)/k. The set of equations for 
Fag Es B is f° 
: ; a i. ta 
SAU h Sw EEN) Ln = e,£ ord (31.16) 
HESCRY wey (31.17) 
Cc Cc 
tw 
t(k *E*) -— B (31.18) 
tk B=0, tk°E=0. (31.19) 


fice : : . 1 
Eliminating the vector B from (31.17) we find an equation for E ; 


; k 
la? =e" x2) gt Si geege =— 47tw > | dp ly © (x -»)| Tae (31.20) 
a 
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where we used the propertv ji =p —kk “f)/k? 
Eliminating now Ln from (31.14) we find an equation for E! , which we 


write in the form: 


el (w,k) E(w, k) =0, (31.21) 
where 0 
k- (of /dp) 
i 4m 2 | a 
e {w,k) =1 + —~e in dp ———————_. . (31.22) 
( ) 2 P W—-key+t2zv 
This function is called the longitudinal dielectric constant of the plasma. Indeed, 


the Poisson equation for the Fourier-transformed electric induction in the absence 


of external charges is: 


tk+D(w,k) = te(w,k) (4+ E(u, k) =ie(w,k) (ke E') =0 (31.219 
T 


The comparison of this equation with (3].21) justifies the name given to ¢€ 
Had we used Eq. (31.15) instead of (31.14) for the field E, we would have 


obtained the following expression for e (wk): 


4netn (kev) ke af? 9p 
= | ap —_____—#—~. (31.23) 


a 
2 


w K 


c" (wk) = 1 #.> 
Q W—-key+ttyv 
It is easily seen that this expression is equivalent to (31.22) in the limit v>0O. 
We now substitute ts from (31.16) into the last term of (31.20), which 
becomes: 


L 2 
2 fan Re IE: 88,1) 

— WwW > 4te n | SS (31.24) 

z a a P W-kevtty 
We integrate this expression by parts, noting that the derivative of the denomina- 
tor yields a vanishing contribution. In calculating the derivative of the numera- 
tor, we recall that k-E* =0. As a result, (31.24) reduces to 
2 0 
: > ane 1, ee 1 


dp ————— E . (31.25) 
m w—k 


Qa na eovptU7y 


We substitute this expression into (31.20) and rewrite the result as: 


[w2e"(w, k)—c2 k2 Et (w, k) = 0 (31.26) 
where: 
2 0 
—YnTe° 1 f._(p) 
c(w, k) =1- 2 —24 | dp —2__.. (31.27) 
e wm W—k ev +ty 


ee ods L 2 : ; ; 
From (31.26) it is clear that € =m” , where m is the refractive index for waves 
L . e J 
of frequency W and wave vector kK. Thus € is the transverse dielectric constant 


of the plasma. 
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If we do not perform the decomposition of the set (3!.3)-(31.7) into longi- 
tudinal and transverse parts, we can still find a general relation between the 
vectors D and FE, This relation is of a tensorial nature; thus the electromag- 
netic properties of the plasma will be characterized by dielectric tensor E, (wk). 
We shall derive an expression for this tensor and show that it is wholly defined 
: I 4 
in terms of the scalars € and eE ., 


We substitute in from (31.3) into (31.9) and write the result in the form: 


Jy(wsk) = a, (wrk) Ep(w,k). (31.28) 


We introduced here the electrical conductivity tensor of the collisionless plasma: 


v.(af?/ap .) 
; | p t=" (31.29) 


o.-w,k) =—-7t > an 
a : 
oe a zs Ww—-kev +2zv 
In order to define the dielectric tensor, we note that, in the absence of 


external currents, the right-hand side of (31.4) can be represented in terms of the 


electric induction vector D{w,k): 


pul 


‘ , Z 
~=" plw,k)=- E(w, k) + j(w,k). (31.39) 
eC a eC 
On the other hand, by definition of the tensor zor 
Ds{w,k) = En (w ,k) E(w,k) (31.31) 
From Eqs (31.28), (31.30), (31.31) we find the relation 
Amt 


Using (31.29) we obtain the explicit form of the dielectric tensor of the colli- 


sionless plasma: 


0 
anetn v.{af /dap.) 
a | dp ta ; (31.33) 


a 
e.-(w,k) = 6..+ > = 
re 2 W=kevtiv 
a 
In the absence of an external field, the right-hand side depends on a single vector, 


k. The tensor E54 is therefore defined by two functions of w and |&k| , which can 


be chosen to be € ,€ ._ Indeed, Eng can always be represented as 


re Keks\ 4 
with 
i kk. 1 ; kk 
€ = 5 Engr © FG Oe. = oa rae (31.35) 
k J td k td 


Substituting (31.33) into the first of these equations we obtain an expression coin- 


ciding with (31.23). The second equation (31.35) similarly yields: 
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2 0 
27Te°n [((kxv)xk]+ (of /op) 
€ (w,k) = 1 + > —$ | dp eS (31.36) 
s wko ? W—-kep+tv 
where we used the identity: 
(kK Xv)Xk =k? y—(kev)k (31.37) 


An integration by parts proves the equivalence of (31.36) with (31.27). 

The functions cl depend only on the absolute value kK, not on the com- 
plete vector Kk; this is due to the fact that the function - depends only on the 
modulus Pp. 

We now use the expressions of the dielectric tensor and of the electrical 


conductivity for an analysis of the wave properties of the collisionless plasma. 


32. WAVE PROPERTIES OF A COLLISIONLESS PLASMA 
In the absence of external charges and currents, Eqs (31.21) and (31.26) 
are homogeneous. They possess non-trivial solutions whenever w and k are related 


by the dispersion equations: 


e" (wk) = 0 (32.1) 
We (Wek) ~ek’=0 , (32.2) 


(32.1) is the dispersion relation for longitudinal waves, and (32.2) the dispersion 
relation for transverse waves. 
If the electromagnetic properties of the plasma are described by the dielec- 


tric tensor or » (32.1), (32.2) can be grouped in a single dispersion equation: 


Uy eg; (wok) — 6? +k, ky S004 (32.3) 
This form is more general, because it holds even when the plasma is anisotropic 
(e.g., in the presence of external fields), and the tensor a ils not of the 
simple form (31.34). 

The dispersion equation determines the relation between the frequencies and 
the wavevectors of the longitudinal and transverse eigenmodes of the plasma. If 
there are waves with real k in the plasma (for instance in an infinite plasma, or 
in a plasma contained in a resonator), the dispersion equation yields the depen- 
dence w=w(k). In general, the eigenfrequencies will be complex: 


w=w’4+tw” = wi —- ty, (32.4) 
We thus obtain from the dispersion equation two functional relations: 


w’ = w’ (kK) (32.5) 
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yY = y¥(k) (32.6) 
defining the frequencies w’ and the damping rates Y of the eigenmodes, as func- 
tions of Kk. 

If the plasma is inhomogeneous, e.g., because of the action of the bounda- 
ries, there may exist stationary states for which w is real. From the dispersion 
equation we find in that case the dependence on w of the projection of k on an 
arbitrary axis. 


Let us consider the case of weak damping: 


Y < ow’. (32.7) 
In that case we find from (32.1): 


el (w’, kK) —tyY 


e! (w! — ty, k) 


ees (32.8) 
WwW 


; , arate, 3 : I 
We see that the dispersion relation involves the function e€ (w’,k) for real values 


of w’ and k. It is a complex-valued function, defined by (31.22): 


el (uw! kh) = re c! (w’,k) + Ime! (w’,k). (32.9) 
We thus obtain 
2 0 
4tein k-(of /op) 
ela ky SD. —24 p| dp a (32.10) 
a k? w! —kep 

4meon f° 
Ime! (w! ,k) -- 2 —44 | ap Sis? Shiv ee — (32.11) 

a Ke oP 


lim et: P——indé(ax). (32.12) 


The symbol P means that the integration over the singularity at the point xr=0 


must be understood as a principal value. 


Because of the condition (32.7), we may retain in the second term of (32.8) 


only the contribution of Ree’ . We thus get, to first order in Y/w’, the two 


equations: 
Ree! (w’,k) = 0, (32.13) 
Im c!l w/ k) 
Y= ee : (32.14) 
aRe c! (uw! ky /8u! 
The first equation provides us with the relation w’ = u’(k). Knowing the latter, 
we find the damping rate Y(k) from the second equation. 
Performing similar transformations on the dispersion equation for trans- 


verse waves, we find the following two equations from (32.2): 
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w! * Re € (w!,k) — 02? =0, (32.15) 


) Ll 
oS (32.16) 


where , , 
4necn f 
1 
Re € -1-> —2% P| ap 4 (32.17) 
Ww’ m Ww —kep 
Q 
4m eon 
1 
Ime => —24 | ap S(w’ —kepv) fo (32.18) 
w' m a 
a a 
We now consider several concrete examples. 
1. The cold plasma (T,=0). In this case: 
f) = 8(p) . (32.19) 
From (32.13), (32.14) we find 
wi2ewe, =O, (32.20) 
where Wr is the Langmuir frequency of the plasma: 
2 
4nein \3 
= aa 
o,- (2— : (a221) 


a 


We see that in a cold plasma there may exist undamped oscillations of frequency Wr. 


This frequency is independent of the wavevector. 


2 Waves in an electron plasma. 


; i 
f, = (2mm, k,T,) “ exp [—p*/2m,k,7,], ie = §6(p). (32.22) 


If w/k > Vng? (1.e., the phase velocity of the waves is much larger than the ther- 
mal speed of the electrons), we find from (32.13), (32.14), (32.10) and (32.11) 
oe 2 + 242 5 
wit = w(t 3n7k ) (32.23) 
4 WwW 
i (2) = een (ipa k) (32.24) 
8 pr? KR? e 


where 


i= (412? n,/m,)? ; 


_ 2 2., \3 
De Pre! = (kp? /47 e n,) 


are, respectively, the Langmuir frequency and the Debye radius for the electrons. 


The damping rate y defined by (32.24) is called the Landau damping rate. From 
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(32.11) we see that the damping rate is related to 
0 
afe(p,)/ar,| os FglPy) = | dp, dr, f(p) 32.25) 
v =w' /k 
x 
i.e., to the derivative of the function f (P ) at a value of us equal to the 


x 
phase velocity of the wave. 


33 Longitudinal waves in a non-isothermal plasma, when r, > Pes for the range 

oe . / F 

of phase velocities: Une >w /k > a In this case 

wi re ke 

w/ 2 = 

L+r2 k? 

e@ 
. , ws Pe 2 
vis (2) 2. (32.26) 
(kpri/m.) k(1+rek ) 


where Ww. is the ion Langmuir frequency. For long wavelengths (kr € 1) these ex- 


pressions reduce to: 


m_\3 
ee a (2 <<) kv, (32.27) 
s 8 7. 
where 
kp? \3 
— (=) (32.28) 
Ss ory 


is the sound speed in the collisionless non-isothermal plasma. From (32.27) we 


e oe / e eo 
find the ratio Y/W for the ion-acoustic waves: 


m,\% 
als _ (= =) < 
Ww 8 Mm, 
In the opposite limit of short wavelengths, kr, > 1, we find from (32.26) 


2 
wf? = we a (x) es) a (32.29) 
t? 8 Ble re ke ) 


These are oscillations whose frequencies equal the ion Langmuir frequency. 


4, Transverse waves in a Maxwellian plasma, for w/k > Up: Tf Upfe € 1, 


i.e., in a non-relativistic plasma, Eqs (32.15) yield: 
ne et ee ek OO. (32.30) 
L 
The vanishing of the damping rate of transverse waves can be understood as 


follows. From (32.18) follows that Im Po is proportional to f4'P,.)» (where x{[k), 


for p= mw’ /k. However, from (32.30) we see that the phase velocity is 
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(w/ /k) = e(1 +w/e? 42)? >e (32.31) 


thus 0 
f (p.) = 0 9 


hence the damping rate vanishes. 


5. The screened static field in a plasma. For w=Q and a Maxwellian distri- 


bution, we find from (32.1) and (32.10): 


ae (32.32) 
r2 
D 


In the one-dimensional case, this dispersion equation corresponds to the 


following equation for the electric potential (zx): 


72 
a 
= es =O. (32.33) 
dx“ Yr 
D 
The solution of this equation with the boundary conditions: ¢$ = , for x = 0, and 
¢=0 for r=%, is 
d(x) = o, exP (—x/r,) : (32.34) 


It follows that the static field in the collisionless plasma is screened at a dis- 
tance of the order of the Debye length. 

We discussed here a few examples which will be useful below. The detailed 
investigation of the wave processes in a plasma is outside the scope of this book., 
The study of these processes can be found in many books [8-28]. 

Further below, a few additional results of the theory of waves in plasmas 


will be needed. They will be introduced at the appropriate places. 


CHAPTER 7 


Kinetic Equations for the Ideal Fully 
Ionized Plasma 


33. LIMITATIONS NECESSARY FOR THE DERIVATION OF KINETIC EQUATIONS 
According to (26.3), the collision integral I. for a Coulomb plasma is 
e 
I_(x,t) = —-~%-+-(6n, SE ; (33.1) 
q(21t) = 3+ (81g 86) 


We use the spectral representation for the second moment of two arbitrary random 


functions A(r,t), B(r’,t): 


CL) ae OO sein 


e oe ae r,t 


II 


(27)74 | au dk (AB) exp [—iw(t—t/)+tk-(r—r’)] 


WA tyr 


(33.2) 
As (4B) eee is a real function, (AB) Sg ty has the property 
* 
= : 33.3 
calcein rare oe ae ee 
From (33.2), for t=t’,r=r’, we fina 
= —4 
a = (27) | du de Re (AB) yg a > (33.4) 
Using this equation, we rewrite the collision integral as follows 
“a 3 
ie oe eae 2. | ais dk Re (8N, SE) 
a (27) *n, op a Wik or, p,t 
=-_4_ 2. | ak Re (6M, SE), ; (33.5) 
n,(27)? p 2° >P> 


u Note that Im(AB) is odd in the variables w,k. 


w,k,t,Fr 
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In order to derive a kinetic equation for i we thus must express the spec- 


tral function (6 Nq SE) in terms of Le To find such an expression 


W,K,r,p,t 
in the polarization approximation, (see sect. 27), we must either solve the set of 
equations for the second moments (60, SWE) ea! tt? (SN, SNb eo! tt! or 
solve the set of equations (27.7), (27.8) for the random functions 6N,. The latter 
method, which is much simpler, will be used here 

We rewrite (27.7), (27.8) explicitly for a Coulomb plasma 


an. f 
) ) ) source ava 
ae See +F - = =- ee 
(2 y = FE. 2 (sm, én, } en SE ap? 


VX é6E=0, Vise man 2 0, | dp sn, . (33.6) 
a 


The source correlation function is defined by (27.8) 


5 9 9 / source 
—+y-+-—tF_- } ON SV = 0. 33.7 
( ar @ Ops a De toa! t! 


In (33.6), (33.7) the average force F. is defined by 


l 


us 2a _, 9, a / 
Fy = eq Ey + 2 (vxBy)-e, + D | ae pay Sole! +8) (33.8) 
b 
Grouping the first and the last term we can also write 
2a 
eed eae ar (vx B) (33.9) 


where E is the total average field, due to external (E,) and internal sources. 
If instead of the Poisson equation one uses the equation for the total cur- 


rent, then the equation for S& is written as 


06E = 
VXédéE=0, “ae oa 2 eg] aor 64, = 0. (33.10) 


In order to define the collision integral it will be sufficient to know the spec- 
tral functions in the frequency domain w > Vv, and in the range of wavevectors 


k >27!, thus the initial conditions for (33.7) can be defined in the form (27.10) 


( 6M 6M, ) source 


5 anit / 
eee Fee Na Sab E(a—a') fi (x',t) (33.11) 


In a plasma, as in a gas, one needs for the derivation of kinetic equations 
some well-defined assumptions about the character of the relaxation of the correla- 
tion or spectral functions. 

We denote the relaxation times of the distribution function tA by TO» and 


L =v is the corresponding length. In 


rel? rel T rel 


section 29 it was already stated that bcs ea >t. 


the least relaxation time by T 1. 


‘es ~ I/wiu and thus, for a 


dilute plasma, when u <1, 
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L ~ rly >r 


ear c ~ I/w, yu > 1/w, . (33.12) 


D* rel 
As the collision integral is expressed in terms of spectral functions, we 


must compare Dag 2h with the correlation length and time Z 


9 T e 
1 rel cor cor 
In a state close to equilibriun, ae is defined as the length over which 


the field of a charged particle is screened, i.e., the Debye radius aN (see sect. 


32). This means that the main contribution comes from a range of wavevectors 


k > rv! i.e. ~ pl, 
> p? Le@es a ae 


The correlation time for different spatial Fourier components is different: 
T ~t (k). (33.13) 


One of the assumptions necessary for the derivation of kinetic equations is 
that the spectral functions for k< ee give a negligibly small contribution to 
the collision integral, [see (10.3)]. 


The correlation time T, (kK) usually decreases with increasing kK; the 


or 
previous assumption then means that, in deriving the collision integral, one only 


needs to consider fluctuations with correlation times such that 


Teort*) - Tmax ~ Toi wax? . (33.14) 
For systems close to equilibrium: 
r 
l D ] 
“nex ~ KO, YO a 
min 7 T e 


Combining this result with (33.12) we find that, for <1, the assumption corres- 


ponds to assuming 


T =  (k 


max cor 


) <T kvl ow Pe (33.16) 


min rel’ min 1 

As a result of these inequalities, in solving the equations for the corre- 
lation functions, or the corresponding equations for 6N,, SE, one may neglect the 
initial correlations. 

Thus, as in the case of kinetic gas theory, in the derivation of the 
kinetic equations for plasmas, one assumes that the long range fluctuations, with 
Tae Pz Tel and Pie, 2 lel’ do not significantly contribute to these equations. 

As in the theory of gases (sect. 16) we establish the limit separating 
short-range and long-range fluctuations from the condition of continuity of the 


change in the functions resulting from collisions. As in section 16, we denote by 


Ly ur a volume and a time interval which can be considered as physically infinite- 
simal in the application of kinetic theory. Thus, t ~ Li fep- By analogy with 
(16.2) 
rel L 4 v. 1 i rel 
=T, =—, hence 2, = Tf. = -F- , (33.17) 
n 13 Un ¢ fe ‘ 
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As lL ~ ry/u and w= tin? 


rel D’ 
1, = (L__./n)i 33.18 
¢ ‘rel ss ae 3918) 
The number of particles in the physically infinitesimal volume is 
3 3 ‘ 
~ = > 7 r 
n ti nr 1/u 1 (33.19) 


Thus, we may take Y. as a limit between long-range and short-range fluctuations. 


D 
The corresponding time interval is 


Ms ~ rl ~ I/w, : (33.20) 


This choice agrees with condition (33.15), (33.16). 

Giving up the condition of complete weakening of initial correlations leads, 
as in the theory of gases, to the possibility of a kinetic theory of fluctuations 
(see Chapter 1}), 

In the kinetic theory of plasmas, when the equations for the spectral func- 
tions, or those for the fluctuations ON, , SE are solved, the time delay and the 
spatial variation of i can be neglected over intervals Pil ~ I/w, and Py res- 
pectively. 

The introduction of a boundary between long-range and short-range fluctua- 
tions allows one to give a meaning to the words ‘strong’, 'weak', 'slow' fields in 
connection with the solution of the equations for ONW,, SE. 

An electric field is weak when 


eEl, er) 


ar ere 1. (33.21) 
A magnetic field is weak when 

9 = eB é77) 

oe TS ~ w, 2 (33.22) 


An electric field entering the collision integral i, is considered slowly varying 
when its frequency Wy satisfies 
=! 


€ ~ ‘ : 
Wy S Ty We (33.23) 


When. the average fields £,B are weak in the sense (33.21), (33.22), then 
the following simpler equations can be used for the calculation of the spectral 


functions [29]: 


on f 
ys) ys) ource a’a 
—+pe N — =— 6 « ———— ‘ 
(2 2) (: a~ 6Nq ) 2a 3p ee 
9 *) source _ 
@ P or ( a ya reer 


These are the equations used in the next sections. 
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34. SPECTRAL DENSITIES OF THE SOURCE FLUCTUATIONS IN THE IDEAL PLASMA 
We look for an expression for the space-time spectral density 
y 6y, Source 
(6 a 6 Dicks poe! 


We start from Eq. (33.25). In order to eliminate directly the correlations with 


Gs oi ee PN ge Rae OANeer Mie (0. Demme Mise patives teem Den. aun) 
wae 6 re > WwW ae uce 1n ‘ a dissipative term a b 

assuming | €A< u . As Ty 
function f,, we let A +O in the final result. Thus (33.25) becomes 


3 3 
(A+ tee 4) (a, 6M, 


which must be solved with the initial condition (33.11). 


is physically infinitesimal in relation to the 


) source 


x,t,x' ,t! = 0 (34.1) 


According to the discussion of section 33, for deriving the kinetic equa- 


tion we need the spectral densities for 


tT ecwil<t 


cor e rel’ Poor © "D < cel : (34.2) 


In constructing the kinetic equations for ideal plasmas, the time delay and 
the spatial variation of ee are neglected. This means that we consider the zeroth 
approximation in the parameters Leen gee ee ee 
late the spectral densities, we may consider the function i as independent of r 


and ¢. 


In other words, to calcu- 


The solution of (34.1) with the initial condition (33.11) is 


, A(t’ 
(Si, 6, sgt Sob 5(r—r’—v(t—t’ ))d(p—p’) e ( ny, f, (ete) 
Dy by ob (34.3) 


source 


We introduce the change of variables 
r-r’=r, $= t=... (34.4) 


For stationary and homogeneous processes, (34.3) reduces to: 


source ~AT 
= = ee, 
(sw, ee n Sq, 5(r —¥t) (p—p)F (ple - (34.5) 
We introduce the Fourier transform with respect to r:; 
= Lkeor 
éN_ 6W = (2n)73 | dk (6n_ 6N e” . (34.6 
(6M Dito sp) a (30a De ep! ee 


We thus obtain the spatial spectral density from (34.5): 


(ov, 6v,). =n 6, 8(p—p!)e 7 tK" Pt 


er mee FolP). (34.7) 


In order to calculate the space-time spectral density, we first introduce 
the function © 
+ 
(Sv 5¥,) ; | dt 
w,k,p yp 


TWT 
e 6N_ ON (34.8) 
en oe 
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and then use the relation: 


+ + * 
(SV oN, ) = (6N_6N,) + | (60 6N, ) _ (34.9) 
a ae ae a bw k,p,p! a-“b'w,k pip! ae 
pp 
valid for stationary processes. From (34.7), (34.8) we obtain 
+source _ acted eo 
(oN, 6N,) = 6 ob 6(p— p’) ey Era a f iAP). (34.10) 


wk, P,P’ 


From (34.9), (34.10), in the limit A> 0, we obtain the desired expression for the 


space-time spectral density: 


source / — ss 
(6V, a ane, = 7, 6 op O(P — p’) 21 6(u—Kke vp) f (Pp) ' (34.11) 


source 


We now look for the spectral densities (ON, a eae and (SE SE) k 


wW,K,p 


We therefore use the following relation, obtained from (33.6): 


tk 
es =e. >, an e4 | dp 6N (w.k,p) (34.12) 
a 
From (34.11), (34.12) we thus get: 
k 
(6v_6E )S°CTS? = ¢ — ane 20 S(w—kev) f (Pp), (34.13) 
a wk k2 Qa a 
»*, Pp 
(40) 22 n, 
(5B -sEpouree 2 2 | don d(w—kev) p(B). (34.14) 
W, k Zz k a 


We see that the spectral densities (34.11), (34.13) have a resonant character (they 
are different from zero only for w= Kev). The width of the resonance is of order 
A oa and goes to zero as A>O. 

From (34.11) - (34.14) we may obtain, by integration over WwW, the spatial 


spectral densities; for instance: 


source 


wi,k,p,p’ 


source 
(Su, 6, ) 


-1 
et (27) | aw (6m, 60 ) 


b 


= nq 64, (Pp ~ P’) fp) (34.15) 


If this expression is substituted into (34.6), one finds upon integration over k 


an expression which is identical to the initial condition (33.11). 


bisa SPECTRAL DENSITIES OF FLUCTUATIONS IN THE IDEAL PLASMA 
We introduce a dissipative term A( SW, —6u PONT’) into (33.24), as in Eq. 
(34.1): 
on_f 
3 3 source a‘a 
—t+p-. — =—e 6E +——— : 
(2 ee + 4) (oN éN ) en vs (35.1) 
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We now easily obtain the solution for the Fourier transform 6N,(w,k, p), 
in the approximation that Jes is taken as independent of r and 7: 
te n 
source Eee 


Qa a*‘a 
= Ks — —————_ 6E > a ae a 
éNa(w,k,p) 6Mq (w k P) w—-kev +7ZA : e i op (35.2) 


Equation (35.2), combined with (34.12), form a set of inhomogeneous equations among 


which OW, can be excluded. We thus obtain: 
e(w,k) 6E(w,k) = bE SO? (a, k) (35.3) 


where the Fourier transform of the source of the fluctuations is 


tk 
SB se). = sre > Ane, | dp oy sere’ kp) (35.4) 
Ga 


a 


and the dielectric constant is 


ane? n k-(af /ap) 
| et eee (35.5) 


e(u,k) = 1+ > —i-4 
7 k w—key +2A 
Equation (35.5) has the same form as (31.22) defining the dielectric constant which 
relates the average fields 5D and 6£ in the approximation of the first moments. 
In (31.22) ie is a particular solution of the equations for ee E, obtained by 
neglecting completely the correlations. In (35.5), I is a function obeying the 
kinetic equation, which includes the collisions. Equations (35.5), (31.22) are 
both valid for values of w, k such that w>v ~K> as : 
rel rel 
From (35.3) and (34.14) we obtain the space-time spectral density of the 
electric field fluctuations, for a Coulomb plasma: 
E «sE)8ource 
(6 3 ey k 
2 
le(w, *) | 


(SE+5E)., y 


2n 
ae | dp 27 §(w—k-s v) fi: (35.6) 
EW , a 


M 


From this equation we obtain the spatial spectral density of the electric field 


fluctuations for the Coulomb plasma: 


2 2 
(4m) en f (p) 
(SE -SE), = > 4 | ap ———S____— : (35.7) 
a ke le(kK-v,k)| 
We now consider the spectral density (dv, SE) Rog which defines the 


collision integral. From (35.2), (35.3), recalling that 6£ is parallel to k, we 
find 


ten k of (SN AY 8 eat 
(SN SE), , =—-——2 4 — 5 (8k 6), ke sa hig ra ee Ue 
Ss w—kevttak , 


* 
op € (w,k) (35.8) 
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With the result (34.13) we get 


te 1, k If, 
(6v_ SE) = ———————— -—- (SE: 6E) k «—— 
. wr Ksp W—-keyp+ tA k? Da op 
sk fp) 
+ ¢ > ane nm 276 (w— kev) ——~—— ; (35.9) 
ke e*(w,k) 


We separate out the real part, which defines the collision integral of the ideal 
plasma (35.5): 


k ad 
LL ee Set. 6(w — kev) eae ks - 
oe 2 Im e(w,k) 
— —2-2 425 8(w—k + v) ———— f(p). (35.10) 
k le (wk) | 


In a similar way, we obtain an expression for the more general spectral density of 


the particle number fluctuations 


= -_ ° on f 
(60, 8%) kp ap! 2764 S(w—k-ev) 6(p—p’) Ad 


: 0472p Mp(SE* SE) | k (x. ~*4) (, =) 


k? (w— k *y +¢A)(w—k + v’~—7A) 


op’ 
mega hb | 2nd(wokev!) | ( 4) 
Ke w-k-evt+th e(w,k) ap) db 
27 6(w—k -v) 9 
ee, es (4 ; cb) p (35.11) 
w-kev’-tA e*(w,k) op’ 


The functions e(w,k), (SE°SE)., entering Eqs (35.9)—(35.11) are defined 
by (35.5), (35.6). 

From these results we can obtain expressions for the spatial spectral densi- 
ties of the fluctuations. We consider in particular the function Re (NV, OE kp 
which defines the collision integral according to (33.5). We introduce (35.6) into 


(35.10) and integrate over w: 


Re (6 No SE), 


»D 
6m e n 6(k ep —keop! Of Of. 
eee al > 2m, | ap’ lieieae b+ [25,2 f,). 
k b le(k-v ,k)| opr OR 


(35.12) 
The expressions for the spectral densities depend on ¢r and on @¢ through 
the functions fa: The latter obey the kinetic equations which will be derived in 
section 37. Thus the expressions found for the spectral densities are clearly non- 
equilibrium quantities, 
The kinetic equations describe the processes of relaxation towards equili- 


brium. In the absence of external forces, the latter is characterized by a Maxwell 
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distribution. If this distribution is used in the formulae for the spectral densi- 
ties, we obtain the corresponding equilibrium expressions. These will be studied 


in the next section. 


36. SPECTRAL DENSITIES OF THE FLUCTUATIONS IN THE EQUILIBRIUM PLASMA 
We first consider Eq. (35.6) for the spectral density (SE -SE) | k* In 


equilibrium we can write: 


oF KA? 
é(w — kev) fy=—6(u-k +) ( a) F (36.1) 
Thus (35.6) can be written as 
2 9) 
1 (41)“ ern of 
(SESE). 3 == 42, ae ——£- a0| dp d(u—k- »)h- — 
W,k le(w, k) | 2 ane Op 
(36.2) 
However, from (35.5), we have 
2:2 
4m” en of 
Ae & ere ee ela 
Im e(w, k) = Z 2 | ap o(u kev) k 3p (36.3) 
2. 
Hence 
ut ) 
(SESE), , = = ieee! ae (36 .4) 
a - le(w,k) | 


Comparing (36.4) and (36.5) we also find the expression of the spectral density of 


the source fluctuations in equilibrium: 


source _ 8T 
(SE SE) k =o Em e(w,k) k,T (36.5) 
Using the formula which relates the dielectric constant to the conductivity 
Ant 
e(w,k) = 1 + — o(w,k), (36.6) 
W 
we also have 
source 32 0° 
(SE SE) |g = = Re o(w,k)K IT . (36.7) 


This formula is analogous to the well-known Nyquist formula for the spec- 


tral density of the electromotive force &, equivalent to the thermal motion: 
(8°) = 2R(w)k,P (36 .8) 


where A(w) is the ohmic resistance of the oscillating circuit. 
From (36.7) we may obtain the formulae for the source fluctuations of 


charges and currents. From Poisson's equation we obtain 


6g BOUTS? (ak) = re k 6B ource (36.9) 
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From (36.9) and (36.7) we obtain the spectral density of the source fluctuations of 
charges : 


source 2K? 2 


k 
a = —7 Re o(w,k)k 7 = > Im e(w,k) es (36.10) 


2 
(Sq*) rae 


From the charge conservation equation follows 


sg seg ure Se LG 


source source source 
w dq 


=tuw6E (36.11) 
and thus 


___. source 
(57°54), = 2Reo(w,k) kpr. (36.12) 


We now consider the spatial density of field fluctuations in equilibrium. 


From (36.4) we find 


| 81 Ime(w,k 

(SE+ 6E) - + ge | 8m Ime(w ,k) 
k 27 B Ww le(wrk) |? 
47 1 l ] - + 
= ~k r|—_ + I i aa : 
where =e 
I - l 
eS as oS Se 36.14) 
eer) e*(w, k) 


Be a ‘ . ‘ 
f and f are analytic functions, in the upper and in the lower half-plane, respec- 


tively. Using the Cauchy formula for lim f(w) = 0, 
) -» 00 
F* (w’) ss 
a aes | du! +f (w) 


w—w t7A 


ae aoe 
eee | dw! _f (wo) 0 (36.15) 


we find lee w—w' +A 
] 
(SE °OE), = on[1 - —1 lk Pg (36.16) 
k e(0,k)4i 8 
From the expression of the dielectric constant (35.5) follows that, in 
equilibrium 


l 
24.9 
rik 


e(0,k) = t + (36.17) 

Combining with (36.16) we obtain the final form for the equilibrium spectral density 

of the field fluctuations ii k,? 

(SE+8E), = ——2_, (36. 18) 
1+ ry k 


Comparing Eqs (35.7) and (36.18) we find that, in equilibrium, the follow- 


ing relation holds: 
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a pr2 k2 
2 | a 2 D 
Dy en tap — 2 ss > ee (36.19) 
5 acs le(kev,k)|* 2 2s I+ rik? 


This result will be used in section 4/7. 
From Eq. (35.1!) we find the following expression for the spatial spectral 


density of fluctuation of the particle numbers in equilibrium: 


(60, oN ep, p! = 6,,5(P- Pp’) n fi(p) 


a 
eenn 
Dap 
fi (Pp) f,(P’) (36.20) 
Yetn (14 rek) 2 7 
D 
C 
where - » fy are Maxwellian. 
Noting that 
(4m) ee, . 
(SE ° SE), = > > a | ap dp (S07, 80, ) yi (36.21) 
a b 3 bd 


we see that (36.18) follows directly from (36.20). 
Comparing (36.20) and (26.11) we get an expression for the Fourier trans- 


form of the correlation function I ob in equilibrium : 


e,¢, fq(?) f,(P") 


g,(k,p,p’) = —- +... (36.22) 
oe ) etn 1+ r2 k? 
Cc ce D 
C 
From the integral formula 
; -V/Py 
(2n)73 | gee _ eet (36.23) 


29 2 r 
Tr 
ltr k 4 5 


we find the equilibrium correlation function 
BB ee . 
ga(rspsp’) =- +2 22 £ (Pp) fy (P’) (36 . 24) 


Thus, the Debye radius plays the role of the correlation length: for r>ry 


the correlation function vanishes. 


The two-particle function an 1s given by 


tap laa Gap (36.25) 
d th 
an us — -r/r, 
Fs (1- a bee. 2 es f (36.26) 
ab kT r a*b : 


For Pr aa Jap? 0 and Li fad i. 


From (36.24) we see that, for charges of the same sign, the correlation 
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function is negative (fap <fify)> whereas for charges of opposite sign it is posi- 
tive (fp > ff). 


For short distances, r <r, Eq. (36.26) gives a condition under which the 


D’ 
second term is small compared to the first. Thus, (36.26) is valid only for 


(36.27) 


i.e., for distances where the potential energy is much smaller than the kinetic 
energy. For the Fourier transform, this implies that (36.22) is valid for wave 
vectors such that 

k? 


k< (36.28) 


le, é,| 
This condition will be used in the derivation of the collision integral I, ‘ 
From (36.3) follows that, in equilibrium, the imaginary part of the dielec- 


tric constant is 


2 2 
4mnein m 4 mw) 
Ime(w,k)=7 > Se : (44) exp (- i, (36.29) 
a. ko RT em Kal. 2k Tk 
B 
Thus, for w #0, Ime(w,k)—>0 as K+0. Using the equation 
se ein RS (36 . 30) 
A+0 o°(x) +A? ; ; 
we find from (36.29), for small Ime: 
I k 
GEE OE eas ionselock a. (36.31) 
lw E(w »k)|? 


Thus, for small kX, Eq. (36.4) for the space-time spectral density of field fluc- 
tuations reduces to 


(SE+SE), , = 81° 6[wRee(w,k) ]kpr . (36.32) 


Thus, for small kK, when Ime is small (region of transparency), the spectral den- 
sity is different from zero only for values of w,&k related by the dispersion rela- 
tion 


Ree(w, k)=0. (36.33) 


In zeroth approximation in kK, we find from (35.5) 


“y 
Re €(w,k) = 1 Si (36.34) 
W) 
We make use of the equation 
d(x—z_) 
& [o(z)] np gees is (36.35) 


8 lo’ (25) | 
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where Zr, are the simple zeros of . We find from (36.32), (36,34), (36.35): 


(SESE) y= an [8(w—w,) + S(w+u, )]k7 (36.36) 


»K 


Thus, the spectral density differs from zero only for w=+tW, and is independent 


L 
of k. The spatial spectral density following from (36.36) is: 


(SE - SE), = 47 kr (36.37) 


which agrees with the limit of (36.18) as k>0. 

More detailed investigations of the theory of the equilibrium properties of 
plasmas can be found in references [4, 8, 46,47]. 

In sections 33- 36 we developed the theory of short-range fluctuations for 
which Teas wr p & Py: We shall see that these fluctuations define the 
collision integral in the kinetic equations of plasmas. Besides the short-range 
fluctuations, an important role can be played in non-equilibrium plasma by long- 
range fluctuations: these can define, for instance, the turbulent state of the 
plasma. They also contribute to the dissipative state of the plasma. They may 
thus contribute important terms to the collision integrals and to the kinetic 
coefficients (see Chapter l11). 

We shall see in Chapter I] that the spectral density of the long-range fluc- 
tuations depend themselves on the form of that part of the collision integral, which 
is defined by the short-range fluctuations. On the contrary, the spectral densities 
of the short-range fluctuations are independent of the collision integral, as 
we just Saw. 

In a collisionless plasma, where the characteristic scales 7,2 are such 


that T< Tel? L< bos the short-range fluctuations, clearly, play the dominant 


1° 
role. In that case the spectral densities can significantly depend on the boundary 
conditions. The calculation of the spectral densities, taking the boundary condi- 
tions into account, was studied in the works of Ichimaru and Yakimenko [51] (see 


also [52, 53]). 
37. THE BALESCU-LENARD KINETIC EQUATION 
The collision integral is obtained by substituting (35.12) into (33.5) 


kk. 6(k- vy —kep’) 
= 2. 29 8 7 _t ig 
Iql">P 2) = 2 26; ey ee | a dp! ——+ 


Py k* le(kev, k)|? 
of (r>p>t) of, (r,p’ ,t) 
EL eae / by, EO ee 
aD; flr sp’ st) ap! f (rsp >t) 
(37.1) 


This expression was first obtained in the works of Balescu and of Lenard 


[5,6] and is therefore called the Balescu-Lenard collision integral. 


KTNG - F 
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In Eq. (37.1) the variables r,t enter as parameters. As the spatial varia- 
tion of fae fy is not considered in the derivation of the collision integral, these 
two functions are evaluated at the same position. 

We consider now alternative forms of this equation. From the first expres- 


sion (33.5) and (35.10) we obtain 
2 


e af k. 
1 (e,t) =—% 2 | du dk 6(w~kev) {(82; se) a , Snime(wsk) % r,} 
16 7 oP, w,k vs le(w, k) [2 k 
AT 2 
where kk, 
se, 88; = —— (s£ - 6) ‘ (37.3) 
oe wW,k ke Wyk 


Thus, we expressed the collision integral in terms of the spectral density of the 
field fluctuations and of the dielectric constant. These functions are related to 
ie by (35.6), (35.5). 

The representation (37.2) of the collision integral is quite convenient for 
the study of the relativistic kinetic equation (see section 39) and for the non- 
ideal effects (Chapter 9). 


The collision integral can be written as a diffusion operator in momentum 


space: 
of 
peg) <2, 2 (4 ae (37.4) 
Q@ op. td op, op, \4 a 
L J tL 
The coefficients of diffusion and of friction are obtained for instance fron 
(37.2): 2 
(a) a | 
Ds = du dk 6(w— k-») (88, 52,) 37.5 
ij (P= ( )( SE, ts. k (37.5) 


AD (p) = —% | au ds ip (37.6) 
an kK le(wrk)|* 
Equations (26.3) with the collision integral (37.1) or (37.2) or (36.4) are a closed 
set of kinetic equations for the plasma in the polarization approximation. The 
Balescu-Lenard collision integral in the form (37.1) was first obtained by solving 
the integral equations for the correlation functions I ab (27.4) {see [5, 6, 8, 10]). 
We now consider the general properties of the Balescu-Lenard collision 
integral. 
We first show that on substituting the Maxwell distribution for foe the 


collision integral Zi vanishes. This follows from the simple property of the 


Maxwellian 
of, of, (k.v—kev’ ) 
@eqi_ © es 4 ~_— SF __ ee ea beat 
6(kep kev!) k-{ =f, — + a S(kev—kev’) ff, 
B 


and from the definition of the 4-function 
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x6(x) =0. (37.7) 


Thus, the Maxwell distribution is a stationary solution of the kinetic equation. 


Consider now the integrals 


rst) = > 2, | dvo.(r) 1,( 52) » (37.8) 
a 


where o_(p) is an arbitrary function. We substitute (37.1) into (37.8), integrate 


by parts on p and symmetrize with respect to a,p; b,p’ 


5 3d, 36, kk, 
Hest) = FS egesrany [akan an! (Pp - 52) at 
a b t t 
UAE ae el {a ae - \ (37.9) 
Se ee ee ee b = / e 
Je(k-v,k)|? '8P. ap. 8 
It follows that > 
Dp 
I(r,t) =0 for d(p) = MPs om (37.10) 


The derivation of the first two properties is obvious; to derive the third one, 
one uses (37.7). The properties (37.10) of the ideal plasma are analogous to those 
of the ideal gases (11.5). 

We now show that, taking into account the correlations which define the 


collision integral, the total entropy of the plasma: 
S(t) =—k, > n | a ie Qn ie (37.11) 
a 


is growing and tends to a constant in equilibrium. 


We substitute into (37.8) the function 


by =—k, in fi, (37.12) 
and introduce the vector 
B) p) 
BO a apt PBS (37.13) 


Then (37.8) becomes 
I(r,t) = ke > > ev ern ny | ak dp dp’ 
a b 


S(k-v—k-v’) ff, > 0 (37.14) 
because the integrand is positive. The value zero is attained when 


3 ra = uy 
op ta 3p" dn f, =a(p—p’), (37.15) 
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where @ is a constant, independent of the indices a,b. If this condition is 
satisfied, then not only JZ(r,t) but the collision integral itself vanishes. 


The solution of Eq. (37.15) is 
inf,(P) =>ap + B-p+Y (37.16) 


hence f_(p) is the Maxwell distribution 


-$ (p —m_u)” | 
f(p) ~ (200,47) Pl Tm kr | (37.17) 


From (37.14), using the kinetic equation, we easily establish: 


adSf{dt20. (37.18) 


The entropy reaches the maximum value when the distribution functions f (x,t) 
attain the equilibrium, i.e. the Maxwell distributions for all components of the 
plasma, with the same 7 and &@. 

We note that the integral over k in (37.1) diverges logarithmically at the 
upper limit. Indeed, for kK>™ (k> rot), €->1 and the integrand behaves like ey 

The cause of this divergence lies in the fact that for small distances 
(r < i) the polarizaticn approximation becomes identical to the weak-coupling 
approximation. The formulae obtained here are therefore valid only under the con- 
ditions (36.27), (36.28). The limit of integration over Kk can be approximately 
defined by: kf 
k —_, (37.19) 
max le. e, 

As the divergence at large K is logarithmic, the exact value of this cut-off has 
only a small influence on the result. 

When the nonideal effects are taken into account, the additional contribu- 
tions to the collision integral display a stronger divergence at small distances 
(large kK). In the same time, the contribution of the small-distance interactions 
to the thermodynamic functions is important. Therefore, in the kinetic theory of 
nonideal plasmas, the contribution of the short-range interactions (r < ry) to the 
collision integral must be investigated more precisely (see sections 55, 56 in 


Chapter 9). 


38. THE LANDAU KINETIC EQUATION 

The Balescu-Lenard collision integral is quite complicated, as the distri- 
bution functions f, enter not only explicitly (in the bracketed terms in (37.1)) 
but also through the dielectric constant, which defines the polarization of the 
medium. Because of this, an important role is played by simpler expressions of the 
collision integral, which however, retain some of the main features of the Balescu- 


Lenard equation. 
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An example of such a simpler collision integral is provided by the Landau 
equation. In order to derive it from the Balescu-Lenard equation, one proceeds as 
follows. 

In Eq. (37.1) the polarization is defined by the dielectric constant e(w,k) 
at the frequency k+wv. One may say that (37.1!) takes into account the dynamical 
polarization of the plasma. We shall now consider only the static polarization. We 
therefore replace e(w,k) in (37.1) by €(0,k), the latter being evaluated in 
equilibrium. Thus, from (36.17) : 

e(0,k) =1 Same (38.1) 
rik 


As the dielectric constant appears in (37:1) in the denominator, the main 
contribution to the k-integral comes from the region where k > Bas We there- 
fore set €=1! in the collision integral, but introduce the following limitations 
on the bounds of the k-integration: 


rs" <k<Kyay = (kgt/le_e,| ). (38.2) 


Then the collision integral takes the form: 


of of 
= 203 1 Q6P) Jia» _ db 
I, = >, 3p, | op oie aD; i, ap. ae (38.3) 
b d 
with 
Rake 
gee = 2076? | ak 24 6 (kev —K ov!) (38.4) 
oe) a aad 


where the integration on the absolute value of :K is done between the limits given 
in (38.2). 


Performing the kK-integration in (38.4) we find 


2 2 
27 e°e r kit 
(ab) . ab - DB {ly vl 8, —(v—v’), (y -»') | (38.5) 
Ug |vy—v’|? le, 2, “ : : 


The equation for the distribution function with the collision integral 
(38.3), (38.4), is called the Landau kinetic equation. It was first derived [1] 
from the Boltzmann equation applied to a system of charged particles. However, 
we know that in a plasma there are many particles in a Debye sphere. Therefore, 
the use of the Boltzmann equation for the derivation of the Landau equation is not 
adequate. This can be seen from the fact that in obtaining (38.4) from the 
Boltzmann equation, there appears a logarithmic divergence at both ends. One must 
therefore make additional assumptions for a small —X cut-off. 

The use of the Landau collision integral considerably simplifies many calcu- 
lations, e.g., the coefficients of viscosity, of heat conduction, of electrical 


conductivity, etc. 
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However, the use of the Landau equation instead of the Balescu-Lenard 
equation is not always possible. For large departures from equilibrium, when the 
contribution of the spectral densities in the region of transparency (small k) is 
important, the role of the dynamical polarization cannot be neglected, and the 
Balescu-Lenard collision integral must be used. Some examples of that kind are 
given in refs. [1N, 30]. 

In conclusion, we now estimate the electron-electron and ion-ion collision 
frequencies, V.__,V... For an electron-ion plasma (a@ = e,2) the collision inte- 


ee LL 
grals can be written as follows: 


Dg hee Od gee Sy Ee ee (38.6) 


where Toe) is the contribution of the electron-electron (electron-ion) colli- 
sions to the complete electron collision integral. Similarly, I, (1;,) is the 
contribution of the ion-ion (ion-electron) collisions to the ion collision integral. 


Equation (38.3) defines all four collision integrals. We first estimate 


the electron-electron collision frequency Voe = ae We set in (38.3), (38.5) 
for 5S ip ae, and obtain 
l 
Fp Ves Tea fe (38.7) 
with 
e'n 


Vi Se (38.8) 
me (kT) * 
P ‘ . 2 4 
L = &n(rp kp?/|e, e,/) is the 'Coulomb logarithm’. Noting that r= (kK,7/80 e n)* , 


_ 2 i 3\-1 i . 
w= (4te n/m.) » a (nro) , we may also write for v,J: 


Veo V WAU > ie = VplV 5 ~ r/u) : (38.9) 


As the plasma parameter is small for a dilute plasma, t<1, it follows that the 


collision frequency Vo is much smaller than the electron Langmuir frequency, and 


e 
the mean free path is much larger than the Debye radius. 


To estimate the quantity Vv we may use Eq. (38.8), changing m,>m, (we 


tt 
assume r, aT, i.e., an isothermal plasma). Thus (for singly charged ions) : 


etn M 3 
Vey ~~ ae ae L~ (-2) Lee < Me . (38.10) 
m< {kT )e 
t B 
Using also Eq. (38.9) we obtain: 


m Ne 
ve ~ (aE) wu = WH (38.11) 


2 . : 
where w, = (47e n/m,)* is the ion Langmuir frequency. 
The electron-ion collisions define various processes, such as the equaliza- 


tion of average velocities uss the equalization of temperatures To. T. the 
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electrical conductivity. 


The process of velocity equalization proceeds in a time scale of order T, ; 


e 


l.e., its characteristic frequency is V5 The same frequency also enters the 


e e 
expression of the electrical conductivity. The process of temperature equalization 
(7) 


ot (The superscript Yf refers 


is defined by the electron-ion collision frequency Vv 


to the temperature equalization rate): 


m ni 

Geeky ~ (=) v,5. (38.12) 
eu m. ee ms tL 
4 L 
As m.<&m., we have 
é i 
Vv >}>yv..> oo? P T <€t..< iD i (38.13) 
ee 14 ev ee Et eu 


Thus, there exist several stages in the relaxation processes in a plasma. Ina 
time of order Top? 3 local equilibrium distribution is established for the elec- 
trons, in a time of order The > Toe? the ion local equilibrium is reached. Thus, 


the ion and electron Maxwellians may have different temperatures Ty of. The equa- 


lization of the temperatures is a much slower process, proceeding on a time scale 


39. SPECTRAL DENSITIES OF FLUCTUATIONS IN A RELATIVISTIC PLASMA 
For the calculation of the correlation of the fluctuations of phase densi- 
ties ON and of electromagnetic fields 6£E ,6B we use Eqs (27.7), (26.20)—(26.23). 
We first consider the case of a spatially homogeneous and isotropic plasma 


for which: 


f= PAB lst): ee 
In this case (see Eq. (27.7)): 
“2 (yxsp) + F (\pl,t) =0 (39.2) 
= ap fa p|.t) =0. 


Adding to (27.7) a dissipative term (6 — Sy ere’) 


cal with (35.1). We may thus use Eq. (35.2) to obtain 


we obtain an equation identi- 


ten 
source _ aa 


SN (wk sp) Le SE(w,k) +> ——. (39.3) 


w—-kevyt+tA op 


Ll i 
I + 6E° , i.e., that 


The difference with respect to (35.2) is that now 6E = 6E 
the electric field has both longitudinal and transverse components (with respect to 
the wavevector k). From (26.20) — (26.23) we obtain the equations for the fluctua~ 


tions S£(w,k) , SB(w,k) : 


tk X 6B = —=> se + tye, [apy on, (39.4) 


a 
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ikX 6E = = SB (39.5) 

ik «6B =0 (39.6) 

tk + SE = an > é, | dp 6M, : (39.7) 
a 


Because of its linearity, this set can be split into two sets. for the transverse 
‘ 1 1 ‘: ‘ ; 
fluctuations 6E , 6B , and for the longitudinal ones, sf! » respectively. We 


therefore represent the vectors 6£,6jf as follows: 


SE = 6El +6861 , x xéseE! =0, %$&-SE! =0 (39.8) 


I ra 


Spacey aap" | RRS 


tl 
oO 
rs) 
e 
& 
oe 
It 
(a) 


(39.9) 


For the longitudinal part we find from (39.4) — (39.7) : 


‘ 7 2 I 
tKXSE=0, tk « SE =40 > e, | dom, , (39.10) 
or, using the equation for the total current: 
tk X se! = 0 apuee! =—gngj!e—an > e | an a 6 WN (39.31) 
? a a : 
a 
The equations for the transverse fields become : 
_ tw ,pl , 4t (kxXv)xXk 
tkKX6B= a 6E sua > ae | dp ye SW, (39.12) 
a 
tkxéE’ = sp, ik+8B=0, %tk-8E <0. (39.13) 
C 
In Eq. (39.12) we used the following identity: 
kik «A k(k* A) k(k* A) (KXA)Xk 
ee = as op ee yg! + Ai, (39.14) 
k? K? ke ke 
Eliminating 6B from (39.12), (39.13) we obtain: 
(w?—0? k?) 6EY =—4ntw bj 
(kKXv)Xk 
=—4niw > dp peer (39.15) 
a 
6B = — (kX 6E°) (39.16) 


From (39.11), (39.15) follows that the fluctuations of the transverse and 
é : P ‘ 1 . 
longitudinal fields are expressed in terms of 6J oi, respectively. We now 
express the latter in terms of the source fluctuations. We substitute (39.3) into 


the expression of the current: 
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si(o,k) = De, [ap » 6m ,(0, kp) (39.17) 
a 


and rewrite the expression obtained in this way as 


ee St -source 
where 
v.(of /dp.) 
; 2 4 aed 
O0..=-4 eon ap ————_—__— (39.19) 
td >. a 2| es w—k opt+ta 
a 


is the tensor of electrical conductivity, and 
fp PONP ees > e. | ap py 6yeonrce® (wy k sp) (39.20) 
a 


is the Fourier transform of the source of the current fluctuations. 
Equation (39.19) has the same form as (31.29) for the conductivity tensor 
of a collisionless plasma. Therefore (see (31.32)) we introduce the dielectric 


tensor by: 
2 
4m1t ue | v,COf,/8D 5) 
635-3 ae O23 = eet — dp —______*+— 
td Ld W ud ey Ww 
a4 


The difference of these formulae with (31.29), (31.33) is in the fact that here ge 


(39.21) 
w—-k »-y +iA 


is defined by a kinetic equation, taking into account the collisions. 


For an isotropic plasma, the tensors Og tg can be represented as follows: 
kk. k-k 
cere oe N+ (655 - Z i) ot 
tJ k2 td ke? 
(39.22) 
2 eo rl ¢ a 
tJ K2 Ld Ke 
from which we find kk. 
I ake) 
e = 5 a4 
k (39.23) 
l k.k 
03-2) 
2 LJ RK td 
and similar relations for oll ae. 
From (39.19), (39.21), (39.23) we find 
4netn (kev) k-(af /dp) 
el ws k) = 1+ > se | ee (39.24) 
- kw W—kepvptiaA 
2 
2nern [(kx v) xk] > (9f_/9p) 
iL 
€ (uk) = 14+ Y —24 | a —__________4 (39.25) 
2 w—key +72A 
a k aw 


Equation (39.24) differs only in the writing from (35.5). 


KTNG - F* 
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Coming back to (39.18) and substituting into it Eq. (39.22) for O.., we 


td 
obtain 
5;! = ol! sz! 6;' source 
(39.26) 
67 a of set z 5; source 
uneTe source 
g;isource _ K(k oF ) 
/ = ie 
(39.27) 
(k xe 7 SOUurce) x K 
sj source _ Ci 
J = 2 


k 
We can now derive the expressions for the components of 6E£ by substituting 
(39.26) into (39.10) and (39.15): 


SE! source w2 6E1 source 


6E) = ——— , 8k = ——— (39.28) 
ctw, k) ee eee 
where we introduced the notations 
: ; wi 
gpl source __ 417% 5; source sei source _ _ = gpisource — (49 99) 


for the sources of fluctuations of the longitudinal and transverse fields. 


From (39.28) we find: 


I all Cane 
(SE  °-éE ae erat ener A a | dp 2ni(w—k-v)f, 
le (w,k) | a (39.30) 
a. 2 
4m)" en 
1 1 1 ( aa 2 2 

(SE ° SE) = = —— ——_ o) | 4p 2n 6(w— kev) |kx olf 
w, Kk Jw et (wk) —0” 42 i > Ke? a 


= (39.31) 


where we used the following expressions for the spectral densities of the source 


fluctuations of the fields: 


2 
(47) en 
(SE" + 8B )sOre® = D a | dp 21 6(w— k +v) f, Cre 
a 
(41)? ef n kxv|? 
(SE" + 6E" )zOure® = >, 34 | dp 2m 6(w— kv) Liddle ee 
) Kk Ww) 


a 
which follow from (39.29), (39.27), (39.20), and (34.11). 
In an isotropic plasma, the transverse and longitudinal components cannot 


be correlated with each other, therefore the tensor (SE. bE) can be repre- 


K 


sented as follows: 


_ Il gall De eet 
(Sz. SE ay k = (SE, Fake (SE. OF dy k (39.34) 
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where 
(se! sé) = ca (sz! : sé!) 
L gd Wk Ke »k 


(39.35) 


w,k 


Thus, in the isotropic case, the two spectral densities (39.30) and (39.31) fully 
define the tensor (SE, 6B) ke Note that (39.30) coincides with (35.6). 


We now derive an expression for the spectral density (6 NS), ei which 
defines the collision integral. We therefore multiply (39.3) by bE (ws k) and 
average. We note that, through Eqs (39.28),(39.27), (39.20), the function 6E(w,k) 


, source 
can be expressed in terms of 6a, : 


4ut k(k -v) w* (kKXv)Xk source 
seta sk)=— 48 Sg { ap {REY ok NIM) ay amma, gp) 
a x eo! (w , Ke) k we (w, k)— e2 k? = 
(39.36) 


Using this equation, we express the spectral density (SW, 6E ) in terms of 


W,kK,p 


éN éN. source 5 ‘ 
( a blasts net defined by (34.11) 
Ce of. 
= ——_—24_ (6£.65E, i 
(Sv, 52). > k,p W—keyp + ta (6 d 6 Dw, k one 


k 2 (kKXv)Xk } 
w, k) weet(wik)— okt _ 


(39.37) 
from which results 
af. 
Re (SN, bE), wk ae ees na 6(w—k *v) (SE, ee aR, 
4ne on kIme! (wk 
i je"(w, &)| 
w3[(kXv)Xk] Ime” (w, k) 
gases eae} Je (39 .38) 
lw* e (wk) — o% k*{ 1 2 


In a similar way we obtain an expression for the more general spectral den- 


sity: 
(8M, OO si scipl ~ Sap 5p —p!)278(w—k ow) n, £ 
: een, nm (6F, OE) yp ofa af, 
(w—kev+tA)(u—kev’—tA) 9P; ap 
7 4ne e,n,  276(w—k-v! ) k . w[(kxv/)xk]. afy 
2 , I 21 24219 "Sp 
kK°(w—kev +7A) e(w,k) wie (w,k)—e% k*] IP; 
_ AMG, ep Ng M 278(u —k +) k. w{(k xv) xk], bee 
k? (w—kev!— tA) ec * (yk) wre (wk) er Re ap". re 


(39.39) 
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We see that the spectral densities (5%, 6E) | iG and (50, 5Mp) pep! 
> > +] > b] 


are expressed in terms of the spectral density of the electric field fluctuations 


‘ : L 
(SE. SE.) and of the dielectric constants e! gies 
to 9 Ws Kk 
Integrating these expressions over W we can find the spatial spectral den- 


sities; for instance 


(60, 6M.) py pi = (27)°! | dw (6N, 6W,) 


4 w,k,p,p’ ° 


We now consider several concrete examples, for the case of an equilibrium 


state. We substitute into (39.30), (39.31) the Maxwell distribution and use the 


expressions: 
2-2 
47 en Of 
Ime! ow) —s-2 | ap S(w—k- vp) ke —2 
a k op 
2: 2 
2° etn of 
Ime" -- > —44|a@ S(u—k-v)[(kX v) Xk] - —2 (39.40) 
a wk op 
which follow from (39.24), (39.25). We thus obtain: 
7 I 
I Kk 
(6E"+ 8"), ule eC pe ae (39.41) 


kK I 2 8B 
” Je (w,k)| 
3 1 
1 1 167wW° Ime (w,k) 
: |w’ e (wk) —e° k*| 
Clearly, (39.41) is identical with (36.4). For small k one obtains (36.32) from 
the latter equation. Similarly, one finds from (39.42), for small kK, (in the 


region of transparency) : 


(sei. SE), , = 16 n2(sign w) 6(w? Ree” —c2 k?) kT (39.43) 


or 


(SE' + 6E°) 


nee 81° [8(w—w,) + 6(wt w,) ] k,? (39.44) 


where W, = (we +c x23 : 
For the spatial spectral density, we find from (39.44): 


(SE'+ SE"), = 80 kg? (39.45) 


This result is analogous to Eq. (36.37) for the longitudinal field, which is valid 
for k< I/r, . We now show that, contrary to the latter, the result (39.45) is 
valid for arbitrary kK. We therefore integrate (39.42) over w and write the re- 


sult in the following form: 
(SE - SE‘) =—8n k_? ode | dw |S - cc. | : (39.46) 
k B 277 2 p2 


The first integrand has singularities only in the lower half-plane, and the second 


in the upper one. We therefore close the contour of integration in the lower half- 
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plane for the first, and in the upper one for the second term. Noting that 


1 : 
w* € —e? K2 +o for wW>® and using the result : 


| Aen Seer 
207 wt tA A 
we find from (39.46) the result (39.45), without any approximation. 

This result is due to the following circumstances. The integral (39.46) is 
defined by the values of the function e(w,k) for w>©, but for fixed k. Thus, 
w/k >ec, i.e., the phase velocity exceeds the velocity of light. From (39.40) fol- 
lows that Im e+ (wk) +0 for A+0O, if w/k> ec. Indeed, the condition w=k-e-p 
required by the 6-function cannot be satisfied, as there are no particles with 
speeds superior to ¢@. Thus, in equilibrium, (39.46) yields a contribution only in 
the region of transparency. 

In the equilibrium state, the fluctuations of the transverse field do not 
affect the correlation function. Let us, indeed, substitute the Maxwell distribu- 
tion into (39.39) and integrate over w. All the terms containing the fluctuations 


of the transverse field vanish and we get for the correlations: 


Jab\k +P +P") = { (6, OM ep, p! ~"q ap (p—p') fy} "ab 


the expression 


ee 
ab 


IqpiksP +P!) = — file) fy(p’). (39.47) 


) en, (1 trek’ ) 
This expression remains valid even for relativistic plasmas, if we take for for Fy 
the relativistic equilibrium distribution (sect. 40). 

Equation (39.47) coincides with (36.22) for the Coulomb plasma. 

In the presence of an external field, the functions Ln are no longer iso- 
tropic. In the anisotropic case, the tensor En4 depends not only oT k a also 
on other vectors, hence it is no longer defined by the two scalars € ,€ alone. 
Let us note the changes which occur in (39.3)— (39.7) as a result of the anisotropy. 

In (39.3) we may no longer suppress the term (yx 5B) ° (of /9p), there- 


fore the equation for 6 N(w yk »p) becomes 


6N (wok p) = ry | lanai 


ie wyksp) 


eae l °F, 
- —_—_— {6£(u yk) + ral x sB(w,k) |} . . (39.48) 
w—-key+tA oP 
Therefore the dielectric tensor is defined now by 


4me2n Kap od. V.v. of 
=6§..+ 2-4 | d 1 »,(1- )—t++i,. aa : 9.49 
td 2 1) Piw_k-vt+ta 4 Ww J op, W op Se ) 
d 


appears the tensor at. the 


In the expression of the tensor (SESE). g Pe 


inverse of 


164 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


pe oF es (kK? bk, ka) (39.50) 
In the isotropic case: 
pn dee kk, : bg kk, k er 
td wk? ell et —¢2 k? fy” 


The calculation of the spectral densities proceeds as before. 


40. KINETIC EQUATION FOR A RELATIVISTIC PLASMA 


We consider two forms of the collision integral of a relativistic plasma. 
We substitute (39.38) into the second expression (33.5) and write the re- 
sult in the form (37.4): 
of 

ieee ee t+ (ats). (40.1) 

a op. tw ap op. \ u 

L j tL 
The coefficients Dee As are then defined as follows: 


2 


e 
pe, = —4. | a dk &(w—kev) (se sE}) + (se z;) (40.2) 
td 167 J Wik ‘ W, k 
v1 I 3 1 
e k. Ime (w,k) uw [(kXv) xk]. Ime (w,k) 
A= Jaw dk 5(w- kv) { —~————., + —______-______ (40.3) 
+ an k7le" (wy k)|”  k7|w2e° (wk) — 0 k?|? 


; oll pees tt ot 
The functions (SE. a (SE OE? € ,€ are defined by Eqs (39.30), 


(39.31), (39.35), (39.24), (39.25). In the non-relativistic limit, the contribution 
of the transverse field fluctuations can be neglected and (40.2), (40.3) reduce to 
(37.5), (37.6). 

The second form of the collision integral corresponds to the non-relativis- 
tic form (37.1). We eliminate the spectral densities and the imaginary parts of 
the dielectric constants by using (39.30), (39.31), (39.35), (39.40), and integrate 


over WwW. We then write: 


of of 
= 97 , gab | a a0 
1g 2m, a, | ap erg 3p. lb yp! Ja (40.4) 
d 
where 
ab Re 
g0F = 2e2 2 | dx Ed 8(gev— kev!) 
Ld a b nt 
1 [(kxv) «(kx v/)] 
peat eee: + Sec ee (40.5) 
|e" (w, k) | l(kev)o ev (kev, k)—occk | 
We used here the identity 
°F a at 4 
[(k xv) X k]- 7 (kev’) =[(kxv) -(kxXv/)] k> ie (40.6) 
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In the non-relativistic limit, the second term in (40.5) is negligible, and 
(40.4), (40.5) reduce to (37.1). 

Equation (40.4) thus represents the relativistic generalization of the 
Balescu-Lenard equation; it was derived by Silin [31]. 

Equation (40.4) is quite complicated. It is therefore useful to obtain sim- 
pler expressions of the collision integral, in which the plasma polarization is 
treated more crudely. In section 38 it was shown that for states not too far from 
equilibrium, one may use, instead of (37.1), the simpler Landau equation. An analo- 
gous simplification can be obtained in the relativistic case too. 

We first note that the stationary solution of the kinetic equation (40.4) is 
the relativistic Juttner distribution 

e(p? +m’ o)3 
fF P) = Ag ae kT : oe 
B 
The constant 4, is obtained from the normalization condition. This statement is 


easily checked, by noting that for this function 


3 je BO oe 3 
9p OP de € de J€ 
because 
€ 
= yp 
Eee 


Hence (40.4) becomes 


] r) | ab F) 
Io=- > —— | dp’ —p’). , 
27 RE Dy Tee | aR A (yg £0) Fy") 
b L 
This expression vanishes because of the 6-function in ee 


We now come back to the problem of the simplification of the collision 
integral. It was shown in section 39 that the transverse field fluctuations do not 
affect the form of the correlation function Jap\k >P>P’)- Indeed, (39.47) differs 
from (36.22) only in the fact that the distribution functions appearing in the for- 
mer are relativistic. Thus, the expression of Gaplr >p>P’) coincides with (36.24). 


The radius of correlation is therefore of order r. in the relativistic case as 


D 
well. This implies that the spatial spectrum is limited, in equilibrium, to small 
values of k, with Ki ~ ae This statement remains valid also for states close 


n 
to equilibrium. We may therefore set approximately in (40.4), (40.5): € 
4 


her a 


€ =1, and integrate only over values of kK in the range & a Ra As a result we 
obtain: 
° Kak 1\72 
ab _ 2 | Rf pew a. ; tj [((k x v) (KX v’)] 
a4 2e7 2 dk S(k ev —k-v’) os 1+ —————_-—_——— 


l(k -y)* —e? eA 
(k> rol). (40.8) 
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We must also cut off the integration for large values of k, as in the 
Landau case. The value tes can be defined by a condition analogous to (38.2). 


For an isotropic plasma, (40.8) can be written as 


kK / 

ab 22 t*j (kXv)e(kXyv!) 

Q@..=2e e | x S(kev—k-eyv’) —* fl + —_,\—_- 
ab x" (kev)*— 02 K2 


td 
This expression differs from (40.8) only by a term which vanishes by integration 


2 
(40.9) 


over p’. After a few simplifications, this equation can be written in the form 
[8,9] 

kek 
tid 


2 
es 2 / pa eat a 
fh vaeiafe tons] [enantio 


(40.10) 


In the limit @*+™, (40.10) reduces to (38.4). 

The kinetic equation with the collision integral (40.4), (40.8) (or (40.10)) 
is the relativistic generalization of the Landau equation for the ‘ordinary' dis- 
tribution function in the six-dimensional phase space, f Ar opt). One may also 
derive an equation for the distribution function 

n, P(@.P)= {W,(@,P)) (40.11) 
for the four-vectors @ = (r,tet), P = (p,t&/ce). The microscopic function N(@sP) 


is defined by Eqs (24.16) —(24.18). The kinetic equation for Fs is [32,9,8]: 


OF 
a _ , 9 ab a ee 2 
U; 20. => ny | dp! dé OP. Org 3p. Fy = Fo (40.12) 
e. -% t j 
with k.k 
ab _ 49222 1)? | aka S(k 6(k_ U! ad 40.13 
Cra = 2e 74, (UUs) Ww (kU) ( ) ———+—_- (40.13) 


FON Cae Roa) 

In these equations U =(yv,tyc) is the four-velocity, Pe=mU;, k=(k,tw/e) 
is the wave four-vector. 

The integrations over w and k can be performed explicitly in these equa- 
ab 


tions. We have to use the symmetry properties of the tensor Cc. ° 


j with respect to 


UU, and the relations 


We then obtain 


2,2 
2e°e r 2 
ab _*~ ab D / re 


/ / / yy 
1 1 (UU. + U,U)le ; 


2 2s 
: (% u; ) |e" = i} : (40.14) 


The kinetic equation (40.12), with the kernel (40.14) was first 


| 
“— 
on 
a 
+ 

QS 
©. ~ 
Q&S 
Sam 
=< 

Q 
ho 

GS 
Q 


where pr, =kz' , 
min max 
derived by Belyaev and Budker [32,9, 8]. 
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In equilibrium, the kinetic equation (40.12) has the solution 


P.U, 
_ Dg 0! 9 it 
FO(P) = ¢ 6(P. +m) e*) exp Ga } (40.15) 


which is the four-dimensional equilibrium distribution function. 
In order to go over from (40.12) to the kinetic equation for the function 


fo we must use the relation: 


Fe(Q,P) =f(r,p, t) 6[& —e(p? + m- 02) 2] (m_c*/&8) (40.16) 


t Different treatments of the kinetic theory of relativistic plasmas can be found 
in references [63 , 64, 65, 66]. (Trans. ) 


CHAPTER 8 


Effect of an External Field on the 
Kinetic Properties of Plasmas 


41. EQUATIONS FOR THE FUNCTIONS f,, OW, IN THE PRESENCE OF AN EXTERNAL FIELD 


We investigate the influence of an external electric field on the kinetic 
properties of a spatially homogeneous plasma. In that case Eqs (26.5) and (27.7) 
for the functions fa» Ng take the following form: 


r) en 5 , 


of 
me e_E (t)- a 
oP 7_ 9P (20)? 


ot 


| dk Re(SW, SE), yy = I Ap, t) (41.1) 


on f 
(Baas eet Ae Rta ) (sw — 6wSoNFe®) $6E+-— 4 , 
or a op a Qa Q 


ot op 
> (41.2) 
VX 6E =0, ee ine, | dp WN, 
The correlations of the fluctuations Suess are defined by 
A) P) source 
—+At+v- +e E(t) > (Sw, 6M, ) =0, (41.3) 
ot ar @ oP m x,t,a2' ,t' 
which must be solved with the initial condition 

source as i is got 

(6M, area ae = 8 6(x x) file at ) " (41.4) 


As a result of the external field, the distribution function f (ps) may 
not necessarily be slowly varying. This fact seriously complicates the calculation 
of the spectral density of fluctuations of jv 6E. In the case of a spatially 
homogeneous plasma, this calculation can be significantly simplified if, instead of 
the distribution function FAP») we introduce a new function: 


f.(P, * &, | dt! E(t), ¢] = F(P,,t)- (41.5) 


Qa 
— 0 
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From (41.1) we obtain the following equation for the function Es 


t 
ora 1 Bld! a 41.6 
ot rf ( eee | i ).¢) = FitPgs 4 a 


The collision integral ENP at) is related to the spectral density (60, SE), ee 
b > 


in the following way 


e 5 : 
a : E 2 41.7) 
a , | n(2m)° OP, . hE S 2 J dt! E(t") 


From Eqs (41.6) and (41.7) one can see that, to first order in the plasma 
parameter, [ the basic equations (41.1) —(41.4) actually correspond to that approxi- 
mation] the rate of change of the distribution function is of the order Wu, Pa: As 
a result, the fast oscillating contributions to the function Fo are small if u<l. 
The main role will be played by the slowly varying part of the distribution 
function. If the external field is periodic, with frequency Wo, then, for W, * Wr» 
the slowly varying part of the distribution function is obtained from BAP t) by 
averaging over a period 27/w,. 

Below, in the absence of any explicit statement, we shall denote by La 
the slowly varying parts of those functions. 

From Eqs (41.2)—(41.4) follows that the calculation of the spectral density 


defining the collision integral (41.7) requires the knowledge of the spectral 


source 


density of the fluctuations ) ama rtr » OW 


42 SPECTRAL DENSITY OF THE SOURCE FLUCTUATIONS IN 
THE PRESENCE OF A HIGH-FREQUENCY ELECTRIC FIELD 


The spectral density of the fluctuations SN PONFC® is defined by Eq. (41.3) 
with the initial condition (41.4). In the presence of a high-frequency field, the 
fluctuation process is non-stationary, even for an ideal plasma. This fact makes 
the solution of the problem difficult. 


We start from the equation of motion 


dp 
Agi é,£ (t) (42.1) 


The solution to the initial-value problem defined above is: 


source 
(6, ONE) et a! ,t-T ‘ 
5 eae, / / 
ns» p-p'-e, | dt’ E(t ) 
t-T 
t 
eq 
8(r—r!—» t= | dt’! (t-t-t' )E(t’ ) 
a 
t-T 
t 
/ / 
f,(o e, | a Rey | (42.2) 


t-T 
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Note that, from (41.5) 


t,(p-e, [a dt’ E(t’), ial 


t-T - t 
_ / ape / a ee = 
= f,(P,+2 en | ae E(t’) en ae Ee oot r | PCP, +t tT). (42.3) 
—o Cet 
Thus the function (42.2) can be expressed in terms of the slowly varying function 
Ee . For a nonideal plasma the time-delay in the function Fs can be neglected. In 


this approximation we find from (42.2) , (42.3) the desired spectral density: 


- source 
(sn 6N ) 
ap 


Wk, pp’, 
Ss t 
=2n cst nies eo I dt’ E(e')| 
, 
pe 
: ot At+t(w—ke v)r—e 8 - at’ (e-1-t! )k-E(t!)} 
a 
° EAP ©) (42.4) 
For E(t) =0 this result reduces to (34.11). 
From (42.4) follows the expression for the simpler function: 
source ne 
(sw 6E = os aa 
a = 4 —— 2k 
W,K,p,t k2 
foe) . t 
‘ Re | dt exp jrart t(w—kev) tt -< | dt! (t-1- 8!) hE (e!)} 
0 Gear 
° a ae t) (42.5) 


and for the spectral density of the fluctuating field: 


(4m) eon 
source 
(sF-5E) i penne Pea! 
w,kK,t k? 
a 
00 t 
e 
-2Re {at | a exp {at +2(u—k +») r-2-4 | at! (tort!) kE(t!)} 
0 e tT 
° au a) (42.6) 


In this expression it is convenient to go over to P, as an integration variable. 


Noting that ae t! 
keve + 78 | dt! (t-1t-t')k+E(t’) = keV = a | dt! | 4 dt" k° E(t”) 
E-T t -—© 
V ah, (42.7) 
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we can rewrite (42.6) as 


source (an)? e n, 
baa seo 
w kt k 
eo i ae oc 
{ Le 
+ 2 Re Jar| dP. exp {At eee) Sar ke | dt! | ae" E(e")} 
0 t —00 
: FAPa> t) (42.8) 


We see that the spectral densities (42.4) —(42.6) depend explicitly on time. This 
fact expresses the non-stationary character of the processes which are the sources 
of the fluctuations of the phase densities and of the fields. 


For definiteness, we consider below a field of the form 


E(t) =E sin w, t (42.9) 
Hence 
t-7T er ; 
| dt! | dt" E sinw,¢” == [sinw,t —sin w (t-T)] (42.10) 
t ~ 0 a 
and the expression (42.8) becomes 
2 2D 
source (41) e7n, 
(or « se)? ay OO fee 
wr,k, t : k 
72 Re | dt | dp exp {- At+¢i(w—k*¥)t—ta, [sinw,( t-t) -sinu,t]} 
0 
> F (P,t). (42.11) 
t 
In Eq. (42.5) we make the change of variables p=P + e f dt! E(t’). 
Then, using Eq. (42.7) we obtain oe 
source 4me n 
(sy SE) -i—“44 x5 
a t 2 
wyk,P +e f dt’ E(t’) 
a eae 
co a wet et 
-2Re| dt exp{-Atti(o—ke¥,)t=7 ok | dt’ | ae" B(2")} 
0 a t -—-a 
: PP,» €) : (42.12) 
For E(t) of the form (42.9): 
t 
/ / E 
dt’ E(t lee cos Wt (42.13) 
0 


and (42.12) becomes : 
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source is 
(sw sE) aa 


= tk 
Wek» P —(e /wW) Ecoswyt ee 


oO 


° 2 Re | dt expt At+2 (w-k 7) T—2t aq{sinw,(¢—t)—sinu,¢]} 
0 


-E(P,,t). (42.14) 
In Eqs (42.11), (42.14) we introduced the notation 


e, kek 
i ae (42.15) 
m_ w 
a 0 
We now use Eq. (42.11) for the calculation of the spectral density of the fluctuat- 


ing field for the case W, Bw, - 


43. SPECTRAL DENSITY OF THE ELECTRIC FIELD FLUCTUATIONS 
From the first equation (41.2) we find that, for E(t) =E sin Wt» the 
Fourier components of the phase density are defined as follows, to zeroth order in 
the retardation: 
e e 
6 (xP —~ ~ cosw t,t) = §ySource («,P == Cosi tt) 
a A Wy 0 a a sw 0 


—e, na | dT exp {-a1—2k- Vt-ta, |sin v,(t-t)—sinw,e|} 


SE(k,t-1) -—4 2 — (43.1) 
From the equations (41.2) for the field fluctuations we find: 
ik OE(k,t) = 47 > 6q, (kt) = 4n > e, | ap 6N (kK pst) (43.2) 
a a 
Here Sq (kK. ) denotes the fluctuation of the charge density of component a. 


From Eqs (43.1) , (43.2) follows a set of equations for the functions 


dq,(k +t) - Using the Bessel-function expansion 
[ee] 
exp (— 7a, sinw t) = > I (ag) exp (— inw, t ) (43.3) 
nrn=-a@ 


we write the equations for 6q_(wsk) in the forn: 


4n etn 
bq (ws k) = 6qoerF (uw, k) +7 aa > > > Tr(a) 744) 
bon om 
; aF (P, t) 
. far] dP exp {-at+2(u+nu, —k-V) ch ke peers cae cls (n—m) wy]. 


0 
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These equations can be simplified by introducing new functions instead of 
8q,(k et) 6q (ws k): 
_tnw it 
6q(k>¢) => T (a je 6q (kt) 
n 


—ta,sinw)t 
6g (k,t) =e 
a 


69, (w , k)= > Ta.) 6q_ (w— nu, ak). (43.4) 
n 
The set of equations for 6q_(w,k) is now: 
6q (ws k) + 47a _(w, k) > > I, (2,4) $4, (w—Lu, ,k) = 6g (uw »&) (43.5) 


b tL 


Here a (wk) is the polarizability of the component a: 


2 
e777, | es k+ (dF /oP) 


a (w,k) = : 
k w—-keV+t2zA 
(43.6) 
e(w,k) = 1 + 4t > a (w, k) 
and . 
- &a _ ae kKeE 
tab m m 2.° 
a b WA 
The set of equations (43.5) is solved by using a perturbation expansion in the smal] 
parameter mim, . To zeroth order, i.e. for Mm» *™s we find from (43.5) 
~source 


(w, k) 4 ma (w »k) 


84,(w, k) = —2———— — 2 yr fa,) 89 2° (w— ny ok) 
e e(w,k) n\~e 4 0 
e(w,k) i 
6q,(wsk) = ‘qe (w,k). (43.7) 


The function e€(w,k) entering here is defined by (43.6) with m, 7 oe. 
We now go back from the functions 6q_(wsk) to the functions 6q (wk). To 
this purpose we use the following relations, which are inverse to (43.4): 


7 ta, sin wt TNWyt _ 
6g. (k,t) = 6, (k,t) @ => 1,(4 e 6q.(kst) 


: (43.8) 
5q,(w, k) -> T (a) 8¢,(w + nu, ,k) 
n 


We thus obtain from (43.7): 
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Sao + ( —m) Kk 
odes Wark) -22. oC de | ie INO le 


e(wtnw, ,k) 
4na,(wtnw, » k) res 
lara eyecare [w+ (n—m) wos kJ} 
e(wtnw sk) 
6q.(wek) = i (w,k). (43.9) 
We substitute these solutions into the right-hand side of Poisson's equation: 
an, 
SE(u,k) = et tk[Sq,(w,k) +6q,(w,k) ] (43.10) 
which follows from (43.2), and use the identity 
1 41 Ap 
e(wek) | E(u, k)* sae 


As a result we find: 


$E (wk) =2,2, 1,(a,) I,(a,) 
nom 


| aaleaa tc [w+ (n—m) Wp »k ] 


eee (43.12) 


Thus, to zeroth order in mim » we expressed SE(w,k) through the Fourier compo- 
nents 6S0UrTce (w,k). From (43.12), with the use of (43.3) we find and expression 


for the spatial Fourier transform of the field fluctuations: 
(oe) 


se (kt) | dt oF . exp {+1 a, [sinw,(t—T) — sin ug #} 
; , 


© SEPOUFES (Kt —T) (43.13) 
where we used: oa 
I | twt {1 
—_—_ = dt e (=} ; (43.14) 
E(w, k) 0 . k ,t 
Using now the solution (43.13) and Eq (42.11) for (SE OE) se we find 
> > 
the spatial spectral density of the field fluctuations: 
2 2 
Qt nF (P, t) 
(SE*SE), = a { [ae = 
k lJe(k eV, k) | 
+ | ax | ax! | ap (=) (4) exp {ik+V (v1) 
. KT . a 
0 0 ? 
eat a ee _ yl 
ia, [sinu,(t—1)—sinu,(t—1 I}, 2,(P)} (43.15) 


The first term on the right-hand side represents the contribution of the 
electrons and the second one the contribution of the ions. The latter still de- 
pends on the first time. Averaging Eq. (43.15) over a period 277/ we we obtain 
{33]: ee oe 

4 nF (P,t ee tL } 
(47) ap 22 12a) ef) (04318) 


e 
(SE °6E)4, = 5 {| eve ne le(nw, »k)| 
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In deriving this equation we used the fact that, for m, >, the distribu- 
tion function of the ions P(v)= 6(y). 

Equation (43.16) determines, to zeroth order in m_/m. , the time-averaged 
distribution of the energy of the electromagnetic fluctuations in a plasma, in the 


presence of a high-frequency electric field. 


44. KINETIC EQUATION OF A PLASMA IN A HIGH-FREQUENCY ELECTRIC FIELD 

We now derive a kinetic equation for the function FAP» #). The collision 
integral is defined by Eq. (41.7) in terms of the spatial spectral density of the 
fluctuations ON 6F. In order to define this spectral density we go back to Eq. 
(43.1) for the function SN (ks P_— (e,/9) E cos W,t,t). We multiply (43.1) by 
SE (k,t) and average: we thus find an expression for the desired function. The 
latter is represented as a sum of two terms. The first of these is expressed in 
terms of the spectral density of the field fluctuations: we already know it. The 


second term is of the form 
source 
(sw se) P — (e,/u,) Ecos wot. (44.1) 


We substitute here the expression of SE(k,t) from (43.13), in order to 


express the function (44.1) in terms of the spectral density of the fluctuations 

gysource x , source 
a > 

gral I (Pa >t) reduces to the substitution of known results: we give the result in 


» which we know. Thus, the determination of the collision inte- 


a moment. 
For a spatially homogeneous plasma the kinetic equation for the electron 


: . : : FT: 
distribution function 185 


IF 5 
ag I,(P,.t)=I,,+1,; e (44.2) 


Here Ls is the electron-electron collision integral: 


k_k 
ce! 


5 OMA V5 V'){ oF oF 
Let n | ak ap! & ——__+ | —*- r, -— #. 
Peo, k le(k-V,,k) | oP og OP 
(44.3) 
This expression has the same form as the Balescu-Lenard collision integral. It 


does not depend explicitly on the electric field. Such a dependence only appears 
on reverting to the distribution function Fe [see (41.5)]. 


The electron-ion collision integral, for m, > @, is: 


+ 


In the approximation m_> +o the ions are motionless. 
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2 2 
2@ @.n. 
aoe aad ee Re fer | a8 (2 (=) 
a . 9 Foc ‘ ke kt! \E/k,T 


exp {-At—tk-V, tia, [sinw,(¢—1! )-sinw,(e—1— 1”) ]} 


OF(P. t) 


aP yg 
(44.4) 


Using the expansion aga this equation can be transformed into [33] 


Le= 2 e* e*n. P | 2 1 (a,) Tae) 
nh m 
S (mw, —k* V,) oF (P_,t) 
exp [¢(n—m)u, #] eee (44.5) 
e(mw,»k) e* (nw, ok) 8P. 2 


The expressions (44.4), (44.5) contain all the harmonics of the frequency 
WO: On averaging (44.5) over a period we find 


k ke 2 S(nw ~k-V.) oF.(P.,¢t) 
T = 2 ein, > Dd | é Pe) ee, (44.6) 
er - é 
OP oa n ei 


se) 5 dP eg 


Je(nw, 


We recall that this expression was obtained with the assumption m=; 
hence it does not depend on the ion distribution function. 
We now consider the properties of the collision integral I,- It is easy 
to show that 
n, | dP o(P) I, = 0 for ¢=1,P. (44.7) 


These properties ensure the conservation of the number of particles and of the 
momentum. We now consider the energy balance. For an ideal plasma the collision 
integral does not contribute to the balance equation for the average kinetic energy, 


hence we obtain from Eq. (41.1) 
2 
) 1g ee 
BES Mg A Ga fy TIE (44.8) 


We go over from the function Te to the function Foe Keeping in E only the slow- 


ly varying part we obtain, for mp, = 3 


r] P 
<= n | ap 2 =--7 | ap —F (44.9) 
ot a 2m a st @ 2m e 
a a e 
From this equation it follows, if we use (44.2), that 
Bae far rr, =n foe ra (44.10) 
ot e 
Finally, from (44.10) and (44.8) we obtain 
| a P I .=j*E=o0(E E (44.11) 
CE oe ep he ET 
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which expresses the average energy balance in the plasma in terms of the external 
electric field. 

We calculated the fluctuations of 6¥,, 6E and obtained the corresponding 
collision integral to zeroth order in the mass ratio m ,/m, . This approximation is 
sufficient, in particular for the calculation of the electrical conductivity (see 
the next section). In many cases, however, such as the calculation of the tempera- 
ture relaxation, or of the ion-acoustic wave spectrum, this approximation is insuf- 
ficient. 

The method developed here can be used for the extension of the present re- 
sults to the case of a finite mass ratio: this was done in ref. [48]. We give here 


as an illustration the expression of the collision integral I ot for external field 


frequencies Wy > keno? ; 
mae 5 a Kaka -2 S(k >V—-kevV') 
T= oe ein, =| dP dk — Ij (a,, Se 
oF k le(k+V,k)| 
(<3: - ger) BP by) F(R. £) (44.12) 
aP 2 IP. ee EROS ; 


where 


2 
E p(w, k} = e(w,k) + [1 —Ij(a,,)J4ra, s4na.. 


The functions e(w,k) 74,04, were defined in (43.6). 

In the absence of the electric field (E = 0) Eq. (44.12) reduces to the 
corresponding Balescu-Lenard collision integral. For mim, =0, it reduces to 
(44.6) (with the condition Wg > KV op .) 


We now use Eq. (44.11) to define the electrical conductivity of the plasma. 


45. CONDUCTIVITY OF A PLASMA IN A HIGH-FREQUENCY ELECTRIC FIELD 
In order to define the conductivity o(F), we substitute Eq. (44.6) for 
Ten into (44.11). For the function F, we take a Maxwell distribution, which 


is maintained by the electron-electron collisions... Integrating over P in (44.11) 


we obtain 


2 4 2 2 
o(E)E 4(2n)%e n, bern, Poe 
20 (kT )3 e 
Boe 
1 
Pale dk ; m ws n° I? (a, a) 
a 2k TK! 4 le(nw,, k)| 
ek-E 
a, = 5 (45.1) 
m_w 
e 0 


Let us consider the limiting case of a weak field. From (45.1) it follows 


that the field may be considered as weak if in the whole range of integration for 
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k, la, | <1, i.e. 


|a,| Soe hor RRR. (45.2) 


for wWy~W,5 ee Le ~ 1/u, we have 


K axe eEr, 


2 | ore 
mM, W, B 


] 
Ho kple 


where bar /u is the mean-free path for electron-electron collisions. Hence the 


field is considered weak when the following condition is fulfilled: 


<fi< ie (45.3) 
B 
1.e. the work done by the field over a mean free path must be small compared to 


kT 
Be 
For a weak field, the right-hand side of (45.1) can be expanded in powers 
of E. The series begins with terms in ae Cancelling a factor E°/2 on both 
sides, we find the following expression for the conductivity in a weak field, with 


account of the plasma polarization: 


exp [— 


2 ae 
(anh eZ 2 ba" ‘Mere 
o= a. i | (45.4) 
gn w2 (ky)? mid “kle(w, RZ. (wy +k) 


This expression agrees with the result of Perel' and Eliashberg [34], in 
which the conductivity of an equilibrium plasma was calculated. 
For Ww, > W,. the effect of the polarization can be neglected. In that case 


0 
the integration range is cut off by the exponential factor Cann ~W)/Up,)- 
In the opposite limiting case, when WwW, < Ww,» the effect of the polariza-~ 
tion iS important, and Eq. (45.4) reduces to 


y a Hake 
aa 


2 
_ (an)? “2 e? a ae (45.5) 
37 Wo (Kk, 1 me 3 k 1 +r K2 


We now consider the case of a strong field, with la,| > 1. From (45.1) we 


then obtain 


3 
s(2n)3 en ms ) en w eka E 
g = ——— Fo a a A(w )+B(w_) &n * (45.6) 
2 
(kB?) E mw 


where 
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2 
mW 
k exp Ste Bee 
max 1 
dk a 2 
ve)= Sf —— eel a ay 
a k le(nw, > k)| ; 
Lee] 
2 ] l K 
eh ee eae 4 
falta) 2] +40 24 wn 
max 
i 
2 
m , Wo 
ae exp —7 : 
PRT k 2 
pu.) => | & ——\ Be s/w (45.8) 
‘ Reuse) |e 
n 0 0? 
For W,<w,, the polarization ensures the convergence of these integrals. 
For Wy > Wo» the polarization can be neglected. Tf one also takes into 
account that 
Kax fe 
A(w,) < Bi(w,) &n 
2 
m_ Wo 
e 
Eq. (45.6) reduces to [35]: 
xcx=a 
; 32 1 > 2 sae \}4 Knax?e 
o=——-—— en en T erfe- ~xe mwWo\ *&n -———> . 
e a ae e cs Ww? 
1 ES od ve nin \ 2k 7 ‘e 0 
Be 
(45.9) 
We note that the condition of field strength in which (45.6) and (45.9) are valid 
is 
eEr 
a 
Ble 


This condition is very strong. The dependence of the conductivity on the field 
appears already for much weaker fields, when eEr/k,T, <1, but eE1L/k,T, Pa 
This follows from the criterion (45.2) 

For the calculation of the conductivity in a strong field, we assumed that 
the plasma is stable. In zeroth approximation in the mass ratio maim, this is 
indeed true. However, when we consider a finite value for this ratio, the excita- 
tion of an aperiodic instability becomes possible (see sect. 8 of ref. [17]). Ina 
non-isothermal plasma, parametric instabilities are possible (see sec. 9, 10 of ref. 
[17]). The instabilities are excited by perturbations with a wavelength much longer 
than the Debye radius. 

In connection with the existence of instabilities, a question arises. Is 
the nonlinear field-dependence of the conductivity derived here really observable? 

From the previous argument follows that the nonlinear field dependence 


appears already for relatively weak fields, whenever eEL/k.T, ~ 1 (2 being the 
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mean free path). This condition can be rewritten in the form BE? /n ke r, ~ Tha Cu 
being the plasma parameter). The threshold field for the excitation of the aperio- 
dic instability is known to be defined by E*/n ke T, 2. (see Eq. (8,9) in ref. [17] ). 
Thus, for u <1, the nonlinear field dependence of the conductivity appears before 
the excitation of the aperiodic instability. 

In the non-isothermal plasma, the parametric instability appears after a 
threshold defined by E°/n kal, 2 (m_/m)® wu. For u< (m,/m,)* , the nonlinear 
field dependence again appears before the excitation of the instability. 

We note that in ref. [48] the temperature relaxation time for a plasma in a 


strong field was calculated. 


46. LOW FREQUENCIES 
We consider the kinetic equation for the case of low frequencies, such that 
Wo < W ~ Un!Py (46.1) 


The ratio of the electron collision frequency to the Langmuir frequency is of the 
order of the plasma parameter uw; therefore, by Eq. (46.1) the frequency W 5 is of 
the order of the collision frequency. 


We consider a field of the form 
E(t) = Ecosw t (46.2) 


this allows us to also consider the case of a constant field. Now, instead of Eqs 
(42.13), (42.10) we must consider 


eit 
p=P+ an sin w,t (46.3) 
t-T ae - 
| dt | dt” E cos we” = 7 [cos W yt — COS W, (t—t)]. (46.4) 
t wo 


Because of (46.1), the right-hand side of (46.4) can be expanded in powers of WT. 


Retaining only the first two terms in this expansion, we obtain 
; ] 2 
cos wy (¢-T) —cosw yt =w ytsinuyt—> (wT) cos Wt . (46.5) 


We now consider the equation for the Fourier components of 6M. From (43.1), using 


(46.2) — (46.5) we obtain 


é e 
+ 2 ‘ _ 4 source + 2 : } 
6M, (a Dy E sin ugts t) ON k ,P a, E sin wie Pe 


° e 
e a 
~e,n, [dt exp |—ar—<k Vie 


0 eq 
of (P+a) Esinw (tT) .t-1) 
-CE(k,t—t)+ —? ° (46.6) 


oP 


so 


; Esin ugt)4 ta (t) 
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We go over to the ordinary variables p (see (46.3)) and note that under 
the assumption (46.1) 
sinw, (¢-T) — sinw, t =— (cos wt) Wy T (46.7) 


Hence, we obtain from (46.6) 


source 
(k, 


60 (k»p> t) = ON p,t) 


22 


| , aaa 
—e,n,| dt exp Jat — eke yt ia,(2) ; 
0 
af (pe E(t)t, t—t) 
© SQE (k,t— Tt) ¢ —— (46.8) 


Op 
where 


a_{t) = 2, COs Wot. 


In the T~integral (46.8) the main contribution comes from the region 


TST L vo. (46.10) 
Kak Une e 
From (46.1): 
Wy Trax < | (46.11) 
and thus 
of 
T ——<f. (46.12) 
max ot a 


It then follows that in Eq (46.8) we may expand the quantities with respect 
to t(d/dt). In zeroth approximation (ideal plasma) the retardation can be neglected 
in fas 

The collision integral I, is defined by the spectral density (6¥, SE), yp 
in the frequency region w 2W, and for k re The contribution of the long~ 
range fluctuations to the collision integral will be studied in Chapter 1]. Asa 
result, because of (46.1), in the calculation of the spectral density the explicit 
time-dependence introduced by E(t) »a(t) into (46.8) can be disregarded. We then 
find 


SW (wsksp) = aaa (wrk,p) 


oo 2-2 
wT 
-e,n, | dtexp|[-ar+ t(w—k-v)ttta (t) 5 | 
0 
of, (p—e E(t) Wet) 
SE (w,k) * ——————- (46.13) 


op 
From Eqs (41.2) and (46.13) we obtain an equation for 6SE(w, k): 


e(w,k) SE ({wi,k) =—4n72 5; e, | dp 6H eFC” (wy ks Pp) = SE SOME yk) (46.14) 
a 
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The dielectric constant appearing here is defined by: 


47e on 
e(w,k) = 1-i> 5-4 | dt | dp 
a 0 
u2 «2 
° exp [-ar + ¢(u —ke 9) t+ta(t) ; 


af, (vp —e, E(t) 1, #) 


Op 


a k a 


(46.15) 


The expressions for the spectral density of the fluctuations SF S°UTce can be ob- 


tained from (42.8), using (41.5) and (46.3) —(46.5): 


source (4 n)? en ea F 
(sé +8) a> ar. 2 BE) 20 p 
k 
w,k a 0 


w? 1? 


|f(o—e,£(#) 1.) . 


+ exp|[-At+c(w-k +) t+ Ea, (£) 
- (46.16) 


2 


This expression can be rewritten in a more convenient form. We therefore make the 


change of integration variables 
p—e_E(t)t +p. (46.17) 


Using (46.9) we get from (46.16) 


2.2 es 
source (47)° eon 
(se - 56) - > — 442 Jar fa 


w,k ZA K? - 
22 
Wt 
* cos [(w —k +») ™ a_(t) | F,(0,¢) , (46.18) 


From (46.14) follows that the spectral density of field fluctuations is 
expressed in the usual way through the functions (46.15) and (46.18) 


source 
(SE + 8£) , 
(SE* SE) = o> (46.19) 
a) 


a le(w,k) |? 


We now possess everything that is required for the collision integral 


e 


-4 
I (p.t) =— >= (27) | dw dk Re (ow OE eae (46.20) 


Q 


KTNG -G 
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The result is 


2k 
2e eyn kK.k., 
L(p » t) >> 2b PS | dw dk dp’ ——t— 
b m Pa k* |e(w,k) | 


Ww le 
«Re | dt’ exp |e! Hely de)! 60, C8 is 


3 3 } t > ff / 
ae f,(p—e E(t)t',t) f,(p'—-e, E(t) 1’, t). 
f 5 api joa’ a oy (46.21) 


For E(t) =0 this expression reduces to the Balescu-Lenard collision inte- 
gral (37.1). It is easy to verify that this collision integral possesses the 
conservation properties: 

re) = > n, | ap o(p)I(p,t)=0 for 6, = 1,P, 57. (46.22) 
Qa 

The Balescu-Lenard collision integral and its generalization (46.21!) were 
obtained to the first order of approximation in the plasma parameter wu. As the 
dynamical polarization is properly taken into account, these integrals converge for 
small values of kK (i.e. for large distances). 

The contribution of the short-distance interactions is, however, not com- 
pletely correct: this results in a logarithmic divergence for large kK. Because 
of the logarithmic character this divergence is not important for an ideal plasma, 
but for a nonideal plasma the short-rage interactions are important in the deter- 
mination of the non-dissipative properties. As a result, we need an expression for 
the collision integral which should describe with sufficient accuracy the beha- 
viour at both large and small distances. It will be seen in sections 55 and 56 
that this problem can be solved by using an averaged dynamical polarization instead 


of the exact one. This amounts to introducing an effective potential. 


47. THE EFFECTIVE POTENTIAL ORIGINATING FROM THE AVERAGE DYNAMICAL POLARIZATION 
From the expression for the function Re (SN, SE) yk F defining the Balescu- 
Lenard collision integral (37.1) it is clear that, due to the polarization, the 


Fourier transform of the interaction potential is renormalized as follows: 


v_,(k) 4nen 
b aa 
v a , vii(k) =— (47.1) 


On this basis, the effective potential taking into account the dynamical 


polarization, averaged over the velocities, can be defined as follows [7] : 
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s f,(p>t) 
(i oe eres 
. ae ~ _ le(k-v,k) |? 


Let us consider this expression in the local-equilibrium approximation, 
when i is a Maxwellian with Pi aT. 


Using Eq. (36.19) and the definition of the 
Debye radius, we obtain from (47.2) the following result 


239 
ryk 
Vial) = vial) ———_ 


(47.3) 
242 
l+rnk 
Hence, using (36.23) we find 


(47.4) 
Hence, in local equilibrium the effective potential reduces to the Debye potential. 


The effective potential can be expressed in terms of the spectral density 
of the field fluctuations, (SESE), 


Using Eq. (35.7) 


ee (Sq 6q) 
~ b 1 k 
k) = —42 — (8E-SE), = k 
ab! y etn, 4n k 
e"e 


Vv 2(k) — rm (47.5) 
b 2 
2 26" 
where (6q 5), is the spectral density of the charge fluctuations. 


field. 


Equation (47.5) can be taken as a definition of the effective potential to 
be used in more general cases, as for instance, in the presence of an external 
We rewrite it as 


~ 


(Sq Sa)o. 
_ J W,K 
Vapi *) = ap *) eae ; | du) 


5 (47.6) 
Ae Je(w,k)| 
Cc 
where we use the fact that 
source K? source 
(Sq 5q) = 5 (SE + SE) , 
W,k (47) W,K 


(47.7) 
We now show that for an ideal gas, i.e., for Jab —% the effective poten- 
tial reduces to the interaction potential. 


We note that from the definition of 46q 
(6g §q), = 22 24% | os dp (oN, 6 
a 


N 
From (26.11) we find for the ideal gas 


) 

P KsP) Ps 

(6N, 8%) ap ip —P') nf 
K,P\»P, 


(47.8) 
From (47.7), (47.8) we find, for Jap= 9? 
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(6q sq), = 2. enn, (47.9) 
a 


Combining this result with (47.5), we find that for Japa» o> = 9 oD° 
Comparing Eqs (47.1) and (47.6) we see that the introduction of the effec- 


tive potential corresponds to the following substitution in the collision integral: 


Vap lk) 1 (876q)0 gp 1 \e 
2? > v3 ( #) —-—_ | dy ——":*_ = v4. (k) (5, 
|e(w, k) | 27 ) ern, [e(w,k)| le(w, k)| 

Cc 


(47.10) 
1.e., 1€ amounts to averaging the function i/\e(w,k)| over w with the distribu- 


tion function 

Fly See Ee eay rn (47.11) 
ern Wy, 
C C 


Using this result, we introduce the effective potential into the collision 


integral (46.21) by the prescription (47.10) and then perform the integrations over 


wW and over T’: 


2 2 oo 
2e€ e,n kK.K. 
rjoie) BAB 8 ae aye | ae 
a b 7 Ops ; k 
| ae 
°( —_____})_ cos] (kev —kev’) t-—a_, (t) 
le(w,k) |? poe oe 
2 2 \¢ (pe E(t) 1) f,(p!— e, E(t) 1) 
op. dp" qi? a prP b 
d 


e e 
°E 
a (t) = (2 - 2) EE) . (47.13) 
ab 2 
Ww : 

0 
The approximate expression (47.12) for the collision integral will be used 


for the calculation of the conductivity of the plasma. 


48. ELECTRICAL CONDUCTIVITY AND EFFECTIVE POTENTIAL 
We consider the balance equation for the electrical current density 


i =}e, ne [dp vf _: From the kinetic equation (41.1) follows: 
a 2 
: n 
Of “a"a 
ot > 7 E(t) + > e4n,| dp v1, (48.1) 
a a 


We substitute (47.12) into the second term on the right-hand side, inte- 


grate by parts over Pp, symmetrize with respect to a, PDP; b, p’ and make the 


substitution p—e EF (t)T —> p: 
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ae. 
ys [apo 1-222 a (252) 


qa 2 4 m, Mp 
[ ) k | (w) [ 1) or | 
at| ak dpdp’ — (——————~) _ cos|(kev—k-v')tT+a_,(t 
4 al le(w, k)I2 ab 2 
‘(2 - 3 =r) 2y (48.2) 
9p op” b * 


We continue the calculation with the function: 


2 
mv —#,) 
fq = hem? l~ Fit sa 
Then, 
be (2 —S)) pity eng [ee bee) (hewmen er 
0p op’ a’b kpt Qa b a*b 
(48.4) 
(1) We consider the result of the substitution of the first term of (48.4) into 
(48.2). Noting that 
baad 2,2 2 2 
Wo T wa 
fale. iam a SRS ae | coo| a -(y ry x + ag ( ; ! = 0 
0 
we transform the first part of (48.2) into 
| > e,7, | 4p y1,] = 08 cos Wt (48.5) 
a 
with gos 
e-etnn e e 
01 =- >> aibab (<2 - 2) pab (48.6) 
k T m, =m, 1 l 
a b B 
and 
co (Ww 
ab l [x -E(t)]° l 
I -4| avr | ak apap) ———— —— 3 
ae kt g(t) \le(w.k)| 
wet? 
> cos G *y—key’)T+a We | £0) 50 : (48.6), 
(2) Substitution of the second term of (48.4) into (48.2) leads to 
( e,7, | 4p» I, ) =— vj (48.7) 
a 2 
where 2 
2e2 ey e é 
> er aemererst (aac of (48.8) 
n_—e ) Ms 2 
a b K.P (e, a “bb 
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and 
rey | ac| dk dp dp’ =a : 
2 a ; ko J le(w, k)| 
w? 2 
cos lca: y—kev!) Tt + a,,(t) a Ags : (48.9) 


st 

Here we used the fact that jf =35 (e, ne, n,) (u —4,)- 
The expression (48.5), added to the first term on the right-hand side of 
(48.1) defines the effective field in the plasma in presence of a strong external 


electric field (with wW, <w,) and taking account‘'of the average dynamical polari- 


Tee a 
zation. 
The second term (48.7) describes the dissipation in Eq. (48.1) and there- 
fore defines the conductivity of the plasma under the same conditions. 
We consider these results in the case of the weak field, but with due 


account of the polarization. In that limit, Eqs (48.6), and (48.9) yield: 


ie 3 mom, 
yeh - oS Mee og. Mie — a (48.10) 
1 3 Be aohrey 
nee max (w) 
pee “a (24 = ) | & opts 7) (48.11) 
é M B 0 le(w,k)| 
From (48.10) and (48.6), we find 
ke Be 
a= Ei, Aes ep (48.12) 


~ "6 rp U.. B 


and, adding (48.5) to the first term on the right-hand side of (48.1) we find the 
effective field [41 , 49]: 


E oer = (1-4 —<_\ g (48.13) 
D B 
Thus, the difference between the effective and the external field is proportional 
to the plasma parameter U ~e*/r) kT ‘ 
We now consider Eq. (48.8) for the damping rate v of the current. In the 


weak field limit, (47.13) reduces to 


f 
(w) I 2 | a 

1 = e-n dp (48.14) 

(a) } enn Bes Je(ke vk) 


Cc a 


As is is Maxwellian, we may use the result (36.19). Thus (48.11) becomes 


I See r ge _ 2(2n)? 2) n(1 4 roe \ 


d 3 ; $e yr? 3 kT D max 


(48.15) 
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We substitute this result into (48.8) and obtain 


4 (2m)? etn 2 42 , 
eee ara ae + 
v 5 nee {n ( a 2 | ‘ (48.16) 
From (48.13) we see that, for e-=ie,l, the effective field is independent of the 


index @, hence (48.1) combined with (48.13), (48.7) becomes 


Of e7n 
—t+vuyj=—E : (48.17) 
0 Pry eff 
It then follows that 
en I 
j(w) = — —— E _,,(w) = o(w) E ,.(w) (48.18) 
yw. : eff eff 
et —twt+v 
and the real part of the conductivity becomes [7]: 
2 
Reve (ae ee (48.19) 
Yet wr tv? 


with v given by (48.16). 
Had we used the Landau collision integral, we would have found in the 


expression of v: 


2 42 2 — yl = 
2n ( + rene | =L' —> 2n rp ae =] (48.20) 


where LE is the so-called Coulomb logarithm. From this equation 


1 959 
oe k for r_k < | 

Li- L= D max D max (48.21) 
—*p Kea -oE "py k max =) 


In a static field (w,=0) the substitution of L for L’ leads to a decrease of the 


conductivity, as 


o(w=0) = etn (48.22) 
Hot Te 
and L’ >L. 
49, FLUCTUATIONS IN THE PRESENCE OF A MAGNETIC FIELD 


We consider the influence of an external magnetic field on the spectral 
density of fluctuations in a non-relativistic piasma. In that case the transverse 
electromagnetic field created by the particles is small. Therefore the descrip- 
tion of the fluctuations, to the approximation of the second moments can start with 


Eqs (27.7) —(€27.10) in which we set 


e 
em 
oe MY XB). (49.1) 


Thus, the basic equations are: 
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—+ po— + — (vpXB)-—)(6N_—-éN =—-e@ E.——— 
(2 : OF C i ) 3p a a "a op 
VxéE=0, VsE = 40> e, | dp 6, (49.2) 
a 
5 5 en 5 ( source 
—-+typ. + — (vXB)- ) 6 su) = 0 (49.3) 
& ary. 2 | 3p ¢ Le t,x! ,t! 
( \source 
GN, 7, =§ , 6(x—2')n.f (x’,t!). (49.4) 
ET geal gt pag OP ne ke 
In equation (49.2) the term 
Ot 
e_( X 6B) - sp (49.5) 


is absent. This happens whenever ds depends only on the components of the momen- 
tum which are longitudinal or transverse with respect to the vector B, i.e., Pe 
is independent of the angle variable in momentum space. We will only consider here 


such distribution functions: 


I L 
f (pst) = Jah? » DP pt) 2 (49.6) 
In that case the quantity (49.5) vanishes and the equation for Le 1s 
of @ 
a a J 3 | 
at ae (21)? op a k,p,t 


It follows that the function (49.6) is slowly varying in time. Thus, for an ideal 
plasma, the retardation of the function J can be neglected and the fluctuatior 
process, under the assumption (49.6), is stationary. 

In the case when the distribution function depends on the phase, the fluc- 
tuation process is no longer stationary. The calculation of the spectral densities 
must then be done in analogy with the methods developed in sections 41—46 for the 
problem of a strong, high-frequency electric field. 

We now solve Eqs (49.2), (49.3). Consider first the characteristic equa- 


tions: 


dp _ *a (yy py , Ss (49.8) 
dt C dt 


We denote the initial values (at time t’) of the position and momentum by R°P. 


The solution of (49.8) is then: 


p = (P-b)b + [(6 XP) Xb] cos Q (t—t') + [PX] sinQ (t —t') (49.9) 


(b-P)b [ (8 XP) xb] 
r =-R+—— —_—— (t—t’) - — 0. ae (t=t" } 
ie ma 4 a 
+ ED eas Q (t-t")] (49.10) 
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with the notation 


Pee ies ; (49.11) 


We also have the inverse relations 
P=(bep)b+[(bxXp) xb] cos 2, (t’~—t) —(b Xp) sin 2, (t’ —t) (49.12) 


(b+p)b [(6 xp) xb] 
+ ——_—. (t'-t)+ 


Q aa 
b X 
ee 2, (t'—t) | i (49.13) 
a 


Along with the vectorial expressions, we shall also need the separate components. 


Taking the vector B parallel to the z-axis we find from (49.9) 


= aaraed + ; —_ +! 
p= P, cos 2, (t=¢") Py sin 2) (t—t’) 
= oe : _ yl 
Py se cos Q(t bc) P. sin Q(t t’ ) 
Pees Es (49.14) 
and from (49.10) 
P P 
r= Rk, +—3 sing (t-t’) +—%— [1—cos 2 (t-t')] 
a”'a a’a 
P ae ; 
oa $ NN as, i = = 
ro Ry + a sin Q (t-t’) — => [1—cos2,(t-t’ )] 
a’'a aa 
P 
r =R +—* (t-t’). (49.15) 
2 zm, 


Using the solution (49.12), (49.13), we find from (49.2) 


5N (wok sp) Ss se ce 


a (wk. p) 


—-en fax exp {- nc4dfortk+(R(-1) — If 


aa 


: f_(P(—t),#) . (49.16) 
Pp a 


* 6E(w,k) += 


Here we used the fact that 7, is slowly varying in time. For B=0 this expres- 


sion reduces to (35.2). From Eq. (49.2) for SE we find 
tk 
6E(w,k ) =F uy > 4mé, | ap SW (wok sp) 7 (49.17) 
a 


We substitute now the expression (49.16) and find: 


KTNG - G° 
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€ (wk ) SE(wik) =~ Sande, | dp SN EOMFCE (uy kp) Shp POUNCE Ge), 


zs (49.18) 
We introduced here the dielectric constant of the plasma in the magnetic field: 


At etn 


c(uyk) = 1-4 2-2 | ac] ap exp arte lor +h + (R(-t) —n)]} 
a 4) 


at AE T) 3 t) 
ke es  S (49.19) 
ap 


We transform this equation using the condition (49.6) which implies that 


fAP(=7)) = Ss (p). We also use the relation: 


af (P(—t) >t) - of (P) : Py of (p) 


= P(—1,k) > —* — (49.20) 
op OP, d ap. op 


° 


where the vector P(-t,k) is defined by Eq. (49.12) in which the vector p is re- 


| 


; i F a : 
placed by &k. We introduce a cylindrical reference frame, Pp , Dp, with the 


Z-axis along the vector B: 


P,= Pp cosh , k =k cosp 
ae a sind , hea k~ siny (49.21) 
We then obtain from (49.13) 
Io eae 
kK°R(-t) = ker -~-ko ov t = | sin (¢—-p+Q 1) — sin (¢-v)| (49.22) 
a 
af af of 
P(—t,k) »-—% = «! — + cos (¢—W+2, 7) ke — . (49.23) 
ap dp dp 


In this equation we used the fact that i is independent of $9. 
We now substitute Eqs (49.20), (49.22), (49.23) into (49.19) and use the 


expansion 


SON Seay -w). geke. (49.24) 


7a ror) a 


As the distribution function is independent of $, we may integrate over this vari- 
able, by using the relations: 
27 
l : ‘ 
ae x _ —W +2 T) + tm(o— 
>> | do I (x) 1, ) exp | in(o—p +27) (9 »)| 


nm 0 
-2 72 (=) exp (— tm QT) (49.25) 
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222 | do 1,(2) I4(2) exp |—in (9—v +0, 1) + im (6 -¥) | 


m _9 . 
-cos($—W+Q, tT) => = T(z) exp (— im QT). (49.25) 
m 
We also note the relation 


—t | ae exp |-ac + t (w—mQ aH yp!) r| pe ee 
a 9 er 
0 wo —m2, — k Doe ak 


We thus obtain the following expression for the dielectric constant 


4m ef n, ee 
e(w, k) = 1 aes a> | ap" “ Te (Kz) 


m 
a ma Ra 


I c) 
: ‘ apt — x | i (p! ip >t) . (49.26) 
w—k v —mQ, + 7th v 


Under the condition (49.6), the expressions (49.19) and (49.26) are equivalent 


We now study the spectral density of the field fluctuations. Going back to 
(49.17) we find: 


| (4n)* en ey source 
(sese)  - LD SY “2° ap ap! (u, sm) 
* fuk fel(wk)[” @ b k? 


w,k,p,p’ 
source 
(se - 56) 
= w, Kk 


_. (49.27) 
le(w,k)| 


In order to define the spectral density of ere we consider Eq. (49.3). 
Using the slow time variation of f , we find 


,» to eeepc order in the retardation: 
source 

(sn, 51) 
wWi,k,p,p! 


= 26,7, Re | dt exp {- Ar 4 t E +k-(R (—T) -r) |} 


- 6(P(— 1) — p’) f, (pot) - 


OQ 


(49,28) 
Hence 
(se eyes : > (4n)? e* n 
wk a Re 
+ 2 Re | dt | dp exp {At 4 t & +k+(R(-1)-9)]} fip»t) » (49.29) 
0 
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We use again (49.22) and the expansion (49.24), integrate over $ and use (49.25) 


We note ; es 
2 Re | dt exp |—a7 + t(u—k! y! —m9,) +] = 27 S(u —k! yl m2) (49.30) 


0 
and we find the desired Pree 


source (47) 
(sx 8E) 2 “a #2 5 | ap! amp! | dp 
m 


ltl of ko! i 
—k v —mQ,) | . ) fp SD gt) (49.31) 


© 27 6(w 
Substituting this expression into (49.27) we obtain the spectral density of the 


field fluctuations. 
We now investigate the spectral density Re (Sy, SE) z which defines 


From (49.16) we obtain 


source 
e (on k +5) = Re (en k> 6B) 
a a 
W,k ,p Wk ,p 


the collision integral. 


—e,n, Re ax exp {arse [wt +k-R(-1t)—-ker |} 
0 
9f,(P(-1)) 
° K (ee, 68) ———_—— (49.32) 
7 w,k OD 5 
We can average it over the angle $@, 
From (49.17) follows that 


We first consider the second term. as 


the collision integral does not depend on this variable 


6£ is parallel to k, thus 

( kik, 

6E. se, | = — (su-6) (49.33) 
eel wW,k k? 


and this tensor can be determined from the spectral density of the field fluctuations 
We substitute (49.20), 


w,k 


We now transform the time integration in (49.32) 
(49.22), (49.23), average over the angle, and perform the Tt-integration, using Eqs 
The second term thus becomes : 


(49.25). 
2 Kv" ) Heol ( } 
ae ih r (< S(u— kl yl —ma_) (6E-6E 
a a2, m Q6 ( _ a) w,k 
mQ 
L 
(x! 2, +2) Pore »t) (49.34) 
v 


We now transform the first term on the right-hand side of (49.32). Using (49.18) 


we have : 
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source ¢ source 
Re (6W_k*SE = Re —*— > ane, | dp’ (8n_ 5m . (49.35) 
a * b ab } 
W,K,p € (w, k) b Wik ,p,p 


We substitute (49.28), sum over Db and integrate over p’. Noting from 


(49.6) that fi(p) =f (P(—1)) we find: 


Re (sn Ke SE) 
a 


Wyk yp 
tein, 
= Res 2 Re | dt exp {-ar ti [at + k*R(-T) —k-r|} f(pst) 


We substitute Eq. (49.22), expand in Bessel functions, average over the 


angle, use (49.25) and integrate over T. Using Eq. (49.30) we find the following 


expression: 

27 
oh. 
27 J dd Re (ow k- SE 

0 WK ,p 

2 
8n Ime (wk 
Seas 6(w x! yl — me ) i (pl! pst) (49.37) 


le(w, &)| 


From (49.26) we have the imaginary part of the dielectric constant 


2 2 a > @] 
4m ern 1t 
Im €(w,k) =-> piri 2 dp* amp" dp! » ie eae 
2 m = Q2 
b ke 0 im b 
mQ 
COS O) SO | A ep oe (49. 38) 
b ll 1 1 b 
ap v dP 


Equations (49.32), (49.34) (49.38) define the spectral density (Sa, bE) icp 
b b +] 
averaged over . We integrate this expression over wW, in order to obtain the 


spatial spectral density, with the result: 


an en 11 
J _._ @a 2{kov 
x | dp Re(OV, k+ SE), y = 5 Dae 7 ) 
0 
871 Ime(w ,k) L 
° (se- 55) le | ——— Ae aD ee) 
W,k P le(ws k) | zl I 
ee eS (49.39) 
where we introduced the abbreviation 
m9 
E | =e ee (49.40) 
op ap v Op 
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50. KINETIC EQUATION FOR A PLASMA IN THE PRESENCE 
OF AN EXTERNAL MAGNETIC FIELD 


We write Eq. (49.7) for the collision integral in the form 


e 
a ! k 3 
a re | dk +2 (an k- SE) (50.1) 
a (27)? k? op a k, p 


As the left-hand side of the equation does not depend on 6, we average (50.1) over 
this angle. In order to obtain an explicit result we proceed as follows. We use, 
as in section 49, cylindrical coordinates with the z-axis along B: $6 is the angle 


between B and p. Then 
L 


Ll - 7 
ke = kl + cos (d-v) ke 7+ sin (o-y) 4 S (50.2) 
3p dp P 6 
We represent the spectral density appearing in (50.1) in the form 
Re (su k SE} 
a k sp 
(m) 
= exp E sin (o-w |S exp | em (o-¥) | (sn k- sE] 
‘ k 
»P 
m 
1 it 
2 x (50.3) 
Qa 


In order to find (51, ke SE), p we substitute (49.24) into (50.3) and 


average over $: 


27 
1 (m) 
| do Re (6w k sE) 7 I (4 Z ) re (sw k SE) ( 
ey e —— e 50.4) 
27 ! Qa kp 2 m QO a k>p 
Comparing Eqs (50.4), (49.39) we find 
(m) 1 ot 
Re (sw, k -8E) =-1e,n, 1, (2 ) 
k ,p a 
5 81 Ime(w,k) 1 ot 
° (se -6£) [A 5 _— cine 4 2D st). (50.5) 
w,k P le(w,k)| I 


wek! y #mQ 
We now substitute (50.2), (£0.3) into (50.1) and average over o. Using (49.24) and 


the results 


27 
SF t,(2) si | ae exp { en(o—w) ~ 4m (6-v)] = 2, (e) (50.6) 
n 0 
277 
Y Z,(2) bf ao cos (6-v) exp [in (g—v) — em(4—v) | 
n 
= 5 [Tei * Zed] = 2 12). (50.7) 


we obtain 
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277 
e lil (m) 
7 | 46 19st) = Gt S| ae |e S| 2, ("-) (ong & +E) 
as p,t)=— dk |k -« I |———)(6N_k°&éE . (50.8) 
27 : a a. ap > op m\ a k ,p 


Substituting Eq. (50.5) we find the desired expression for the collision integral. 


We write it in two forms. The first one is the Fokker-Planck operator : 


r (p!.p', @)= Z| ak {[x- | of ol! vo eye: 


d ll od 
2 an (p »p st) 


p) 
R) ll 1 I ot 
+ [ee 2] alr el aet se) 4, (ol set ae) (50.9) 
The coefficients are defined as follows 
e 1 ot 
pe = —t— 7? (") (se -6e) cc (50.10) 
16 12k? a kv +mQ, yk 
eo Dock ime (ke! y!! +mQ_ ,k) 
(m) _ a 2(k-v a’ 
297 k? a le(k v +m, »k)| 


As in section 37, the diffusion coefficient is defined in terms of the spectral 
density of the field fluctuations, whereas the friction coefficient is proportional 
to the imaginary part of the dielectric constant. 

In order to obtain another form of the collision integral, analogous to 
(37.1), we use Eqs (49.27) and (49.38) and find 


Dn, 2 2, | dr’! 2up' | dp! 'l | ax’ nk’ | dx! 
b mm! 


— 
I (psp st) 


p) ab d 
E il. eam! {[« ys i" 
A] It 1 rill ord 
-|k ay ey fii(p sp >t) f,(p sp +) (50.12) 


where 


9 (50.13) 


The kinetic equation for a plasma in a magnetic field, taking the polariza- 
tion processes into account was considered in the work of Rostoker [36], Eleonsky, 
Zyryanov and Silin [37], and in references [38.8]. In earlier work, Belyaev [39] 
studied the kinetic equation of a plasma in a magnetic field without taking polari- 


zation into account, i.e., an approximation analogous to the Landau approximation. 
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In the Landau approximation there is a divergence in the kA-integration in 
the collision integral. Therefore we must put the limits (38.2) on the integration 
range. The lower limit corresponds to an approximate account of the polarization. 

In the presence of a strong magnetic field, when the Larmor frequency and 


radius, Qe» r, are such that 


i. > We Rr < Py (50.14) 


the inclusion of polarization effects is not really necessary, as in that case 
the divergence at small k disappears; therefore the effective value Laan is 
hain < ai ; 

Thus, the influence of the polarization in the collision integral is impor- 
tant when 
Q, < Wr» Rr > ry: (50.15) 
The expressions (50.9), (50.12) for the collision integral are very complicated. 
They can be significantly simplified if the effective potential (sect. 47) is used, 
thus taking into account the averaged contribution of the dynamical polarization. 

We note that in the Landau approximation the limitation (49.6) on the form 
of ae 1S not necessary; one can also take into account the fast variation of the 
distribution function. There is an undoubted interest in deriving the kinetic equa- 
tion for a plasma in a magnetic field, taking polarization into account, and with- 
out the limitation (49.6). 

The methods used in this chapter can also be applied to quantum systems. In 
that case, unfortunately, we cannot give the correSponding results. We only note 
that a substantial contribution to the investigation of processes in strong magne- 


tic fields was made by Pavel Stepanovich Zyryanov, who died tragically in the winter 


of 1974. 


CHAPTER 9 


The Spatially Homogeneous 
Nonideal Plasma 


51. SPECTRAL DENSITIES OF NON-STATIONARY PROCESSES 

For the calculation of the spectral densities defining the collision inte- 
grals of nonideal plasmas it is necessary to take account of the retardation of the 
distribution functions. In other words, one may not neglect the change of the 
distribution functions over a correlation time of the fluctuations defining the 
kinetic processes. As a result, the fluctuation process becomes non-stationary, and 
we must devise methods for the calculation of spectral densities of such processes. 
We first consider some examples. 

Consider a process characterized by the following stochastic functions of 


time: 


x(t) : x(t) sede z(t) . (51.1) 


We assume that the average of these functions vanishes, and that their (one-time) 
second moments are given functions of time. For a stationary process, the latter 
would be time-independent. We introduce now the following two-time correlation 


functions: 


o.c(6,t-1) =o... (t,1) = (e,(t) 2, (€-1)) 


(51.2) 
bulb, t= t) Pata) = (x(t) x .(t—1)) ' 


Jt 
For a stationary process, these functions 04 do not depend on t, and obey the 


following relations [45] 
(x(t) x.(¢—1)) = (2 ,(¢+1) w.(t)), (51.3) 


i.e., the correlations are invariant under the translation: t*t€+1T. We then con- 


clude that, for a stationary process, 


o..(T) = o..(—T). (51.4) 
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In the linear approximation, the functions $6..(¢t,t-—tT) obey the following 


td 
equations: 
d 
Fe oagl* ,t—t) + d ok Ong t »t—-T)=0, T>0 
(53.5) 
d - 
ae ogalt »t—T) + dow dy g(t get) = 0 — 70 
which must be solved with the initial conditions: 
st st=7) = (x. x.) 
+d tet—t ee ee 
(51.6) 
biilt.t=7T) Sa Ge ee oe : 
is t=t—t ae ea 


For a non-stationary process, the spectral density is defined as follows: 


co 


[ \ LWT —twt 
(25-2) - [ arqe, =,) e + (x.z.) e \. (51.7) 
eG 0 . v't,t—1 d et, t—T 
It follows that : il 


Thus the spectral densities of a non-stationary process are defined as one- 
sided Fourier transforms in tT of the correlations o,,(¢ ,»t—T). 
In the case of a stationary process, we may use (51.3) in (51.7) and change 


T into —T in the second integral: we then obtain the usual definition: 


co CO 
TWT _ LWT 
(x, Hs) = | die: x) e = [ avo, 4(c) e ; (51.9) 
t,t~-tT 
-c co 
The Fourier transforms of the correlation functions are 
ce 
\ 22 vl | —tu)T 
eatin =— | dw(z.r.) 
L 2 wWw,t 
Jt t—t oe 
(51.10) 
] . * twt 
(x. x, =— | du(z., x.) 
\ Da 27 2 EA Git 
—0o 
From the condition of reality of the correlations, we have 
* 
PEE Ngee: See ag 
(51.11) 
(x. a.)* es oar ee | 
Oe ae ji bt’ sw,t 
We now consider as an example the case of one random variable. In this 
case, instead of the two functions (51.2) we only have one: 
d(¢ »>t—tT) = o(t,7T) = (x x) ; (51.12) 


ig =F 
It nbeys the equation 


we Olt, t—-t)+AG(e,e—-T)=0, O(e,t-t)],.,_,=427), 9 GI.13) 
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Its solution is 


-i 
o{t,t-t) = e ee oe 3 oO (51.14) 
and from (51.7): oo 
Ca ee = 2Re [an (ro), yy go (51.15) 


Substituting (51.14) into (51.15) we obtain the spectral density of the non- 


Stationary process: a3 


(x7) = Re |e ott ee Pty, g (51.16) 
w,t \ / 
; t--T 
0 


For a Stationary process, this expression reduces to 


24 (07 


— 
8 
nN 
a 
II 


SSS (51.17) 
we +2 


The expression (51.16) for the spectral density of the non-stationary process can 


be represented in the form: 


fe =) 
2 = -d|t] tut 2 
(x Nine = | are e (x Maik, : (51.18) 
-© 
Both expressions (51.16) and (51.18) satisfy the condition: 
oo 
ede 2 {42 
= | du (x doe =h2 Nese (51.19) 
=—co 


We note that the general expression (51.15) can also be written in a form analogous 


to (51.18) : 


foe] [ee] 
Twt _ LWT 
(x?) i= J dt\aa), t-|rl ? v= | ax (x2), la} ° vier (51.20) 
9 —o b 9 
—oo 


The corresponding inverse transformation is 


oo 


~] ning 
2) eigen) | dw (2°), 4 ¢ CUE (51.21) 


We now consider the corresponding Langevin equation. For the case of one 


variable it is: 


at +e = E(t) , (51.22) 
where & is a random source: 
(E)= 0, (ES), gr = B(t) S(t-2’). (51.23) 


We now derive the relation between the intensity of the source fluctuations, 
B({t), and (ae). for a non-stationary process. We use the solution of the Langevin 
- 
sop 
x(t) = | dtl go ™P—-8) e( ery (51.24) 


—oco 


equation 
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and from (51.23) we obtain: = 


(2°), = | at Borne B(t—t) . (51.25) 


: F ; 2 er 
Thus, in the non-stationary case, the relation between (x } and B(t) exhibits the 
retardation effect. 


From (51.25) we may derive the differential relation 


2 
Z(x2) + 2ra ),= B(t) . (51.26) 


In the stationary case, both (51.25) and (51.26) lead to the well-known result: 


B= 2\( x7), (51.27) 
Corresponding relations between the spectral densities can also be derived. 
We substitute Eq. (51.25) into (51.16) and perform an integration by parts. Asa 


result we find an equation for the spectral density 
co 


d 2 9 -AT+ twt 

= ae + 2h (zx = 2R | dte B(t=—T]) 51,28 

F(#7) 2A (27), = aRe (t—1). 51.28) 
0 

If we integrate over w and use (51.19), we recover (51.26). 


For a stationary process, Eq. (51.28) yields the relation [45] : 
B 
(x7) = oe 8 (51.29) 
W) w + 
Because of (51.27) this coincides with (51.17). From the definition (51.23) follows 


that, for a stationary process: 


CEES BOT) a AGE). Hues (51.30) 
T 
hence the relation (51.29) can also be written in the form 
(e*) 
(x*) er ae (51.31) 
Ww +r 


This equation provides the link between the spectral densities (aro, and came 


for a stationary process. 


For a non-stationary process, the spectral density of the source is defined 


as follows: oo : 
7a ae ara = 2Re [ax ie aes | Ce (51.32) 
b 
0 


Equation (51.28) can thus be written in the form 


ee eh (2?) .- Cail (51.33) 


W 5 W,t 


We may obtain still another convenient form of the equations for the spec- 


tral density. From the Langevin equation (51.22) we find: 


THE SPATIALLY HOMOGENEOUS NONIDEAL PLASMA 


dx 
dt ; =-A(re) y+ (Ee), 4 
t,t-T 
dx /\ / \ 
oe Sy + 
(« dt ANGE Pe ee N@Ele goa- 
t,t-t 


2 
PONE Nip ee PE 


oO NS 
aut 
e+] 8 
8 
nf 
ct 
ll 


“——s 
8 
i 
+18 
Sa 
E 
ct 
| 


ie (2°), Pe ree. 


> > 


Adding these equations, we obtain 


d 
= (27) + 2A(z"), a (Ex), , + (xb), , =2 Relat), .. 


From the general formula (51.7) we get: 


[o 2) 
LWT —tWT 
(x & ) = | at | xt) e + (Ex e |. 
W,T : ( as Vitae B ( ee 
Thus, in order to define the spectral density, we need the two functions 


3 ee 1 eee 


Using the Langevin equation (51.24) and (51.23) we find 
[o °) 


. — rt! oe : 
22 ae | ae (EE) pe" * Bet) 
0 
bag / . / 
ee) | av" (EE) t-t-1! -| dt’ e*™ B(t) &(t4t’) = 0. 
; 0 0 


Collecting the results (51.37) —(51.39) we get: 


[= 2) 
j Rie OO ge a. 
0 


2Re (xe) - = 2Re 
> 


(51 


(51 


(51 


(51 


(51 


(51 


(51 


Substituting this expression into the right-hand side of (51.36) we recover Eq. 


(51.28). 


52. SPECTRAL DENSITIES OF THE SOURCE FLUCTUATIONS IN A NONIDEAL PLASMA 


Corresponding to (51.7), the spectral density of the fluctuations 6W,5 


N 


203 


34) 


35) 


. 36) 


37) 


. 38) 


39) 


-40) 


b 


for a nonideal. spatially inhomogeneous plasma is expressed as follows, in terms of 


the correlations: 


[oe] 
. - gd 
(sw, 60, ) = | d({(r—r’) 
o,k,t,r,p,p’ 0 
; —-fe op? 
. {sw $15) at (ut kert+ker’) 
° t,t-t,r,r-r',p,p’ 


+ (om, 61 ) aca 
/¢,t-tor,r-r' sp, p! 


(52.1) 
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We thus have the following symmetry property : 
* 
(su si) = (sw sw, (52.2) 
- La ky tyr yp, p' oe wrk,t,r,p’,p 


We obtain a convenient form of (52.1!) by introducing the symbol : 


+ 
(sy, én, 
wiyk,t,r,p,p’ 
; [ar | acr—oyGn sn) st (wt-kert ker’) 
a 
, t,t-Ttyr srr’, psp! (52.3) 


It then follows that 


(60, oy) 
wW,k,t,r yp »p’ 


x 
= (sw, én) + | Ga ow.) . (52.4) 
wrk,t,r pp’ wrk,t,r,p’ yp 


For a stationary and homogeneous process we have the relation: 


(su, sH,) = (on, sn, ) (52.5) 
t,t-t, r,r-r’,p,p! t+t,t,r+r’,r,p,p’ 


analogous to (51.3). Equation (52.1) reduces in this case to: 


(sw, 6, 
Wrk,p,p’ 
Ps y —~Ke e / 
- | ax f a(r—r') (61,815) ot (wt-kerther’) 
~co t,t-t,r,r-r’ ,pyp! 
= | dt (sm, sm, gre (52.6) 


t,t-t,k,p,p’ 


—0o 
In this chapter we study the kinetic equation for a nonideal, but spatially 


homogeneous plasma. The corresponding random process is homogeneous, but non- 


stationary. The spectral density is then defined by 


(sx, 65, 
wrk,t,p,p’ 


= | an (sx SN ) eee + (61 SN ) eae 
aD / boa / 
0 t,t-t, k,p,pD t,t-t,-k PD sp 
+ + ; 
= (0, sm) + | (6m, én) | : (52.7) 
w,k;t,p,p’ wrk, t,p’ sp 


This equation will be used now for the derivation of the spectral density of the 
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source fluctuations. From (34.1) together with the initial condition (33.11) 
follows the equation for the spatial spectral density of the fluctuations oe 
p) ; source 
(2 42ers +) (6W, sm, ] =0 (1 >0) 
dt ; t,t-1 hsp .p! 
(sn SN ee 5, 6(p—p') f_( (52.8) 
=n P-—p p,t-T). ; 
ab t,t-1,k,p,p'|t=t-t a ab a 


The solution of this equation is: 


(6 SN -At-tk-vt 
a’ b 


source ; 
=n, 5p S(P-P de fi(p» t-t). (52.9) 
; 
t,t-t,k,p,p 
In the same way, we obtain an expression for the following function, appearing in 


(52.7): 


source _ dt: 
ON, 5u,) =n 6 p S(p-p')e eee eae (p,t-t). 
, aa a 
t,E-T,-K,p op 
(52.10) 
We then find from (52.7) the expression for the spectral density: [7] 
source 
(aw, 61) 
w,k,t,p,p’ co 
~At+ t(w-K + v)t (52.11) 
= 7, 64, S(p—-P’) 2Ke | dt e ( fi (p,t-t) 


0, P 
From this expression, to zeroth order in the retardation, we recover Eq.(34.11) for 
an ideal plasma. 


From (52.11), we may derive the simpler spectral densities, such as: [7] 


(sw, se )fouree = ue 4 e,n, 2Re | ac g ATH t(w-ks vt fi (p,t-t) 
W,K,t ,P 
e-n 
source -Art¢(u—ke 
(sj 5) =4ni> 8 are | dt [ape At+i(w-k They f_(p,t-t) 
k 
wiyk,t a 0 
(4m)? eon ra 
source Shee (Gis 
(se-66) = > —_? 2ee | ax] dp e Atte (unk »)T 5 (p,t-1). 
Wik ,t 5 k 0 (52.12) 


Integrating Eqs (52.113), (52.12) over w we find the corresponding spatial 
spectral densities. For instance, 


source 
(sw 6, ) =n 6 ,6(p-p’)f(p,t) (52.13) 
a b P a ab a 
kK ,t,psp. 


In performing the w-integration we used the identity : 


3 | as ax Ot ey So Fs (52.14) 
—co 0 


We now consider, instead of (52.8), the corresponding Langevin equation for 
source 
6, 
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.) ; source _ 
(2 +ck-» +a) én, = y\p,k,t) (52.12) 


Here Yn is a delta-correlated source. Its average is zero, and: 


(y y,,\ ss ps a fat 
a Diet 4" ok, pop! Bp \P>P at ) 6(¢ t ) (52.16) 


where B oD is the intensity of the fluctuations of Yo? Yn 
We now derive the relation between the intensity and the function (52.13). 


We use the solution of (52.15): 
2 


— — / i e me / 
SreOUFe? (ky pt) = [av’e a a yy (kD ot!) (52.17) 


This expression, and the corresponding one for ON, is combined with (52.16) to 


yield: 


co 


source re See eee eee 
(sn 5, | -| dt e 2At-t(kew—kev')t B_,(p,p’ ,t-T). (52.18) 
a~b ; ab 
k,p,p’,t 


Comparing this equation with (52.13) we see that the function B ab has the structure 


Bop (pep! st) =6,, S(p—p') n, B(pst) . (52.19) 
Thus (52.18) reduces to 
source rs 
= -2AT / _ 
(su, 84, ) = dte Bp \ PP ot 32 


k,p,p',t 5 


From this expression follows the differential relation 


( d 4) (" 5 ‘a ; | j ’ 
—+2 "NOON =B i ,(p,p',t). (52.20) 
ae GPL depp GP 


Using the relations (52.13), (52.19) we obtain the relation between B. and J : 
[(d/dt) + 2A] Fi(p.t)=Bo(p,t) . (52.21) 
In the stationary state, we have 


BLAp) = 24f,(p) (52.22) 


and thus source 


/ = : 
B pl P> p’, t) 2a(sw, 7 eae 


Finally, we derive the relation between the function Bh and the space- 


(52.23) 


time spectral density (52.11). We eliminate the function ie from the latter equa- 


tion by means of (52.21). As a result we find 


C source 
dt w,k,t,p,p’ 


2 re | ee a ad 


Bopl\P>P's,t-T). (52.24) 


Note that (42.21) and (52.24) correspond to Eqs (51.26) and (51.28). 
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Using (52.21) and (52.24) we can obtain corresponding relations for the 
spectral densities of the fluctuations of No» SE and $f, For instance, the 


equations for the spectral density of the field fluctuations are: 


2 2 
4n)" eon 
0 ee ( aa 
(2 +2) (se se)” ¥ 2 2 | dp B(P>t) (52.25) 
5 source 
(2 +24) (se -5E) 
dt wi,kK,t 
2 2 oo 
(41) eon : Ay eee 
=> —24 | ar | Agee PU tp ey (52,26) 
a k 0 
In the stationary case, Eq. (52.26), combined with (52.22) yields (34.14). 


53. THE LANDAU KINETIC EQUATION FOR A NONIDEAL PLASMA 
The collision integral can be expressed in terms of the spatial spectral 


density of fluctuations 6M, , OE. For a spatially homogeneous plasma this expres- 


sion is: 
“a ] -) 
I'(p,t) =-=- 
a n, (27)3 0p 


| ak Re (80, SE), yg: (53.1) 


The equation for the fluctuations follows from (33.6) : 


6N (kop st t) = 6neOF" (kp yt) 
7 me ae of (p,t-t) 
—-en | ee a a! »T SE(k,t-t)> — (53.2) 
aa op 
0 
Kk 
SE(k.t) sony Die | ap SN (k,p,t). (53.3) 
k2 e a a 


Substituting 6M, from (53.2) into (53.3), we obtain an integral equation for 6E: 


.° vi = eee hae of (p ,t-T) 
Pega 2 sne2n, | dt | dpe a wT fies = RK c=T) 
a op 
ae oD Ane, | dp Tale fipue) = §E SOUrCe (4, 4) (53.4) 
a 


We solve this equation by using perturbation theory. To zeroth order, we have 


Bp? aS Ee SOUEEe (53.5) 
To first order: =e 
oy ree ae of (p,t-T 
gEY = BS ar reins | 4 th) apie PPTs a 
“a a Op 
a 


0 6B BOURSES (x t-T). (53.6) 
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We represent the spectral density in (53.1) as a sum of two terms: 


ind 
(sy, SE) = (sw, 5] . + (sw source SE) (53.7) 
k,p,t k,p,t k,p,t 


From Eq. (53.2) follows that 


ind 
(sw E) 
a 


K,p,t , 
, = * af (p,t-T) 
ee fa "a | ave St #H¥T (oe. 58) eS (S54) 
ke 4 k,t,t-t dp 


This expression is proportional to the spectral density of the field fluctuations, 
hence it defines the induced contribution to (53.7). 


To first order, we may write in the right-hand side of (53.8): 


* * source 
(sE- sE) Z (se -5E) (53.9) 
k,t,t-t k,t,t-t 
The spectral density of the fluctuations Ghee ae determined from (52.9): 


* source 
(sE-6e) 


k,t,t-tT 
2 2 
(47)“epn > oT ee 
-> —*? | dp’ e Rees f,(p’,t-t) . (53.10) 
b k 
From (53.8) —(53.10) we obtain: 
i kik. 
ind 
e,(6u, 6e,) "= (an)? 2 etnin, ad 

k,p,t b k 


- ee eee af, (p,t-t) 
: [ar | ap’ 2 2AT t(k y—k et i is ° eae f, (Pp! ,t-t). (53.11) 


0 


We now go over to the second term of (53.7). Using (53.5) and (52.9) we find, 
to zeroth order: 
source (0) tk 
(60s E) =~ 4nen fi(p,t). (53.12) 
K,p,t * . 
This expression does not contribute to the collision integral, as it is purely 
imaginary. 


To first order, using (53.6), we find 
co 


(1) ; - : / 

source 1 > 2 / At+tkev'T 

(sw; 5) = ye 4T ebm, | de | dp e 
»P,t b 


af,(p! .t-T) source 
k «——_——_ (sw, 5) 


5 (53.13) 
3p kK ,t,t-tT, p 


From (52.9) we obtain 
source . 
(sw, 6E = E qne ne 
k,p ,»t,t-T 


SE nee) ; (53.14) 
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Substitution into (53.13) yields : 


(1) 
. faysoree sE) 
a a 
kK,p,t a 
7 2 Kk 1 ~2A1—-t(kev—kev')t 
= > (41) e ep myn, pa [ax | ap 
b 
af Cp! ,t-T) 
oy ee ee a ee (53.15) 
/ a 
0p 
Substituting (53.11) and (53.15) into (53.1) we find the collision integral: 
[40, 7] a 
kk. : , 
_ 22°52, 9. / t jg .-2At—t (kev—k-v’)t 
Ip ,t) -2 nea eh 4 ap re | ar | dp’ dk ae e 
0 


r) 0 
(se; er) fp SER) fy (e! Pe a 


If the retardation is neglected, and the Tt-integration performed, this equation 
reduces to the Landau collision integral (38.3), (38.4). As in (38.4), the limits 
of integration on Kk in (63.16) are given by (38.2). 

Thus, Eq. (53.16) differs from the Landau collision integral only by the 
inclusion of the retardation. We will see that this amounts to taking the non- 
ideality of the plasma into account, thus (53.16) can be called the collisioa inte- 
gral of the nonideal plasma. 

It is easily shown that the collision integral (53.16) obeys the following 


relations: 


I(t) = >, | dp o(p) I1{p,t)=0 for $= 1,P (53.17) 
a 


which express the conservation of the number of particles and of the total momentum. 


Contrary to (37.10), the equality JZ(t)=0 does not hold for te p*/2m,: 


Z 22 a 
2 e- ez, n n 
Pp ae a b a b | | / 
yn, | a on f= > 244 dt| ak dp dp 
a a a b 6) 


e) 3 3 im Age 
22) 2S Alo ee) fi (p ,t-T). 
(53.18) 


We now show that, to first order in the retardation, this expression can be repre- 


. 0 BT cin (ke vt — key! 1) KR 


sented as follows: 


(53.19) 


From (53.5), (53.6) we obtain, to first order: 
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source 
(se + 6£) > (se. SE) + (se 6 BO) + (se se) 
kt 


; k,t k,t k,t 
lane P (41)? e° wenn a"b 
AEs | ae poe) 4 Deh" 
a k 
' [ af,(p’,t-t) 
*2Re | dt | dp dp!’ sini (k-v—kev’)t| f (p,t-t}) k » ———_ 
p dp f J 
0 Pp 


(53.20) 
The first term is time-independent and describes the contribution of the 
self-action to the spectral density. The second term, substituted into the right- 
hand side of (53.19) and symmetrized, yields (53.18). 
Thus, taking into account the retardation, we obtain the following energy 


balance for the spatially homogeneous plasma : 


H{>, fa Zs, = (SEs sE)} =o (53.21) 
a 


which expresses the conservation of the total energy. 


In equilibrium, Eq. (53.20) reduces to 


(4n)* eon 
(sE- sé) = “2 44 | dp f (Pp) 


(4m)? et etn n, © 
+> wot dd Fa dp'(k+v—k+v') sin (ke vt—kev' 1) ff, 
a b ke Kae 0 


(53.22) 
By integrating over 1, p,p’, we obtain 
2, D2 ya? 2 2 
(s-88) Bp) LA Sp) aM PAE A 
koa Ke a b Oe ee x2 py? | 
(53.23) 


where we use the definition of the Debye radius. 


Note that this equation can also be obtained from (36.18), which can be 


an kT (4m)? etn 
k - 
k I+ rik a Dank) 


written as: 


and can be expanded in powers of (r5 k?)" 


54. THE BALESCU-LENARD EQUATION FOR A NONIDEAL PLASMA 
For the derivation of the collision integral, taking into account the pola- 


rization, it is more convenient to use, instead of (53.1), the first definition (33.5) 


e 
__ a l 3 ; 
ee. [avarne(en, 82). tun 
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In the case of nonideal plasmas we must take account of the non-stationarity of the 
fluctuation process. 


We rewrite Eq. (35.1) as an integral equation: 
co 


_ ,, source _ ie —tT)e 
éy_ (zt) = 6, (5%) ens | at 6E(r—v+t,t—t) 
0 


3 f_(p,t-t) 
op 
(54.2) 

To zeroth order in the retardation this equation leads to (35.2), in which t enters 
as a parameter. 

We note that the collision integral (54.1) is defined in terms of the spec- 
tral density of the fast fluctuations (see sect. 33). We therefore perform in 
(54.2) a Fourier transformation with respect to the coordinates and the fast time: 


6, (ws hyp) = EvSoUrer( 


a wk, p) 


co 


Ca" a : 
= [ aca(r)e: 
Ke 
0 
For compactness, we introduced here the notation: 


of (p,t-t) 
a EASE (Oh gtr): (54.3) 


A(t) = exp [-At+7z(w—k-v)t]. (54.4) 


From the Poisson equation, we obtain a second relationship : 


_— 2k 
S6E(w, k,t-t) = 2 one, | dp 6N (wsk>pt). (54.5) 


If we used the equation for the total current we would get: 


2p tlw + 40)] se (wk) 


Line e, | dp RS ON (wrk, p,t)= —4n 6f(w,k). (54.6) 
a 


Using, (54.3), we now eliminate 6M, from (54.5). As a result we obtain the follow- 


ing integral equation for 6E(w ,k,t): 


6E(w,k,t) 
4ne2n a of (p,t-T) 
oa) sete | at | dp A(t) k- a ee 6E(w,k,t-t) 
a Ke 0 oP 


k 
a 


For an ideal plasma, the fluctuation process defining the collision integral can 


be considered as homogeneous and stationary. The time dependence (through 2) is 


212 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


not essential in this approximation, and can be neglected in the evaluation of the 
spectral densities. For the nonideal plasma we must use Eqs (54.3) and (54.7) in- 
stead of (35.2) and (35.3). The fluctuation process is non-stationary, and this 
fact considerably complicates the calculations. 

We have already calculated spectral densities of SW. 6£ for a non- 
stationary process in the derivation of the kinetic equation of a plasma in a 
strong high-frequency external field (sects. 41—44). In that case the problem 
could be reduced to a simpler one, because the non-stationary process is defined 
in terms of an explicit time-dependence of the external field. In the present 
calculation, we are bound to use a perturbation expansion in the retardation. The 
method of calculation developed in sections 51,52 is inapplicable here, because 
the integral equation (54.7) cannot be solved explicitly. 

To zeroth order in the retardation, Eq. (54.7) reduces to (35.3). We now 
consider the first order approximation. We perform an expansion in powers of 


t(d/dt) limited to the two first terms, thus obtaining: 


4necn * 
SE(u,k,t) og >, — | at | ap a(t) (1 ts] 
a K 0) 


af (pst) 


oP 


We integrate now over 1. Recalling the definition (54.4), we obtain 


k- SE(w,k,t) = bE OTe (w i kit). (54.8) 


tL 
w—-kept+tA 


. | 
: | ax tA(t)=-t cy —_—-—--——___— , (54.9) 
OW wW-kept+ZA 


| dt A(t) = 


Using the expression (35.5) for the dielectric constant, we obtain, to first order: 


9 d¢€ k § F source 
cask) se(ask.e) = se tomer g B[2elweH) SEP 
€ 


Let us consider the energy balance equation, taking into account the retar- 
dation. Using Eq. (54.6) we obtain 
6E+ SE) 
’) ( w,k,t 
— —§- —_———*—_ = — Re (6f -5E 3 
at 8T ( : Nis Ret 


We recall that the kinetic equation (26.3) leads to the balance of kinetic energy 


(54.11) 


which, in the homogeneous case, reduces to 


9 2 
aah n dp ae = (6)-65E => 4 dp ce ee (54.12) 
\ 
ot a a 2m, a a a 2m. a 


For an ideal plasma, the collision integral possesses the property (37.10), hence 


(8;°6E} = (20)74 | dw dk Re (dj+ SE) | = 0 OF?) 
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Thus, for an ideal plasma, 
(SE SE) = 0. (54.14) 
ot 
As a result, the contribution of the electric field to the balance of energy 
vanishes. This agrees with the results of the previous section. 
We now consider the right-hand side of (54.11) in the case in which the 
retardation is taken into account. For convenience, we add to the right-hand side 


the term Re tw(dSE -6E) and consider the expression 


W,kK,t 


— Re (Sj ° SE) + Re ee (SE + 6E) 


Wk ,t 41 Wik yt 


= Re (= sE—6/) ; 74 (54.15) 
4m w,k,t 


From (54.3) we obtain 


Sj(w,k,t) = 7 eae 


ez=n ~ Of (p,t-t) 
mp yA [ax] ap Rae © Be heat 
a k oP 
0 (54.16) 


From this equation and from (54.7) we obtain the combination of functions entering 


(54.15) : 


| 5 (w+ ts) 6E—8f = + Zt (wt td) SEROUTES — 57 SOURCE 
4m Gt 


of (p.t-T) 


[oe] 

fac [ap | (w+ 20) —K+v| A(t) de 6E(w,k,t-T) . 
0 4 (54.17) 
We integrate the right-hand side by parts (recalling Eq. (54.4)): 


etn 
-p 
2 
a 


k 


l 


—t(wt+td) 6E—Sj = | is (w 42h) 6 F Bource agp SOU ECS 
47 41 


2 oo 

. én p) of (p,t-T) 
-i> 22 | at| ap A(t) = ke 2 8 E(w, k, #-1). (54.18) 
0 


In this expression we change the t-derivative into a t-derivative (as 


(0/oT) =—(0/dt)). As the integral term is proportional to 0/dt the retardation 
can be neglected. Using Eqs (54.9) and the expression (35.5) for the dielectric 


constant, we find 
6 F source 


Ti 2 2 : 9 : , } 
— + Pee = SS A a af 
re t{wt+idA) 6E-—6f (2 t(w +t) Fe CY 


source: 
ly ate 2 (= ). 
4m ot € 


As a result of the equation for the total current, the bracketed term in this 
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expression vanishes, and we are left with 


t(wttd) 4 $6 E source 
Substituting this expression into (54.15) we find 
source 
6E°SE 
= Be G A sé) = a =. [Seno kat | (54.20) 
w,k,t i le(w yk ,t) | 
Here (E> SE) is the spectral density of the fluctuations 6E re 
Wy > 
zeroth order in the retardation. It is defined by (34.14), i.e. 
source (41) etn 
(se -6e) = 2% | ap am 6(w—k ev) (54.21) 
wik,t - 


Thus, from the balance of kinetic energy (54.12) and the balance of the field energy 
(54.11), (54.20) follows again the conservation of the total energy (53.21), but now 
we must use instead of (53.22), the more general equation 
Lise 
(se se), _— aie | ap oe Uae (54.22) 
Meg le(kev,k)| 

which follows from (54.21). Equation (53.23) is a particular case of (54.22). To 
see this, we must expand the polarization contribution, keep terms up to the first 
order and introduce the local equilibrium approximation. 

We now consider the collision integral taking into account the polarization 
and the retardation. 

As in sect.53, Eq. (53.7), the spectral density of ON» 6E can be repre- 


sented as a sum of two terms; hence 


, e ; 
ee cae A (21)7" . . | a dk Re (swsouree SE 


a a Qa wk » P ot 
= yind , ;source (54.23) 
a a 


From (54.3) follows the expression of the induced part of the collision 


integral [7, 40] 


2 ce 
e 
ind “a 3 k ; 
I, - Ons ao! fail aoe: exp [— At+ t(w—k+v)T] 
* af (p,t-T) 
. (se - se) k= ———_—__—_. (54.24) 
w,k,t,Ut-T dp 


The spectral density of the field fluctuations appearing here can be expressed as 


follows, to first order in the retardation: 
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x * 5 oe 
(se . 86) = (se -5E) =, (se : 86) 
W,kK,e-T wrk ,t ae Wk it 


=(1+twt) (se -5E) 


+ T47 @ , 72 (54.25) 
wyk,t wrk ,t 


We used here the total current equation for S6E(w,k,t). By means of Eqs (54.10), 
(54.16) the spectral densities appearing here can be expressed in terms of the spec~ 
tral densities of the source fluctuations (see (52.12)). We may thus obtain an 
explicit expression for ie . We shall not develop these calculations here, as 

we shall only need Eq. (54.24) in our further discussions (sect. 57). 


Consider now the second term on the right-hand side of (54.23). Using 


(54.10), we find 


source _ _ "a (2n)7% 20s. 
a ae op 
* source 
| dw dk Re fe [1+é ae = | (sw SE) 
€ dW € a wrk yp 
* 4 source 
a ac ee (54.26) 
ow .*2 a got 
E wi,k,p 
urce 


The spectral density (Sa, OE A is defined by (52.12). The second spectral 


density can be obtained from Eqs (52.11) and (52.12); : 


E\source 5 
(0, —) =xz41e n -2Re| dt (w—k+v) 
wirk,p * ci 


- exp[—At +2 (w —k-v)T] f,(p,t-T) : (54.27) 


e e e e e e source 
Combining all these results, we obtain an explicit expression for - 


The results (54.24) and (54.26) define the collision integral for the non- 
ideal plasma taking account of the polarization. To zeroth order in the retarda- 
tion it reduces to the Balescu-Lenard collision integral (in the form (37.2)). 

This collision integral for nonideal plasmas possesses the same properties 
(53.17) , (53.19) as the Landau collision integral for nonideal plasmas. The only 
difference is that the field energy is now expressed by (54.22) in which the 


polarization of the plasma is fully taken into account. 


55. THE COLLISION INTEGRAL OF THE NONIDEAL PLASMA, TAKING 
INTO ACCOUNT THE AVERAGED DYNAMICAL POLARIZATION 


We consider the collision integral for a nonideal plasma in which the dyna- 
mical polarization is treated approximately by means of an effective potential. The 
latter is defined by Eqs (47.2) , (47.6). If these formilae are evaluated in local 
equilibrium, we obtain Eqs (47.3) , (47.4): 


KTNG - 
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r2 k2 @.@, _n/ 
> 7 D re nt 1 b r rp 
Y pi*) = v pik) ‘eee ; $ oplr) eee é : (55.1) 

D 


where 
V pl) = 47 2) en /k : 
In this approximation, we may use the results of section 53 for the collision inte- 
gral. We simply replace, in the evaluation of the spectral densities, the Fourier 
transform of the Coulomb potential Vip) by the expression (55.1) for vp l*) . 
Thus, for the collision integral we obtain the result (53.16) with the change 
ky k, kk Rake 


= ah es (55.2) 
Kk" k" teak” 


We now study the properties of the new collision integral. The properties 


(53.17) are obviously unchanged, but (53.16) is modified to 


p? 520%" f ~2ht 
2n,|dp 21, -- 2 D222? | acl ak dp dp’ e sin (kevt—kev!t) 
a a 


T 
b 0 
272 
ee eee (2 -—) 3. f.(p,t-t)f,(p’,t-t). (55.3) 
ki(1+r6 k*) dp op’/ at "a"? be 


In the case of local equilibrium, and to first order in the retardation: 


Pep et i "ab oT 29s 
2 nq) ap x ao ae 2D 2? | a 42 Fapl*) » (55.4) 


where 
ee 
a~b I 
MY 0,5) Ni oe “eee ae TR (55.5) 
ab y etn, (ae ue 
e 


is the Fourier transform of the spatial correlation function of the charged parti- 
cles (see (36.22)). 


Let us transform (55.4) to the coordinate representation. Using the inte- 
gral (36.23) we obtain 


2 nn ee 
a wae Oe ab ab 
Dn, | do 2m, La 2 > ; |ar : Faplt) (55.6) 
a a b 
where ee, ~Y/rp 
Pe i os ae (55.7) 


is the spatial correlation function for a Coulomb plasma in the Debye approximation. 


We recall that we are considering here local equilibrium; hence the temperature T 
in (55.6) depends on the position and on time. 
From (54.12) and (55.6) follows the conservation of energy: 


dU/at = 0 


2 ee 
» P ->> a b 
= ng | dP ae + ry | ar a J opi). (55.8) 
a a b 
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If we include in (55.8) the self-energy, defined according to (53.23) by 


(47)? eZ n, 


| 

° k (55.9) 

then Eq. (55.4) becomes 

2 

2, | Gp I, 

Qa 2m, 

a eae | ak ieee ee ‘a? pers (SE + SE) (55.10) 
at (2m) BT + 2K? ae Bn ) ) 


We used here Eq. (53.24) for the spectral function of the field fluctuations in the 


local equilibrium. From (54.12) and (55.10) follows the conservation of the energy 


in the form (53.21). 
We note that for a spatially homogeneous plasma, the two-particle distribu- 


tion function (integrated over the momenta) is given by 


- 


yl = hg a) (55.11) 


hence the expression of the internal energy can be written in the form: 


2 e e 
_ P qT a_b 
U -dn, | dp a fe 2a dr a Fpl) . (55.12) 
a a a b 
‘In the general case, away from equilibrium, the Fourier transform of the 


correlation function is given by 


Tap (> P» p’,t) = £3, (8) | dt exp [—2 At —tk(v—v’)t] 
0 


3 3 / ~ 
(2-3) f,(pst-T) fil p gk 1): (55.13) 


This equation follows from (53.2) , (53.5) and (5~.6), if we also use 


as ae, / 
(su, sm), p.p! —_ bp Ole P ) na fat ng Japs P.P',t) (55.14) 
Using this expression, the collision integral (53.1) can be transformed to 
9 “a@b\ 3 
— / ee eo —— / 
Toot) = 2, ny |r dp dp (2 ) a gpl rs PsP' »t) 
4tme_e 
Sin, Be fae apt & 
os gee, De, 1 Oe CE pl ho te a ip ee aa (55.15) 


From Eqs (55.13) , (55.15) follows that, to first order in the retardation, the 


collision integral can be split as follows: 


I(p.t) = Le gi Pae) + I, 2(Pst) (55.16) 


218 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


Here I, is the collision integral for the ideal plasma (zeroth order in the 


l 
> 
retardation). The second term determines the contribution of the correlations to 


the non-dissipative characteristics: [7, 40] 


| re) ; ~ Segetce, “ete 
Ty, Sat >. n, ao | ak dp’ Kk, Vaplk) Van (*) 6(k-v— kev’) 
L 


b 
3 3 : 
(2-4) f,(p.8) fle! 8) (55.17) 
P. P 
Tmt 2" ap 1a) i 
IT. =- n, —— | dt) dk dp’ k.k.v_,(k) v_ilk 
A» (2m) 2 b ap, Pe abe ) ab! 
T cos (kevt—kew/t)(2— 2) Sg (p,t) f.(p’,t). (55.18) 
aD 3p. Oe oe b , 


The functions Vip k) » Vip ( *) are defined by (55.1). 

Equations (55.16) —(55.18) correspond to Eqs (13.1!) —(13.13) for gases. 
The latter equations were obtained in the weak coupling approximation, whereas the 
present formulae take account of the average polarization of the plasma, through 


the effective potential ® (rn) 


56. BOLTZMANN KINETIC EQUATION FOR A NONIDEAL PLASMA 

In sections 37 and 54 we studied the kinetic equations for ideal and non- 
ideal plasmas in the polarization approximation, i.e. to first order in the plasma 
parameter. In this approximation, the contribution of the interactions for short 
distances is incorrect. This causes, in particular, the divergence of the Balescu- 
Lenard equation for large wavevectors kK (i.e. for short distances). It is there- 
fore necessary to cut off the integration range at some value ae (see sect. 37). 
As the quantity ae enters the collision integral only through its logarithm, the 
kinetic coefficients are not very sensitive to the exact choice of the cut-off. 

For the nonideal plasmas the situation is different. The short-range con- 
tribution of the interactions to the non-dissipative quantities is important; hence 
the polarization approximation is insufficient. We need a kinetic equation which 
accounts correctly for both long- and short-range contributions of the interactions. 

Note that the binary collision approximation leading to the Boltzmann equa- 
tion (sects 10,12) can be used for plasmas as well for the short distance contribu- 
tions (r < ry) when the collective effects are unimportant. However, because of 
the slow decrease of the Coulomb interactions with distance the Boltzmann collision 
integral diverges for small k (i.e. for large distances). 

We shall attempt to combine these two conflicting approximations. 

The simplest solution of this problem consists of combining the following 


three collision integrals: Boltzmann: i ; Landau: gan and Balescu-Lenard: re”: 
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ee a Res Daa (56.1) 
When this expression is applied to the ideal plasma, the Landau integral 
compensates the divergence of the Boltzmann integral at small X,and the divergence 
of the Balescu-Lenard integral at large kK. Such a generalization of the collision 
integral is appealing by its simplicity; for nonideal plasmas it is however incor- 
rect, as we shall see. 
To first order in the retardation, the Boltzmann collision integral for a 


nonideal plasma can be found directly from Eq. (12.5): 


Pa>n | ar’ dp? —22 
Q b Ir 
b 


do 


55 faglP(-@).t) f,( P=), ¢) 


=i, f acfarra 1 ab Be 8p tp Cot) yt) FylP Ct) 4) (56.2) 
bY Por "3p ‘de ar 7a ae 


where 
ee 
a b 


® (7) = (56.3) 


r 

As in the case of a gas, the second term in (56.2) provides the contribution of the 

interactions to the non-dissipative properties of the plasma. The Landau collision 

integral io is given by (53.16) and the Balescu-Lenard integral by Eqs (54.24), 

(54.26) [or (55.17) , (55.18) in the averaged dynamical polarization approximation]. 
We consider the correction to the plasma energy, due to the nonideality: it 


is determined by the correlation function gp lr)- In the Boltzmann approximation: 


B = = _ 
Jap(") exp | a, Le (56.4) 


In the Landau approximation, which amounts to a perturbation expansion, we get from 
(56.4): 


ee 
daplt) = - a | oe) 
Finally, in the Balescu-Lenard approximation we obtain the Debye correlation func- 
tion: 
BL a as 
Gap (vr) ae (56.6) 


Because of the structure of the collision integral (56.1), the contribution 
of the interactions to the plasma energy will be defined by the correlation function: 
e ee ee -r/r 

at ls eG Be 2 aD, [Py 


kT 
Bp ” kfr k,ir 


G4p,(r) = exp |- (56.7) 


It is clear that at large distances the Landau term compensates the Boltzmann term 


only to first order in the interactions. As a result, the correlation function 
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decreases at large distances as re, and not exponentially, as would be expected. 


There exist other methods for obtaining a collision integral free from 
divergences. One of them consists of replacing the Coulomb potential by the Debye 
potential: 2 

“a °b “a “b r/?y _ op 


gece ze —_ Page Pb: (56.8) 


This approximation also yields incorrect values for the thermodynamic quantities. 


For instance, one obtains for the internal energy the expression: 


; 22 nny | dr 0? (r) 02 ,( 7) (56.9) 
a 


which does not coincide with the equilibrium value (60.11). 

Such difficulties are due to the fact that the assumption (56.8) implies 
that the equilibrium correlations are reached prior to the equilibrium momentum 
distribution. There is, however, no justification in assuming that the polariza- 
tion is static. 

The collision integral of a nonideal plasma, in which the interactions are 
correctly treated at both short and long distances, is exceedingly complicated. We 
shall, therefore, consider here a simplified description by means of an effective 
potential. We recall that the latter is defined by Eqs (47.2) , (47.6). For simpli- 
city, we assume that the function f, entering Pee ae enreson of o> is the local 
Maxwell distribution. The functions v pl) and opin) are then given by (55.1). 

As we know, in this approximation the contribution of the interactions at 


large distances is given by (53.16), combined with (55.2), i.e. : 


bead 2 


PS oe r 
2 2.9 3 | | b3 D 
Pee — e° ern, — |} dt | dk dp!’ —~> ———— 
a7 272%" ap; | a ee? 
exp [—2A1T —t(kev—kov’)t] ——-— sf (p,t-t)f,(p SET) 2 
oP. oe 4 (56.10) 


To first order in the retardation, this expression can be represented in the form 
(55.16) —(55.18). 

In order to obtain the contribution of the interactions at short distances, 
we proceed as follows. For the function f pltsx’ st) we use an equation analo- 
gous to Eq. (10.2) for the gas. In this equation, we use the effective potential 
® pl?) instead of o pln). This implies that the function “oe is determined by 
the averaged dynamical polarization. Noting that for spatially homogeneous systems 
we may use ee instead of G ab in the collision integral we obtain the following 
closed set of equations for the functions fo? fy: 


of AY 
ee n | ao’ ab eae =I (56.11) 
9t ; b or 0p ab 


a 
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ad ad 
*) re) re) ab re) ab 2) 
—+v +— + ple — _— i es ie : pels 
(3 ar : or’ or op or! 9p’ Fipls a’ 6) 
__9 / 
= aE fi(p>t) fi (p st). (56.12) 
It is important to note that the effective potential only enters the equation for 
top’ 


Because of the analogy with (10.2), we can immediately write down the solu- 
tion of (56.12), using Eq. (12.4). To first order in the retardation, the solution 


of (56.12) is thus: [7] 


fap = £,(P (-),t) f,(P(-@),¢) 


co 


- 2 | det Sf (P(-1),t) f,0 P1058). (56.13) 
0 
Here P(--t) , P’(-t) are the ‘initial’ (at time t-T) values of the momenta of the 
two particles, interacting through the potential d pir)- 
From (56.11) , (56.13) follows that the collision integral can again be 


represented in the form [7] 


I (pst) = T,,'? ,t) + Tq (pst) (56.14) 
where 
Fock 2 n | ar’ dp’ Mab -2 ff (P(-0),t) f. (P!(-~) ,t) (56.15) 
a, Pp, = 5 b p Ir 9p a ? al > ° 


ar 30 
C) ab 
lq (p,t) =— po ny | dt | dr’ dp’ oF 
0 
dp aa fi (P(-1),¢) fi (P ( TG) < (56.16) 


These expressions are analogous to Eqs (10.5) and (12.6) for gases, but Eq. (56.15) 
differs significantly from the Boltzmann collision integral. Indeed, through the 
effective potential this term accounts as well for the pair collisions (at short 
distances) as for collective interactions (at large distances). 


The collision integral (56.14) for nonideal plasmas has the properties 


2 ng | 4p 0,7, = 0 for >.> 1,p (56.17) 


which correspond to the conservation of the number of particles and of the momentum. 


For >, = p*/2m_ we obtain the following result, analogous to (12.15): 
i J | 
> x, | ap 2m, Ta re: dr dp dp pln) 
a 


- f,(P (-) ,t) f,(P’ (-»),t) (56.18) 
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This result ensures the conservation of the internal energy, U, including the inter- 
action energy : 
aU/dt = 0 (56.19) 
with ‘ 
aa! E a / 
v= dn, | a rn Fi tED Lgny| ar dp dp pir) 
a a omme?, 


-f (P(-2),t) f,(P! (-@),) . (56.20) 


Thus, the contribution of the interactions to the internal energy (to first order 
in the retardation) is determined by the function (56.13). 


In the local equilibrium state we have the following conservation law: 


ae ee 512 so 2 72 - 
PELE) 4 PECL pe Pe Pt bn), (56.21) 
2a zm, 2m, 2m, 
where 
ee -r/r 
ab, D- (56.22) 


Cae) ~ pp 


We then obtain from (56.13) the pair distribution function: 


-o ,/k_T ee -r/r 
fiplr) =e ce = exp] —— b Dt (56.23) 


k,ir 


At short distances, this expression reduces to the Boltzmann distribution for parti- 
cles interacting through Coulomb forces, whereas at large distances it corresponds 
to the Debye distribution. 

From (56.20) , (56.23) we find the expression for the internal energy in 


local equilibrium: 


-r/r 
e@ e ee D 
> 3 } >> a b abe 
U = i 7 kp? + > : ag: | dr . exp |— kat —— : (56.24) 
a a 


To sum up, Eqs (56.14) —(56.16) define the collision integral for nonideal 
plasmas, combining the pair collision and the polarization approximations. We have 
seen how the effective potential, averaged over the dynamical polarization, enters 
the expressions of the thermodynamic functions. This potential also influences the 
transport coefficients, as we now show for the case of the electrical conductivity. 


For frequencies w of the external field much smaller than w the conduc- 


tivity is defined by Eq. (48.19). If the conductivity is sects oe the basis 
of the Landau equation, the collision frequency in (48.19) is proportional to the 
Coulomb logarithm LZ (see (48.20)). Taking into account the averaged dynamical 

polarization, this factor must be changed into L’ = an (1+ rf ane 2 >L. Thus, 
the conductivity becomes smaller. For small values of the plasma parameter (i.e., 


for weakly nonideal plasmas), the corresponding decrease in conductivity is of 


order LL. 
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Equation (48.19) is derived on the basis of the collision integral lay 
alone (see Eq. (56.14)). The second term, Loos in that equation describes the 
effect of the nonideality in a spatially homogeneous plasma in the absences of an 
external field. It takes account of the retardation of the function f_. In 
presence of an external field this is insufficient. For a complete account of the 
nonideality we must include the effect of the external field on the spectral func- 
tion. This leads to a field-dependent collision integral I. (see chapt. 8). For 
weak fields this amounts to adding to the collision integral (56.14) a corrective 
term proportional to the field. As a result, in the calculation of the conduc- 
tivity the field E must be replaced by an effective field E ast? and the conducti- 
vity itself is changed as follows: 

o— o(1-2 e* )~o(1-u). 


rykpr 


We see that the field dependence of the collision integral leads to an additional 


decrease of the conductivity. The corresponding change is again proportional to 
the plasma parameter UL. 

Thus, in the calculation of the conductivity, the nonideality of the plasma 
enters both through the effective potential and through the field dependence of the 
collision integral. In a spatially inhomogeneous plasma there is still another 
term in the collision integral (see chapt. 10). It yields corresponding corrections 
to the coefficients of diffusion, viscosity and heat conduction. All these terms 
are proportional to wu for weakly nonideal plasmas. 

We calculated here the conductivity without consideration of the electron- 
electron collisions, which become important at low frequencies (w < Vez) [42]. This, 
however, does not modify our conclusions about the decrease of the electrical con- 


ductivity as a result of the plasma nonideality. 


57. INTERACTION OF CHARGED PARTICLES WITH PLASMONS 

In the collision integrals for ideal and nonideal plasmas we took account 
of the fluctuations of ON» 6E whose correlation time Tess is shorter than the 
mean free time, i.e., than the characteristic time of the function f.. The fluc- 
tuations satisfying this condition can in turn be separated into two groups: those 


for which the correlation time is shorter than Pyle n » and those for which 


rl < Toes < TO The corresponding correlation radius for the first group is 
smaller than Py» whereas for thé second group: 
r ee og Vs 
D . "cor a (57.1) 


We recall (see sect. 33) that the physically infinitesimal volume intro-~- 
duced for the derivation of the kinetic equation of plasmas has a characteristic 


length lon ~ Py Hence, the fluctuations satisfying (57.1) cannot be completely 


KTNG - H* 
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represented in terms of f, gfsource in (54.10). As a result, the collision 
integral (54.28) cannot be entirely expressed in terms of Js For the fluctua- 
tions of the group defined by (57.1) we need an additional equation. 

The fluctuations with ae in the range (57.1) can be considered as random 
waves in a collisionless plasma. It is convenient to call them plasmons. 

According to (32.13) and (32.14), for waves in a collisionless Coulomb 


plasma we have (we delete the prime of w’, and the Il-sign of ely : 
Re e€(w,k) =0, y(k) = Im e/(9 Re €/du). (57.2) 


The first equation provides a link between w and k (dispersion equation), and the 


second defines the damping rate. These equations are valid if: 


w(k)>y(k)>v_. (57.3) 
The imaginary part of the dielectric constant is 
4n* etn af 
Im € =-> eee | dp S(w—kev) k>—* (57.4) 
a k? op 


hence it is proportional (for k||x) to the derivative of fle.) at v= w/k. For 
y(k) <w(k) the phase velocity is much larger than the thermal speed. It follows 
thac, for any distribution not too different from a Maxwellian, the number of parti- 
cles having velocities near Ua w/kK is small. This accounts for the smallness of 
Im €. 

We now isolate in the collision integrals (54.24) , (54.26) for nonideal 
plasmas the contribution of the plasmons. In the range (57.1) we may make the fol- 


lowing replacement in Eq. (54.25): 


(2 oe sé) 25 (ce ; 5) (57.5) 
3 wk ,t 


The neglected term is proportional to 


af 
S(w—kev) k- —2 <a 
ap oat 
e ° e e 1 e 
This term is of second order. Thus, the contribution of the plasmons to ia 1s 


defined by 


? fee 
e 
Co = 2 é sre | dt | dw dk exp [a1 +2(w key) 1] 
ph (2n)" Rd : 
(SE -6E k- g f (p3 t-T)~ (57.6) 
w,k,t-T/2 Op = 


It is understood that in this expression we must only keep terms of the first order 
in the retardation. 


To the same approximation we now write the contribution of the plasmons to 
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source 
T 
a 


the terms of this equation involving time derivatives are of second order; hence 


e source 
oo) --.4 ; 7. ; | du dk Re| + (sm, 8E | « ASTD 
pl a{2n)' °P E w,k,p 


by going back to Eq. (54.26). Because of the conditions (57.2) , (57.3), 


Using Eq. (52.12), we find from Eqs (57.6) , (57.7) the following expression for the 
contribution of the particle-plasmon interactions to the collision integral of a 


nonideal plasma [7,8]: 


? [so] 
e 
_ a _ oOo. k = ee 
on - Gay sp ne | ar du dk 7 exp [—AtT +zi(w —kev) 7] 
of (p»t-t) 
{ (se +62) ke ———____. 
w,k,t=1/2 Op 
I ’ 
fa 81 me(w k) f,(p.t-1)} ; (57.8) 
Je(w, k)|? 


In this expression, only terms of first order in the retardation are significant. 
In equilibrium the right-hand side of (57.8) vanishes. This is readily verified 
by substituting for J a Maxwellian, and for the spectral density of the field 
fluctuations the expression (36.4). 


Equation (57.8) can be simplified by noting that for small Ime: 


Ee ee) 6[Ree(wi,k)]. (57.9) 
€ 
Equation (57.8) must be completed by adding an equation for (SE°SE) k? 
? 
defining the spectral distribution of the plasmon energy. We start from the balance 
equation (54.11). The expression of Re ({éj + 6E) 


Re (6; ° cE) = Re C Seon & se} 
w,k,t Wr,kK,t 


wkee obtained from (54.16): 


—Re > a8 far | ap k+vexp[—-At+ t({w—kev)T] 
a 0 
of (p,t-t) 
° (se- 6E) See (57.40) 
w,k,t-t/2 op 


where the simplification (57.5) was used. 
Consider the first term on the right-hand side. We substitute (54.10) for 


6E* and retain only first-order terms : 


Re Cmmae . SE) = Re (si . se) 
Wy hE € w,k,t 


source 
(57.11) 


226 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


Hence, using (52.12) we find 


source 
(se + 52) 
Re Cai SE) =o Wet (57.12) 


2 
wk ,t _ le (w,k)| 
In the second term on the right-hand side of (57.10), we expand in powers 


of T and retain zeroth and first order terms. Using (54.9) and the expressions 


2 
4m eon ke (of /ap) 
—2-4 p| dp ——* 


— ke 
a k 7 
4m en of 
ime(usk) =— 2, 2-2 | dp d(w— kev) k g (57.13) 
a k op 


which follows from (35.5), we express this term in the form 


SE°8E), ye  9u(Re e—1) 9 (SESE), ge 


Im we SS 
dt 


Gt dW 87 
2 6E* 6E 
3 
gw Ree wrk ,t ; (57.14) 
ot ow 41 


From (57.2) , (57.12) and (57.14), we obtain the following equation for the spectral 


source 
(se +e) 


density of the plasmons: 


2 (se: 66) ~ —2y(k) (se 66) £3 ee Kat 
at w,k,t wik,t le(w,k) | 
2 -1 
a 2 Ree [2ker| (se + se) (57.15) 
dt ow dw wi,k,t 


If in deriving this equation we take into account the time-dependence of the 
frequency, due to the time-dependence of the function J involved in the dispersion 


equation (57.2), we get on the right-hand side of (57.15) an additional term: 


2 =~] 
) € d Ree 
oe Res = (se. 86) (57.16) 
dt Bw? du) wirk,t 
A corresponding additional term appears also in the collision integral (Zot: 
It follows from (57.15) and (57.16) that the effective damping rate of the 


spectral density is given by the expression: 


2 
dRe€ 1 dw O° Ree d0Ree ]-! 
2 aq DE, 3 bu Same [2ee | 7 


Vers ~ VCR) ve dw 


2 
ow at uw 2 


The kinetic equation with (Tot satisfies the conservation law of the energy, 


with due account of the plasmon energy. 
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We recall that Eqs (57.8) and (57.15) only describe the interactions of the 
particles with those plasmons for which the damping rate is larger than the colli- 
sion frequency, but smaller than the plasma frequency. 

The separation of the plasmon contribution to the kinetic equations only 
makes sense for states very far from equilibrium. Near equilibrium, the contribu- 
tion of the plasmons is small [43,44]. Such non-equilibrium states appear in the 
presence of external fields or of other external actions, which lead to the onset 
and growth of instabilities in the plasma. 

We consider as an example the instability produced by the passage through 
the plasma of a beam of fast electrons ('beam instability’). Let u be the average 
velocity of the beam electrons, with u > Vp (where Vn is the thermal velocity of 
the plasma electrons). It is known (see, e.g., [15 , 28]) that for n <n (n, be- 
ing the number density in the beam) the damping rate is largest for waves with 
W=W, and k = w fu < w 1% p ~ Lea . Let us estimate this damping rate, by 


L 
using (57.2). If te is Maxwellian, then 


aT \e I 
Y = a) 8, soy exP(- —az qq )- (57.18) 
(rk) 22 a k 
This is simply the Landau damping. Substituting k=w,/u and noting that 


! 
en Vpl (2), we get 
r “u- 
ie (upon) exp (- 4) F (57.19) 


We see that Y decreases exponentially with increasing Ulva. Thus for U>Vp the 
damping rate calculated from (57.19) becomes smaller than the collision frequency 
and the condition (57.3) is violated. This implies that for the calculation of the 
spectral densities of Ov» 6E it is insufficient to consider only the range of 
frequencies and wavenumbers corresponding to the collisionless approximation. We 
must specifically take into account the collisions which, in turn, involve the 
fluctuations in the domain Xk > \/r). 

Let us consider another example. In a non-isothermal plasma there exists 
the possibility of the so-called ion-acoustic instability. The latter sets in 
whenever the relative velocity of electrons and ions exceeds the ion sound speed 
v= (k,?,/m,)? . From the formula (32.27) for the damping rate of the ion-sound 


waves follows that Y(k) has a maximum value for RE os 1. This value is: 


nr Me 2 Me 
a a (z =) "5 Ase Yom, * 027 29) 
On the other hand, the electron-electron collision frequency is found from (38.9) : 


Del a (57.21) 
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where uU is the plasma parameter. Hence, whenever 


( 
m,/m <u 57.22) 


the condition Y(k) >V, (see (57.3)) is again violated, and the calculation of the 
spectral density of the fluctuations in the plasmon region must take account of the 
collisions. 

The consideration of these examples shows that there exist situations in 
which there are important contributions to the collision integral coming from long- 
range and long-living correlations. These are correlations for which T 


cor 
is larger than the mean free time and Yr exceeds the mean free path. The mean 


cor 
free time and path are defined by the collision integral in which only fluctua- 
tions with T <il/v. and Yr <2 are involved. 
cor a cor a 
From this discussion follows the necessity of constructing a kinetic theory 
for plasmas, taking into account the long-range and long-living fluctuations. This 


problem will be studied in Chapter 11. 


CHAPTER 10 


The Spatially Inhomogeneous Nonideal 
Plasma 


58. RELATION BETWEEN COLLISION INTEGRAL AND SPECTRAL DENSITY OF FLUCTUATIONS 
We use the following expression for the collision integral : 
€@a 4 ( 
I(zx,t)=-— « (ON 52) 2 (58.1) 
: 7, OP e Corset 


For a Coulomb plasma, expressing SE in terms of ON, through the Poisson equation 


we write the equation in the form 


ab or |jr-r 


e 
=_ 4 ae ne a 
I (x,t) 7c > ey 9p | dx 7] (sw My) oo (58.2) 


In the spatially homogeneous case, the function (6m, Oe) gl depends 
9 b 


only on the difference of the co-ordinates T° —r’, For inhomogeneous eee we 
introduce, as in section 15, instead of r,r’ the variables r—r/ =F, and 

(rp tr’)/2=r- rapl and perform an expansion in powers of Tap olor . To first 
order, we have 


1 3 
a ee eo N ‘ : 
(ou sm) ihe (1 5 hs 2) (sy 7) (58.3) 


aprl PP’ st 


This expression is analogous to (15.2). Substituting it into (58.2), we get 


e 
4 
I(r,p,th=— Ds 
a n, b b 9p 


os eee Sie Pe : 
(1 ee 2) (5H, 8%) (58.4) 


We introduce Fourier transforms with respect to ae and use the formulae : 
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= | ae A a 


2 
(21) k 
oe a et ay Jac“ Gs goed ene (58.5) 
pie? oe = (21)? k2 2.44 k2 : : 
Then 
1 r] | ’ 4 
I = ee, —— | dk dp re “F | ck 
: ae: D ap, Z 7 
(+6 oe) 3 | (am sm, (58.6) 
"NENG 42 ee a8 hry pyplyt | 


Using the relation 


_ tk / 
(sy, SE) = Lap 4te, | dp (su, $1, 


2 
k,p,t k*° 4 k,p,p',t 


we express the collision integral (58.6) in terms of the spectral density of the 


fluctuations of 6K ,6N: 


e 
I({r,p,t)=-— 5 —s | dk Re (sw 6E 
a n, (27)? dp - k,r,p,t 
a 3 Se4 ou 1 a 
de a Oy i od oD oN Or . (58.7) 
55h] a (So -F) ge ae mona 8) 
n (2m) 9D. 2 k k ans k,r,p,t 


Comparing this with the homogeneous case, we see that the collision integral 
involves an extra term, related to the imaginary part of the spectral density 
(ov, SE) pt [3] . 

In order to find the explicit form of the collision integral, we must 
express this spectral density in terms of the function Js with due account of the 
retardation and of the spatial inhomogeneity, i.e., find a solution analogous to 
(15.4). This will be done in the next section. Here we only note that, as in 


section 15, the collision integral can be represented as a sum of three terms 


I(v,p>t) = I, + tas + ae ? (58.8) 


In the next paragraph we look for explicit forms, based on the models investigated 


in sections 55, 56. 


59. THE COLLISION INTEGRAL 
In order to obtain the contribution of the interactions at both short and 
long distances we use Eqs (56.11) , (56.12), with account of the spatial inhomo- 


geneity. They can be written in the following form, analogous to (2.11) , (2.18): 


a® 

0 3 : 3 3 - 

[atv dre (e+ 8) Z| t,-Dn,| ae’ 2. (aja ,t) = 7 
b 


at gpj°a ap «Op Jab a 
(59.1) 
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a6 16 
ate Paha 2-2 lf (252"50) 
ot or! or Op gr! 9p! ab 
_ (2 2 FE ec8 / 
7 (2+» or ny 2) fi (a,t) f, (x »t) . (59.2) 


We recall that the function (6¥, 6.) appearing in (58.2) is related to the corre- 


lation function Tap 4s follows : 


on, sm, ) 


x x! ,t = my 9 p80 (eae! FM (59.3) 
The term involving 6(z—2’) does not contribute to the collision integral; hence 
the expression (58.2) and (59.1) are equivalent. 

In (59.2), o is the effective potential, taking into account the average 
dynamical polarization of the plasma. We use for it the expression (55.1). The 
action of the external field is neglected in (59.2): this is allowed for frequen- 
- < kal (see sect. 46). 


The solution of (59.2), to first order in r,° (9/dar) and t(d/dt) and 


cles Wy €W7> if eFr 


assuming the complete weakening of the initial correlations, is analogous to (15.4): 


fap lap ots P»P! st) = fp(r.P (-»),t) f(r ,P!(-«),t) 


9 vty! 9 d = > 
_ e& 9 2 )\farrZ 1 (r,P(-t),¢) fi (r,P'(-t),t) ° 
0 (59.4) 


Here P (-t) ,P'(-1) are the initial momenta of two particles interacting through 
oy For the spatially homogeneous case (59.4) reduces to (56.13). 

The collision integral involves the correlation function, which can be 
expressed in a form analogous to (58.3): 


1 


3 / 
/ / = ery ais — 
Jap (ls Pst! sp’ st) (: a ep 2 gap (Tye To PoP »t) (59.5) 


The function 
Jap ap? p,r',p',t)= Fan rants Ps P'st) 
=F Urs p,t) fi(r, p’,t) (59.6) 


is obtained from (59.4). 
From the results (59.1), (59.4) follows that the collision integral 


can be expressed in the form (58.8) with the following expressions, analogous to 


Eqs (15.6) —(15.8) for gases: 


/ / eee 3 ee p! 
ee "2 nz | dr dp ae op fr, P(-o),t) f(r. P (-c) ,t) (59.7) 
a a6 t 
—— dr' dn’ a9 (2,24 -2) 
a, 2, | 4] pap dr op\at 2 or 


a ~ ~ 
ta fylr oP (-t), t) f(r, P/(-1) 6) (59.8) 
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oo 
1 ab 9 3 
I ey er dr’ dp’ ° (, ° ) 
a3 a 5 "or. ap \ ab or 


. [f(r B(x) ,t) f(r P| (-%) Lt) f(r op st) fylr ops) |. (59.9) 


Let us compare these expressions with those for the homogeneous plasma. 
Equation (59.7) differs from (56.15) in the dependence of I pod 5 on the position 
r. (59.8) differs from (56.16) by the fact that the operator 0/dt is changed into 
a/at+— (p+!) -(9/9r). The term I, vanishes in the homogeneous case. As in 
(15.8), the second bracketed term in (59.9) compensates an analogous term coming 


from the average field E on the left-hand side of (59.1), as will be seen below. 


60. PROPERTIES OF THE COLLISION INTEGRAL 
For the collision integral (58.8), (59.7)—(59.9) the property (56.17) holds 
only for o,= |. For o,= P» (56.!7) holds only for the first two terms of the 


collision integral; for la, we find 


nae 0 a 
a q vd 
where AP. is the contribution of the interactions to the tensor Pe It is 
defined by 
nn CPS Lae, noe 
apt. =-> 2) ar dp dp! —42_ab tJ ,__ab 
J b 2 . ab 9° ab 
- f(r, P(-~),t) f,(r, P’(-@) ,t) (60.2) 


which is analogous to (15.13) for gases. The corresponding contribution to the 


pressure is: 


1 a 

APL =F AP... ; (60.3) 

In the local equilibrium approximation (for P=?) we find: 
oes . 
-> ,/k T 
~_y2 core, ab B 
Ap. 23 ™n My, | drr oD e (60.4) 
0 


7 ~r/r, 
bap x ele ir) ‘ 


In the Debye approximation we find, recalling that ee n= 0: 


where 


27n NH, 
a 


— cae Ta, a 
Ap, > ae | ar if ae 25, aan (60.5) 
b Bo D 


Hence, the contribution of the interactions to the total pressure is: 
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E ap, =-2 {2% | 
1 Tl 2 
Ap= A gu8 --$(4) ( en } 60.6 
ao Pa a 6% : kT D aa ( ) 


which is precisely the well-known expression from the Debye theory (see Eq. (75.15) 
in ref. [45]). 
For ne Eq. (56.17) holds only for J, . For JI we get: 


De {a F 223 nn »| a rp oP ap! ep (get -2) 


a 


- f(r, P(-@),t) f,(r,P! (-=) ,¢) (60.7) 


which is analogous to (15.21). Finally, J, yields 
3 
| Ope a aS yt Fie cain (eo aae) 
J 


o! tap) fylt P (om) st) f(r, P! (-@),t) (60.8) 


by analogy with (15.25). 


In the local equilibrium approximation we find from (60.7), (60.8) : 


p? dAu 9 
n |dp —({i, +1 = — + ° (au +A ) 60.9 
2 | oF (ta, a,) 2 at gp Ka Pa te 
a a 
where a. 
6 ,/k TT 
- 2 ab’ “B 
= > ann n, | dr r ae e (60.10) 
is the contribution of the correlations to the internal energy density of the parti- 
cles of species a. In the Debye approximation, (60.10) reduces to 
27H _ Hn eon 
Lt 2 ~ __ aa 
AU_= > | ae r ees o> Dr, (60.11) 
0 


The contribution of the interactions to the total energy density is 


Au =") AU, = 
a a 


which is the correct expression from the Debye theory (Eq. (75.11) from ref. [45]). 


a 


- 


a -- (45) (1 on.) (60.12) 


a 


Hence, from the kinetic equations (58.8), (59.7) —(59.9) we obtain the hydro- 
dynamical equations of the nonideal plasma, taking into account the contribution of 
the interactions to the thermodynamic functions. 

In the kinetic equation (59.1), the contribution of the interactions is 
divided into two parts. One of them is defined through the correlation function 


Jab and is contained in the collision integral. The other involves the functions 
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f fy and is included in the average field term: 


of o> 
2 a__ / ab - re) t 
e,F op 2, | de <i ap fi (x,t) Fi(z Pe ae (60.13) 


Such a division of the contribution of the interactions is very convenient 
in many cases. It is, however, not absolute, as it depends on the relation between 
the time scales of the field and of the distribution function. This relation, in 
turn, depends on the ‘distance' of the state from equilibrium. 

Indeed, in the hydrodynamical regime the change of the distribution function 
is determined by the change of the hydrodynamical functions no»Mo> es which is 


characterized by the hydrodynamical time TO! 


ee ~T oe as L>l (60.14) 
a a2 a’ a 
a 


Here Z is a characteristic length of the hydrodynamical process, and i and Le 
are, respectively, the mean free time and the mean free path of the particles of 
species @. The hydrodynamical regime is valid when L >L . Thus if in the 
kinetic description the average electric field has a relaxation time longer than 
TH then in the hydrodynamic description the average field has a relaxation time 
longer than wl > TO As a result, as the system approaches equilibrium, the colli- 
sion integral must include fluctuations with increasingly longer correlation times. 
The part of the interactions attributed to (60.13) therefore changes. These ques- 
tions will be discussed in more detail in the next chapter. 

Before concluding this section, we note that by using the results of 
sections 26, 58, the contributions to the thermodynamic functions due to the corre- 
lations, can be expressed in terms of correlations of ON 6E. For instance, from 


Eq. (58.4) follows that the collision integral I, can be written as 
3 
e 
a ,) 3 “) 
isk | GA) bw 8) 
az an, b b dp ab OF ob P ab ab or 


° (sn ON . (60.15) 
aD } 
Tapp PoP st 


Hence the correlational part of the pressure tensor is: 


(r, ria). 
ai 1 ab _ab'tj x1 
a ab ab ropet 


ct 


where 


(sn, sn, ) = 60» 8(7op) Mg (rot) +n, gp (ripe Fr >t) (60.17) 
r,,r,t 
ab 
is the density correlation function of particles of species a,b. From (59.4) we 


obtain 


THE SPATIALLY INHOMOGENEOUS MOMIDEAL PLASMA 235 


(sn, &np) = 0 6(r 4) 7 (7 ot) 
tats t 


+ na%n| dp dp! [ f,(r,P(-#) 52) fpr ,P! (-c) ,t) 


i 


—f,(ropst) f(rop! st) | . (60.18) 
In the local equilibrium state we have 
(sn, 6p) = Sp lh ap) ni (rst) 

Tab>'o® ~6 ky? 

+ n My (¢ -1) , (60.19) 
The contribution of the correlations to the internal energy density is: 

; 

AU(r ,t) = 22>. dry O44 (8, n,) > (60.20) 
a b rpotst 


It differs from the expression (60.7) by the inclusion of the self-interactions. 


CHAPTER 11 


Kinetic Theory of Fluctuations in a 
Plasma 


61. EQUATIONS FOR THE SMOOTHED PHASE-SPACE DENSITY AND FIELD 

In the kinetic theory of fluctuations in gases (chapter 4), we used two 
methods. One was based on the hierarchy for the smoothed distribution functions 
fxd ... The latter differs from the Bogolyubov hierarchy in that it takes the 
dissipation due to binary collisions into account from the very beginning. The 
second method was based on the equation (22.1) for the smoothed phase-space density 
in the six-dimensional position and momentum space. 

We saw that the two methods were equivalent, but the phase-density method 
leads to a much simpler calculation of the long-range fluctuations. For this reason, 
it will be used for the construction of the theory of fluctuations in plasmas. 

In the kinetic theory of fluctuations we consider long-range and long-living 
fluctuations, i.e. those for which the correlation length and time exceed, respec- 
tively, Lyi > Top , the physically infinitesimal elements of kinetic theory. For a 
plasma, Loh ~ PY) > Toh ~ I/u, (see sect. 33), hence we consider here fluctuations 
for which 

tage e wp ’ "cor a "D- 
The short-range fluctuations, which satisfy the opposite inequalities, define the 
collision integral. 

In the kinetic theory of gases Eq. (22.1) was derived on the basis of the 
Boltzmann equation, and reduces to the latter upon averaging in the first moment 
approximation (i.e., on neglect of the correlations). For plasmas one can choose 
to derive the equation on the basis of several possible kinetic equations: Landau, 
Balescu-Lenard or Boltzmann with account of the polarization. 

We shall choose to use here the Boltzmann equation (56.11) with the colli- 
sion integral (56.15) or, if the retardation and the inhomogeneity are accounted 


for, (58.8), (59.7) —(59.9). In these collision integrals both the strong 


237 


238 KINETIC THEORY OF NONIDEAL GASES AND NONIDEAL PLASMAS 


interactions at short distance and the long-range polarization effects are included. 
We now write the equation for the smoothed phase-density N(x, t). Here- 

after, we shall omit writing the tilda, whenever this leads to no confusion. We 

first consider an ideal plasma and generalize the result later. For the former 


case we have 


ao 
= d / ab 7 ) | : fe 
| x ~ a ae NV (2 t) My (z 36) 


+N (r,P(-@) ,£) ny (r,P!(-2) ,¢) | (61.2) 


Here, as in (56.13), P(-1) ‘ P’(-T) are the initial momenta (at time t-T) of the 
two particles interacting through the potential ® ob? and 9 Ob is the Coulomb 
potential. 

The second term on the right-hand side describes both the strong binary 
collisions at short distances and the collective interactions through the effective 
potential. 

For nonideal plasmas in the first approximation in the retardation and the 


inhomogeneity, the right-hand side of (61.2) is replaced by: 


d® a % 


P ee. 
—N (r,p,t) (rp! )|-(3+2" 3 + F .2) 
(; id DP tte A ot 2 or ao op 
> | dt nea (r P(-T) t) VN, (r P!(-«) t) (61.3) 
aya? 2 BY? ’ ° : 
0 


These equatioms take into account collective effects; they cannot be brought into 


the Boltzmann form. 


For later use we may also introduce an alternative form of (61.2): 


3 3 = 3 
[ate 2+ (e,é +Fa,)* 2] N (est) 
a0 7 : 
= dx! _ab js 20h. Poss TPs 


The electric field E(r ,»t) introduced here is defined by the following equations, 


for a Coulomb plasma: 


VXE=0, VeE=> one, | dp Nglrsp >t) (61.5) 
a 
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or else, replacing the Poisson equation by the equation for the current : 


~ 3E 
Vx E=0, sean De, | dpvw,(r,p,t). (61.6) 
a 


The tilde on E indicates that the source in (61.5), (61.6) is the smoothed phase 
density. 

We now compare these equations, (61.4), (61.5) with Eqs (25.1) and (25.2) for 
the microscopic phase density WV (2,8) and the microscopic electric field EM, 2). 
The latter are exact microscopic equations for a Coulomb plasma. In the former, we 
included already the contribution of the short-range correlation. On the right- 
hand side of (61.4): they are less general, as they only describe long-range 
fluctuations. 

The form (61.4), (61.5) of the equations is convenient, particularly for 
their relativistic generalization. In the latter case, we substitute in (61.4) : 

e, E+ F,, > ¢,[E+1(ox8)]+F,, (61.7) 

we replace on the right-hand side the collision integral by the appropriate rela- 
tivistic one, and use instead of (61.5) the Maxwell equations for the smoothed 


~ 


fields E and B. 


62. THE METHOD OF MOMENTS. THE POLARIZATION APPROXIMATION 

On the basis of (61.3) or (61.4), (61.5), we may construct a hierarchy of 
equations for the moments of the random functions Nas E, as in section 22. We 
consider the first equation of this hierarchy. 

We use the definition of the one-particle distribution function i in 


terms of the averaged smoothed fields (see (26.1)): 


2 py — /R\ 
n= CN i SCE) (62.1) 
and the identity 
(W(t) E(t) = n,f, £ + (il, 6é) (62.2) 
Ce ree are © 
where 6N, = N pee SE=E-E. Thus, by averaging (61.4), (61.5), we find 
the equations for ie : 
P) P) ,) a: ae 
2 + yp 2 +(e, +F,,] liars 
VxE=0, VeE= Dinegng | dri, (62.3) 
where 
i 2D a, [ae 2s 2p P(-2),t) f,(7,P!(-«),¢t 
a b b or dp @ a ); fy rs; (~~), ) (62.4) 
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is the part of the collision integral involving short-range fluctuations, and 


e a Pe 
[eee og (i sé) (62.5) 
f 74 9P a 2 Ft 


a 
is the one involving long-range fluctuations. In (62.4) the term involving 
g(r ,P(-~), Pp! (-o),¢) disappeared, as the contribution of the long-range fluc~ 
tuations at short distance (r< re) is small. 

In order to stress the analogy with the case of gases, we shall call the 
integral a the Boltzmann collision integral. This is not quite accurate: a 
involves not only binary, but also collective collisions (through the effective 
potential). 

The set (62.3) is not closed, as it involves, besides i and £,the second 
moment (6v, oF). The equation for the second moment involves the third one, and so 
on. We have a hierarchy analogous to the one for the smoothed functions fy fas f, 
(see sects 21, 22). 

We now consider, as in section 22, the equations for the moments in the 
polarization approximation. The equation for the one-time moment (Sv, 6, ) 


/ 
oes ier 
is obtained as for (22.21) (we now delete again the tilde on bv, 5N,) : 


A - K on _f 
L, +62 +62 } (sn sm) #6 (se ny) Fee ec 
(E.5 ax bx a ee a Ble le 3p 


on, f. 
+ ey (on SE) ~_ bb 
a x, r’,t 


=A (eye4 2) (62.6) 
. ; op ab 


i 


Here the function: 


“A “A 


/ — (7 ! ence 
pee er ee + 8i,, + 6,1) ny Sap | (2-2 Mf, 7 fabs 


rib n, [7 (x,t) f(a’ ,t) + od ee) F(z.) |} (62.7) 


is defined in terms of the one-particle functions a8 it thus plays the role of a 
source term. The operators L , Ob are defined by (26.4) and (27.5): P=P(--~), 
P’ = P'(-o); ig is defined by (62.4), and the action of rn on an arbitrary 
function P(x, t) is defined as (see (22.37)): 


a ais fo wll & D 5 IT 
éI Bix ,t)= > n, | de 900 Fates Be) P(r P 5b) 
Cc 


+P o(r,P,t) f(r PY 2) (62.8) 


The equation for the two-time moment (6v, 6M, ) rae es in the 
> > b 
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polarization approximation is analogous to (22.40) : 


(i LST ) (on, sn,) 
“ a i os ee ras 


an, f(a, t) 
te (se sy) gy a (62.9) 
r,t,c'’,t’ oP 


The solution of this equation is expressed in terms of the one-time moment, i.e., 
the initial condition. Thus, for the determination of the spectral density of the 
long-range fluctuations we need the solution of (62.6). We saw in section 22 that 
this step can be avoided if we use directly the equations for ON which are equi- 


valent to the set (62.6), (62.9). By analogy to (22.41) we may then write 
s a oO a‘a 
(i, + Sag) (4, (2 >t) — 6ypeunee (x,t)} + 2 68 (tt)? a = 0 


Vx 6E=0, V+S6E= an > e,| dp 6H, (62.10) 
a 


where the tilde on OW SE is omitted. The correlation of the source fluctuations 


ae is defined by an equation analogous to (22.42): 


A A / 
+ = 
@ éT, ) ANG si) rate 0. (62.11) 


This equation must be solved with the initial condition 


source 
tau. Eo a 


i source 
dav, 2m 


xotox! AS ou 


: source te, ok , : 
The function (Sv, SM, yen! e: is in turn defined by an equation analogous to 
(22.43): 

A A A source ; 

Cs a 85,4" | (6m, om) Ae = Ap ltx ,t) (62.12) 


where A plas x',t) is given by (62.7). This equation is much simpler than (62.6), 
as it does not involve polarization terms, proportional to (OE 8N,), (OW, SE). 

In the local equilibrium approximation, the terms enclosed in square brac- 
kets in (62.7) vanish. Thus, from (62.12), (62.7) follows that the initial condition 
for (62.11) can be written in the form 

source s 

(64, sn, ) = t Sap | 6(2-2/) wes ee (aye) F,(2',t)| ~ (62.13) 

ee oot 

We now consider the approximation in which we neglect the polarization due 
to the long-range fluctuations of 6£. In this approximation, we omit in (62.6) 


the terms in (SE 6M, ) P (64, SE) and thus Eqs (62.6) and (62.12) coincide so that 


( source 
6V_ 6N ) = (6N su) (62.14) 
( = b x,x’,t a b x,x’,t 
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In the same approximation, we may neglect in (62.10) the term in 6£. Thus 


oN = rear and we have 


( source 
SN 6N » = (3 ON ) ‘ (62.15) 
. b Soba e 5! . e eta te 


Instead of Eqs (62.11), (62.12) we may use the equivalent Langevin equation 


. > source _ 
(i, + 67,,.) oN = y (est) (62.16) 


which represent the linearized Boltzmann equation of the plasma. In the next sec- 
tion we establish the relation between the correlations of the random sources Yo 
of the Langevin equation and the function A ab (x,x’,t), i.e. the source in the 
equation for the moment { 6 ) : 
q (oN blz ,x',t 
As in section 22, the function A ab can be represented as the sum of two 


terms 
B 


ae 7 Bob - aie 


The first term represents the long-range fluctuations, and tends to zero in equili- 


(62.17) 


brium. It is defined by an equation analogous to (22.23): 


A p(asn'st) = 7, 85 182-2!) I (x,t) 


yo! |z,(2 4) f(x! st)+ i,fe' st) £,(2.8)]p - (62.18) 


It is expressed in terms of the collision integral I, An explicit expression will 
be found in section 64. 


The second term in (62.17) is defined by a formula analogous to (22.27)3: 


B / . a . a / 
= + se - 
Ap @s xv’, t) (Sls sh, a) (sf,,+ iy), | n, Sob 6(x-x ) f(x») 
(62.19) 
This part of Ab is due to the discreteness of the collision events and remains 


non-zero even in equilibrium. 


63. THE SPECTRAL DENSITIES OF THE LONG-RANGE FLUCTUATIONS 

We consider the spectral densities of the long-range fluctuations of an 
ideal plasma, i.e., we neglect retardation and inhomogeneity effects. We first 
look for the spectral function of the source fluctuations, and from these, through 
Eqs (62.10), the spectral densities of the long-range fluctuations ON SE. We 
note that (62.11), (62.12) are analogous to (22.44), (22.45). Because of the 
analogy, we may write directly the solution of the former, corresponding to (23.6) : 


(63.1) 


| ane Ap (Ks PsP’ ) 
b 


(sw Su = 
© %a,k,pyp!  [-t(w-kev) +E] [tlw ke’) + By | 


where we introduced the notation 
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“A 


eS ee a (63.2) 
ap ag op ap 


corresponding to (23.3). The operator SI, coincides with (62.8). We do not con- 
sider the dependence on Pr and t as these variables enter the collision integral 
only as parameters in the ideal case. 
The expression of the spatial Fourier transform of A ab is obtained from 
(62.7): 
A p(k>P»p)= (2, +8, 0) 26 [6(7—P") LEAP) f,(p’)| 


+ {nan | dr 8, £,(2) (PF) 


— 1, 8:y[02(e) tyr!) +2P (0) £,(0) |} . (63.3)1 


In order to obtain this result we note that, to zeroth order in ay a kr» the 


Fourier transform of the expression 
A Pp p/ 
Se PUP) TR”) 
is independent of k (see (23.4)). Furthermore, we used the relation 


(27)? 8(k=0)/V=l 
which is used in the transformation of the second and the fourth term of (62.7). 


(63.3) has the properties: 
| dp A ,(k>psp’) = | dp’ A p,(ksp»p')=0. (63.4) 


Substituting (63.1) into the corresponding solution of the Langevin equation (62.16) 
we find the relation 
(Ya4b)y kop! = Aip(KsPs Dp’) . (63.5) 
This equation corresponds to (23.8). As the right-hand side is independent of w 
and, for kr, < 1, also of K , the random source in the Langevin equation is 6- 
correlated in both space and time. 
In the local equilibrium approximation, the term in braces in (63.3), 


vanishes, and 

Agp(k Ds P!)= (Foyt Epp!) Mg Sqp| (2 — 0’) fle) ~F, fy] (63-302 
Thus, from (63.1) : 
aie o (z, + Inns) nS, 18(P —P') FAP) - fF, fp] ae 


(sw, 6M, g 
wik,p,p’ [w-kev +22, ) [(w-k-v’)—24,,, | 


We now consider Eqs (62.10) in order to determine the spectral density of 


6M, JOE . From the first of these equations we find 


ON (w,k,p,t) = 6N °° "(wk spst) — ea aud SE (w, k) ae (63.7) 
a b »Ps =~ Qa b »P > wokev tie, 9 5p ° ° 
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From the field equa-ions we find 


SE(a,k) +" > ne | a SN (wk sp) 
k2 ¥ a a 


e ~< an e, | dp SUSE? (uk, p) = 6p ore’ yk) . (63.8) 


The set of equations (63.7), (63.8) differs from(35.2), (34.12) by the substitution 


l ] a-] 


= 1 ; (63.9) 
W—-kKep +z W—-Kep + tap a,W,k,p 
Thus, we find again an expression of the form 
(SE. + SE )souree 
(se ° SE) gp gee (63.10) 
wk le(wsk)|? 


similar to (35.6), but the dielectric constant and the spectral density of the 


source functuations are defined eae a 


Aq ef no - af 
e(a.#) 1+ 2, — 3S 2 | ap Ls ahak as (63.11) 


source sl ea nuk 
(se 7 ee ” a ba, wkyp “byw, k,p! AablP>P’). 
aa (63.12), 


These equations follow from (63.8) and (63.1). Im local equilibrium (63.12), 


reduces to the much simpler form 


~\source as ef ie 
(sé SE) a 7 2 ne | dpi ty 


We transform this expression, noting that in equilibrium 


f_(p) 7 (63.12)5 


a,w,k,p ° 


i i = Slap ge aon (63.13) 
We therefore obtain 
2 Re | dp ciz! aoe hep fi (P) 
. w+7 éf 
— re | dp Sih 
wokep +tdlap 
they tke (of,/3p) 
= Re | dp | --2Re | dp —_—_— kr 
a an 
wWwokeypt+276F 


wr kev +167, ap (63.14) 


Using also the expression of the imaginary part of the dielectric constant derived 
from (63.11) we finally get 
(sé-sé) = st imei, hk) ae (63.15) 
wk le(w, &) | 
This formula, valid in equilibrium, is universal. 


We now calculate the spectral density (6¥,, SE) kp which defines the 
> +) 
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collision integral ie From (63.7) follows that it can be written as a sum of two 
terms (we omit the tilde): 
, ind 
(61, SE) = (sm, SE) + (susouree SE) (63.16) 
W,k,p W,k,p w,k,p 


The induced part of the spectral density is defined as 


ind ten, k Pie 
(sw, 7) = - 4-4. (se - 56) => («-=2). (63.17) 
w,k,p Oe ala wik P 
It involves the spectral density of the field fluctuations. The second term is 
given by 
source | seUres 
(sw sE) 3 (ow, 5) (63.18) 
Wr,k,p € (w,k) w,k,p 


where the dielectric constant is defined by (63.11) and the spectral density by: 


Ss , A k »f 9 t 
(sn se) = a > ae e, { dp! aps psp’) : 
a w,kyp k 5 [wrk vt ir, luk v—7tI, a] 


(63.19), 
This expression follows from (63.1) and (63.8). 
In the local-equilibrium approximation we use instead of (63.1) the simpler 


formula (63.6). We then find, instead of (63,19), : 


source ik A-] 
(sw, SE) sare) 4ne n° 2Re tL kp fi(p). (63.19), 
Wyk ,p 


We finally write the expression for the real part of the spectral density 
(63.16) which defines the collision integral of the ideal plasma. In the local- 


equilibrium approximation we find from (63.17) —(63.19)>5 


on | k af, 
Re (sw sE) =-g n Ret L k (se se) aa (x. ) 
- w,k,p are Ws" sP Wrk k 0p 
k Ime (w,k) .2-]1 
MO ae Tz (wk) |? ccna ay er fp) . (63.20) 


If the local-equilibrium approximation is insufficient, we must use (63.12), instead 
of (63.12)5 in the derivation of the spectral density (63.20). 

In a similar way we may calculate the more general spectral density 
SL ee 

The expressions derived so far for the spectral densities of long-range 
fluctuations are not explicit, as they involve the operators pee which, in 
The derivation of explicit forms for the 


“aw 


tap? Lap: 


spectral densities is thus a difficult problem. In some cases we may use for sim- 


turn, involve the operators 


* ° es e e eo B LJ ° 
plicity model expressions for the collision integrals = Thus, for instance, in 


the work of Sitenko and Gurin [54] the Bathnagar-Gross-Krook model was used in the 
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calculation of the fluctuations in a plasma in equilibrium. The method of 


calculation used in this work is described in detail in reference [15]. 


64. KINETIC EQUATIONS FOR PLASMAS WITH ACCOUNT OF THE LONG-RANGE FLUCTUATIONS 
We represent the collision integral (62.5) in the form 
7 e 
r=- <3 . 3 -| dw ak re (su, 5£) (64.1) 
"a (2n)* op w ik ip 
Using Eq (63.20) we obtain 
2 
e 
+ Qa :) | k ~ool { of (r,p,t) 
Jo o=-— --—- dw dk — RetlL ea a 
a (27)" ap ke a,uskyp {(S8 SE) k » — op. 


: ot te (O58) f(rsp.t)} (64.2) 
le(w,k )| 


a~—1 


If in the operator L appearing here we replace I, by A and go to the 


p 
limit A+0O, we recover the Balescu-Lenard collision integral (37.2). 
In equilibrium the expression (62.5) vanishes. Indeed, substituting the 


Maxwell distribution in the integrand of (64.2) and using (63.15) we obtain 


- = sete of 
w,k kK? QA,W,K ,p 0p k, 7 a 
(SE + SE) 
= w,k k “oot “ — 
ka? k ae thy yk phe ha) Ia ” 


because in equilibrium Slap f=. 


The collision integral (64.2) has the properties: 


> 2, | de o,(7) fae 0 for “Oly pss (64.3) 
a 
We recall that Eq. (64.2) is valid whenever in Eq. (63.3) the terms enclosed 


in braces can be neglected and the simpler expression (63.3) can be used. This is 
valid, in particular, for the local equilibrium state. For concrete calculations 
the complicated operator ae is replaced by some model expression for the 
Boltzmann collision integral. It is therefore convenient to use (64.2) even for 
non local-equilibrium states. 

Equation (62.4), (64.2) is valid only for the ideal plasma. We now consi- 
der its extension to the non-ideal case. In this problem the kinetic equation can 


also be written in the form: 


‘) 3 ee) B = 
Pande! at ae eeceree! © a ° = + . 
E y Dp (<, F.,) 2 i Le I, é (64.4) 


However, now the collision integral ie involves three terms (58.8), defined by 


Eqs. (59.7) —(59.9). For the integral s we must use instead of (62.5) , (64.1) 
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expressions analogous to (58.4), (58.7). Thus, 


~ é te. os 
I (,t)=- 4 3 | dw dk Re (6W, SE, 
(27) BP; WK,psr,t 
k.k.y = “ 
+ (3 6, - +f) 2 m (si, «- 8) - (64.5) 
k d k a w,k,p,r,t 


To obtain an explicit expression for this integral the spectral density 


(sw, SE) 


must be calculated, taking into account (to first order) the retardation and the 


Wik, por »t 


spatial inhomogeneity. 

As Eq. (64.5) involves the spectral density of fluctuations with correla- 
tion times oe > I/wy these fluctuations can be considered to be plasmons (see 
sect. 57). The spatially homogeneous plasma can therefore be treated as in section 
57; the corresponding collision integral is analogous to (57.8): 

e2 


= a 3 k "ee | a 
L t)= — | dk du — Re tL (sé-52) 
a'P ) (27)" 0p K2 a,w, k,p wk it ~5 


of (p,t-t) : 87 bee (aig ) 


- — f | 
op le(w,&)|2 7 


As in (57.8), only zeroth and first order corrections in the retardation are 


p,t-t)). (64.6) 


meaningful. 
The spectral density of fluctuations appearing in (64.6) obeys an equation 


analogous to (57.15) : 


_ ; ; (SE . sE)eouree 
2 (68-3) =— 2¥ (sé - 66) = ee 
dt w,k,t wrk ,t Je (w,k)| 
, > 7-1 
_ 9 0° Re€ | d Re€ (sé +58 ) 
at Ww | aw w,k,t (64.7) 
where 
res eae | 
y= ime (2224) -- REET ESO. (64.8) 


are respectively the damping rate and the dispersion relation for the long-range 
fluctuations. 

If the time-dependence of the frequency is taken intodvaccount in (64.7), 
there appears an extra term analogous to (57.16). Such a term appears also in the 
kinetic equation. 

Taking into account the spatial inhomogeneity, we get two additional con- 


tributions to ie One of them is defined by the second term of (64.5). The 


KTNG - | 
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spectral density appearing in it must be evaluated only to zeroth order in the 
retardation and in the inhomogeneity; see Eqs (63.16) —(63.19)5. The second addi- 
tional term is. related to the contribution of the inhomogeneity of the spectral 


density (Sv SE) in the first term of (64.5). 


Wek» psr,t 
65. HYDRODYNAMICAL EQUATIONS WITH ACCOUNT OF THE LONG-RANGE FLUCTUATIONS 


By taking into account the long-range fluctuations, new terms appear in the 
hydrodynamical equations of the plasma, both in the thermodynamic functions as well 
as in the transport coefficients. 

Thus, for instance, instead of (60.20) for the contribution of the inter- 
actions to the internal energy eee we obtain 

SDt tal J aerate (ono) 
k>r7! kor,t 
D 
+ | dk V pl * ) (si, sr, ; (65.1) 
k<r7!} Kr,t 
D 
The second term takes into account the long-range fluctuations. 

In equilibrium the two integrals are combined, and we get the known result. 
The contribution of the second term is important whenever the state differs signi- 
ficantly from equilibrium in the spectral region k <1/9p. 

Expressions analogous to (65.1) can be written also for the other thermo- 
dynamic functions. 

As a result of the structure of the collision integral 

| oe eG (65.2) 
a a a 


the viscosity coefficient can be written in the form 


nk, 
a (65.3) 


where ve is the collision frequency for the itegral i and v, the corresponding 
quantity for di 

For states close to equilibrium (65.3) corresponds to the ordinary expression 
for the viscosity. If in the region of long scales (Kk < 1/rp) there are strong 
deviations from equilibrium due for instance to turbulence, we may have a change in 
sign of vo Thus the viscosity can be larger. 

It is impossible to give here concrete examples: we refer the reader to 
the literature [19-24, 26-30]. 

Note that the problem of the division of the fluctuations into short- and 
long-range ones appears also in the theory of collisionless plasmas. The correla- 


tion time of the short-range fluctuations is defined, for instance, by the Landau 
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damping. The correlation time of the long-range fluctuations can be defined by the 
time of flight, i.e. the life-time of a particle in the volume under consideration, 
by the dissipative processes at the boundary, etc. 

The kinetic fluctuations play an important rdle in various systems. They 
define, for instance, the essential fluctuations of laser radiation and of molecu- 
lar generators [56-58]. The laser fluctuations are similar to those of a collisional 
plasma, and those of a molecular generator to those of a collisionless plasma. We 
further note that the theory of long-range fluctuations is presently intensively 


developed for the study of electron-phonon systems [59-62]. 


PART III 


Quantum Kinetic Equations for Nonideal Gases 
and Nonideal Plasmas 


INTRODUCTION 


The last part of this book is devoted to the kinetic theory of the nonideal 
quantum gases and quantum plasmas. The name ‘nonideal' means, as before, that within 
a given model (pair-collision approximation, polarization approximation, etc.) we 
consider the contribution of the interactions to both the dissipative and the non- 
dissipative quantities. 

The first attempt at a construction of a quantum Boltzmann equation for a 
nonideal gas is found in the work of Green [1] but it was not very successful. More 
elaborate kinetic theories of this type are found in the work of Kadanoff and Baym 
[2], Baerwinkel and Grossmann [3,4] , and Klimontovich and Ebeling [5]. 

Quantum kinetic equations for a nonideal, fully ionized, non-degenerate 
plasma were considered in the work of Klimontovich and Ebeling [5]. In the paper 
of Klimontovich and Kraeft [6] the exchange effects in these systems were considered. 

The kinetic processes in an ideal quantum plasma are usually described by 
the quantum analogue of the Balescu-Lenard equation [7,8]. As in the classical case 
this equation takes account of the dynamical polarization which screens the inter- 
actions at large distances. The contribution of the short-range interactions is 
considered only in the weak coupling approximation (Born approximation). 

For nonideal plasmas the weak coupling approximation is insufficient, as the 
short-range interactions are quite important in the thermodynamic quantities. Thus, 
for short distances we must use the binary collision approximation. 

We already know that the simultaneous treatment of the long-range dynamical 
polarization effects and of the strong short-range interactions in a nonideal plasma 
leads to quite complicated equations. Therefore, as in sections 55, 56 we will only 
use the average dynamical polarization. However, in the treatment of the short-range 
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effects we retain all terms of the perturbation series in the interactions. We thus 
account for the strong interactions of the charged particles. 

A much more difficult problem is the derivation of kinetic equations for 
chemically reacting systems and for partially ionized plasmas. This is due to the 
role played by the internal degrees of freedom of the free atoms and of the mole- 
cules. The kinetic theory of these systems started its development not long ago: 
it is in a much less advanced state than the kinetic theory of gases and of fully 
ionized plasmas. A short account of these problems is given in the last chapter of 
this book. It concludes the book by showing possible ways of generalizing the 
theory developed here and by calling attention to these very important and interest- 


ing problems. A fuller treatment of these problems could only be given in another 
book. 


CHAPTER 12 


Quantum Kinetic Equations for 
Nonideal Gases 


66. HIERARCHY OF EQUATIONS FOR THE QUANTUM DISTRIBUTION 
FUNCTIONS. THE BINARY COLLISION APPROXIMATION 


The one-particle, two-particle ,... density matrices of a many-component 


gas will be denoted by pi(r’,r”,t) ; Pap hye! ryt st) » +.» We denote by 


/ 

2° 1 

fief,» ... the corresponding quantum distribution functions, i.e. the density 
: . ‘ ; t. A 

Matrices in the Wigner representation [9-12] . The functions Pa and ie are 


interrelated in the following way 


eee i _lny) e7tYee (2mn)* 
f Ar spst) “Gayle ptr +>hYsr shy) e V : (66.1) 
The normalization conditions are: 
| ar dpfii(r,p,t)=1, ilar op (r,r,t)=1. (56.2) 


Similar relations hold for the functions Pap? tab? Pabe? fabart’’ For the quan- 
tum distribution functions, or for the density matrices, we may derive a hierarchy 
of equations similar to the BBGKY hierarchy. The first equation in this hierarchy 
is [10-12]: 


“la oh E| ay an|y ny) —U__( +i ny) | 
"1 ary oh Heat att Yay he 
ty°(n—P,) i -3 
ee f(r,.n,t) = 5 (21) > Ny 1, | dr, dp, dy dn 
, ( 27h ) 
; ; ty° (n-p,) 
lo (lr mV) 9, p(lyy nr tear) | « fap (tr, Mor, »P,) 
(66.3) 

T 4 detailed discussion of Wigner functions appears in reference [47]. (Transl.) 
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Here U0 is the potential of the external field. For h-+0O, this equation reduces 


to 
at af 99 ob ee 


af 
a a l 
ae Oe a ae ->1, | a dp -_—. (66.4) 
at | ar, = a0 ap, ; b (anh)? Baer Han 3p, 


For the one-component gas, this equation is identical to (1.19). For comparison we 
must note the different normalization of the classical and of the quantum distribu- 
tion functions. From (1.14) and (66.2) we have 

2 


V - _ lie V QU _ PCL (66.5) 
( 27h) (27h) 


6 -ab ab 
In the forthcoming developments it is usually more convenient to use _ the 


density matrix Pop rather than ee By analogy with (2.4) we introduce the corre- 


lation matrix as follows: 
= / Pow NW 


Hence Eq. (66.3) takes the form 


af oe. 
a a ee -3 1 1 
Seth ge - Ean | ay dn a —Eny)—U,(r, +2 49) | 
* exp Ga -p)| f,(r, on. 8) =I (r,>P,,¢) ‘ (66.7) 


The collision integral I, is defined as follows 


° 3 

<i -3 (2th >. Pee 3 a Y 

= (27) ad n, | av dr, axe ro zhy)—@ (7, r, +iny)| 
b 


pone (r,t>hy,r, —thy,r,, 7,, t) (66.8) 
Gab ‘1 ee 2 9"99 "os °9)) 


and the potential of the average field is given by 


] 
= U =— on 
Ur t) =U, tm, 4 | ar, bglry—ry) Og(toe Pye t)- (66.9) 
b 
In the case of a spatially homogeneous gas, the collision integral reduces to 


ated lll Wl We _ p 
T(Py.t) = 5, 452. ™, | ar! ar, a7) ae ry) — Pap try r,)| 
b 


; ee el Ns hou 
exp | t (r} ry ) pir] Papal y Fo oPyst) ; (66.8) > 


We used here the fact that for spatially homogeneous gases we may use ob instead 
of Jab in the collision integral. In the classical limit, and for a one-component 
gas, (66.7) reduces to (2.11) and (66.8), to (2.12). 

We now consider the binary collision approximation. We then obtain for Dob 


an equation analogous to the classical one (2.20) for fy? 
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dp 2 2 
, ab h on ee h ee 
ae S ea (; rs tpn) . 2m, (7 9) “ab 


= tpl) WW pt 
leant, r,) — ply Y )| Pab 


2 
Se AO. | 
=th — -\ dp, dp, f_(p.,t) f2(p.>t) 

at (anh)? ] 2 ey: b 2 


‘ o. —1 is : aa bight}. 
exp [ih (ri ri’) Py + th (7, ro’) p, | 


Ill 
D 
Oo 
_— 
™ 
vy 
™ 


ie rit rit ty. (66.10) 


Here an denotes the two-particle density matrix for uncorrelated particles. 
a : 
We now express the two-particle density matrix in terms of the eigen- 
functions of the two-particle Hamiltonian, i.e. the functions obeying the following 


equation 


(r,, 7.) 
po. 2 


=Ep p, Vp, piTi2%o) (66.11) 


6 
27h 
Jar, ar, Vpn pi (Moh 2) Vpl pity oto) = L2a 80 B) 8p Ps) 


(66.12) 
The corresponding time-dependent functions are: 
: ~tp7) 
Vy p (r,; r,t) = exp ( th En p t)V, D (ry iF) 5 (66.13) 
] 2 1° 2 1° 2 
In the free-motion approximation we have 
- | 
Vp pi" »T,) = y-l exp jin (7,°P,+ ry +P») | ; (66.14) 
The expression of the density matrix is: 
(ri ri! wr! rit ,t) a | —.|" | ap’ dp" dp! dp"! 
ab O93 (27h)? 1 Naas Seale”? 
! u / u fe ed Not 
Pob (p) »P>»?P,> P22) vp pi (ht) ¥ pi pur) 7,'). (66.15) 


Using this relation, we find the equation for the density matrix in the momentum 


representation : 


. Q w uw 
h —-—-|{E = £ ob 
le at ( piP, PY pi) Pap Py Py > ParPe 22) 


o 3 / 
th — e) abt Pt »Pi'> Ps» Ps ,t) . (66.16) 
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The solution of this equation, assuming complete weakening of the initial correla~ 
tions, is analogous to (12.1): 


2 | _ 0 / WW / Wg 
oes a exp th (Fp PY “pil ni’) | PplPy> P, 9 Po > P, »t tT ) 


ae 3 0° / 
+] ae exp [ax (6 2B er ps a, piste 
| exp }|—12 p! pi pl pi! aE a P P PY P, ) 
: (66.17) 

Using this result and the relation (66.15) we find the density matrix in the coordi- 


nate representation. We first introduce the transition matrix: 


V 4 * 
A(-t)= “Kee | aps dp" dpi dp! wi, ley rt) won pa (ry rf’) 
(27h)3 aaa ae a 2 ae ae aaa ne ee aa 


u(ay 45> =) (66.18) 


Yp! P’ é 


1( 955 %57 1) Yt p 


Then 
wy | / “ / 7] _ 0 t it / Mey 
Pap Moly sriarit)= | aa! dq, dq, aq ta( T) Pop 241 > Vo» q> >t tT) 


T 
/ _wty 9 oe 
+ | an A(-—t hes CE q‘ ; q> qT, ,t-tT )} : (66.19) 
0 


This expression is analogous to the classical Eq. (12.1). 

We substitute this relation into (66.8), thus expressing the collision 
integral in terms of the one-particle distribution functions. We recall that ai 
is defined by Eq. (66.10). 

Equation (66.8), can be simplified if we retain only the first-order terms 
in Tt) (3/dt), i.e., the first-order retardation correction. We then represent the 


collision integral as in section 12, as a sum of two terms 


‘i ae oe ee (66.20) 
a al a2 


The first term, which is of zeroth order in the retardation, is obtained from (66.19) 
] oa / HW / ut a 0 / it / it 
Pap = | aa’ dq’, dq, da, A(-~) ofa), 47 09, 995» t). 


For T*+© in (66.18) we obtain 


* 


p’ pt (4455-7) rpl pula » —T) 
1° 2 


y q), 


= ee | / -1 
—> V~* exp l-on (pio 9) +P 574 4) exp |i (py ea t+ PT -a't)| 


Indeed, to zeroth order in the retardation, the correlations in the initial state 


disappear completely. As a result, after integration over q 295 095495 and 


/ Mt / Mt 
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Pn ot oi a ae) 
y" | re Woo 
=-_—_— | dp. dp, Creer w are 
(27h)° bo? Pp Poo Le 25 Py Py 1 2 
fA py st) fp (Pos) - (66.21) 


From (66.8)5 , (66.21) we get the following expression of the first part of the 
collision integral : 
. 2 
Ty, (yt) ab LD a, | av ap ar, ae, 
(2mh)~ (27)° b 


; a ee ae 
[oy (tre FOV) —Pplr,—r, + Eny)| © 


V pt p (Ppt ShYs Py) ¥ 


P’P» (one) fylp,>t) fy(pyt)- (66.22) 


* 
P\P 
LD 
This expression is identical to the one obtained by Green [1]. In reference [13] 
it was shown that this expression can be transformed into the usual form of the 
Boltzmann collision integral with a quantum cross-section. 
The retardation correction gives an additional term to the Boltzmann equa- 


tion as a result of the nonideality. The expression of the density matrix 


contributing this term is 


(2) 0 / iM apl ue a = 0 / ot Wi 

Pop = 2| ac] da! dqi' dq, da, Le A(—t) pin(a)s 4,54, 2 455%). 
(66.23) 

Substituting this expression into (66.8)>5 we find the expression of Zs As in the 

classical case, this term gives the modifications of the non-dissipative quantities 


of the gas. 


67. MACROSCOPIC EQUATIONS AND THERMODYNAMIC FUNCTIONS OF THE NONIDEAL GAS 


As in the classical case, the collision integral has the following proper- 
ties 


D2, | dp oq( 7) L,(Ps 4) = 0 for $ =I1,p. 
a 


These properties ensure conservation of the number of particles and of the momentum. 

Let us discuss in more detail the energy conservation equation. From (66.7) 
follows the conservation of the energy, including the pair collisions. Calculations 
similar to those of section 12 lead to the following expression for the internal 


energy density 


a P 3 2m a 
a (27h) a 


+22 nr 


2 


d(r,—r,) o paplty fie lo 2%) ; (67.1) 
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Here an is the distribution function of the particle positions to zeroth order in 
the retardation. Its expression follows from (66.21) 
1 
Pap (T12 Tr» To FoF) 
4 
ah dod 
(27h) ° 


In the expression of the internal energy, the interactions contribute not only to 


2 
v pasta) fo (p,>t) f,lpy>t)- (67.2) 


| ap, dp, P, 


the potential energy (second term), but also to the kinetic energy. As we know 
from section 14, the one-particle distribution function can be expanded in powers 


of the density. To first order we obtain from (66.7) , (66.10) : 


aE z J ary ry day(s +2) meee 


which is analogous to the saceee expression (14.4). ¢€ is a normalization con- 


f(P,>t) =olre 2m 


stant, i. is the distribution function of the ideal gas, and Jab is the correla- 
tion function. Using the value of C we obtain, from (67.3), to first order in the 


density 


Faeyr aa tee "DV 7] an a, sed | 4p, ¢ ras ea a 


a 


(27h) 


On the right-hand side we need the expression of Jab to zeroth order in the density 
and in retardation. The function eo (p,t) differs from the ideal gas distribu- 
tion fy because of two types of correlations: the quantum correlations, and the 
classical correlations due to interactions. In equilibrium only the quantum corre- 
lations remain, and they vanish as h-0O, 

We now derive the expression of fa» correct to order h?. We start from 
Eq. (66.3) for the Wigner function. We solve it by successive approximations in h, 
starting from the classical Maxwell-Boltzmann distribution f°, for a pair of parti- 


cles. In the binary collision approximation we get 


30 2 
QU cl ab . 0 cl cl 
Tq = 4 +2n Wis T V | Beers ( or, TE, Fa Gapl22) (67-5) 


which agrees with Green's result [I]. Here a5 is the Boltzmann pair correlation 
in the binary collision approximation. 
From (67.5) we obtain the well-known expression (sect. 33 of ref. [14]) of 


the average kinetic energy in the local-equilibrium state 


2 
2 a > 
u | ag Sek r+" _ Yn, + | ar, LT ae a 


Pp 
(27h)? 2m, B 24 m,kpT b ar’ 


Equation (67.1) can be represented as follows : 
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U=U_,_+U (67.6) 


where Usa is the energy density of the ideal gas. The quantity Je represents 
the potential energy and the correlational part of the kinetic energy. We consider 
the latter quantity in the local-equilibrium state. From (67.4) follows that the 
correction to the kinetic energy is 


P, Ps 
1 0 
PTE 2200" ree ee dx, too + 2-3 k .") f ob (67.7) 


2m 2m 


0 e e e 
where fb is the quantum equilibrium distribution function. 


The function 


can be expressed through the simple distribution Pap ty »Pislos rs). Indeed, from 
(67.1) , (67.7) : 
ait 0 
Vee eae >> nM, | ae, dz, (Ho, 3k,T) fob’ 
a b 


Setting  pA= AO,» we rewrite this exprreston as 


a ,) 0 
f= Dane aye ea" "oj 2 | dx, dx, H (4) fop- (67.8) 
a 
On the other hand 
) ] ( ) 0 9° 
— d d H r =— Rn Tr ex |- 8 r 
DA meee eye tap! Sab Cy aan pO) 
® (d) ® (A) 
r) 1 ab 0 do. | ab 0 
=—f8 | ae dx Hg er dr p 


(67.9) 


Substituting this into (67.8) and using the expression of the potential energy from 


] 
> (A) 
—11 93 ab. 0 
Die = 2 yop P22 nay | ar | dr, dr, —— ere 
a 0 


U_.(Ar58). (67.10) 


(67.1) we get 


This expression agrees with the well-known result from the equilibrium theory of 
quantum systems (see for instance, appendix 7 of ref. [15]). Equation (67.10) 
actually defines the second virial coefficient in the expansion of the internal 


energy in powers of the density. 


68. TWO FORMS OF THE QUANTUM COLLISION INTEGRAL 
In the classical theory we used two forms of the collision integral of an 
ideal gas. One of them was the usual Boltzmann form (10.18), the other being the 


Bogolyubov form (10.5). The proof of their equivalence made use of Eq. (10.8) 


KTNG - J” 
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which follows (to zeroth order in 1(d/dt)) from Eq. (10.2) for the two-particle 
distribution f,. 

An analogous equation can be easily derived in the quantum case from the 
function fap: It follows from (66.10) by using the relation between is and P ob 
After some transformations similar to those of section 10, we obtain the second form 
of the collision integral (for homogeneous systems) : 


1 ,) ,) 
> uy | ar, dr, dp. (v.24 vs 2) Fah? >=, st) 


LP) = —— 
a 1? (27h )3V ; r, ar, 


Instead of ‘oe: we may as well use the correlation function ee ae ee tae fy» 
because fo? fy do not depend on the positions. 

For one-component gases (68.1) corresponds to the classical expression 
(10.9). To make the comparison, one must recall the relation (66.5) between 
classical and quantum distribution functions. 

For an ideal gas the expression for the function Jp follows from (66.21), 
by using the relation between J ah, and Pap which is analogous to (66.1). Thus, in 


the binary collision model and to zeroth order in the retardation we have 
i (r.> D4 3%o 2p 5st) 


y2 
(2m)° 


y 


jay, dp, dY, dp, exp (—t¥,* P,~ TY, *P,) 


1 1 
p’ gate ie ie 


Vp! pif Se NN te ah) f(r) .t) f,(p2.#). (68.2) 


We see that the function f°, depends on time only through the one-particle distri- 
butions Ja fy: 

Substituting (68.2) into (68.1) and performing the integrations in spherical 
coordinates we obtain the quantum expression of the Boltzmann collision integral. 


It differs from (10.18) by the change of the classical cross-section (10.20) to the 


quantum cross-section {13}. 


69. THE WEAK-COUPLING APPROXIMATION 

It was shown in section 13 that the kinetic equation of a nonideal gas in 
the weak-coupling approximation can be obtained either by expanding the Boltzmann 
collision integral, or by expanding the correlation function ce in powers of the 
interactions. Both methods can be applied, of course, also in the quantum case. 


The equation for the correlation density matrix in the weak-coupling 


approximation follows from (66.10) : 
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g 2 2 
ae (v? 2\, h (0? 2 ) 
“ah Parent ti ily + V | et vig rll se — V / — V 4/ g 

at 2m r ie m, - r, ab 


_ es ce Moet i igh rit 
= on (rors) ohh rs )} pir hy gt) PA( TS» r’ wt). (69.1) 
It corresponds to the classical relation (13.1). 


We substitute here the expression (66.15) of Jab in terms of the eigen- 


functions to zeroth order in the interactions [i.e. (66.14) ]. As a result we obtain 


, _— _ / / " W 
Jin st 7 (2, p', Ep »)| 9 pl P} 9P5>P, >» Ps se) 


7 ACD)» P) +P y's pi, >t) (69.2) 
here y 2 
sa pep 
E =—lb + 42% 


We introduced here the notation 
A= mal dr) dr, dr,’ dr,’ lap (oer) =< i Fo | 
exp | im 1(r! (r’ OR te °p "| exp J—an-t(r« pl trie ph) 
0 (r’, P43) op (r”, a rae (69.3) 
For spatially homogeneous distributions 


"4t) = or) — rie) 


/ 
Pa (ri oF) a 


= V ascot 2 4 
= ae dp, exp jen (r) ri) P| fi (p)>t) . (69.4) 


We use this expression, use the Fourier representation of the potential oF) in 


(69.3) and integrate over the positions, with the result: 


|p’ — ia 
= (2mh)° Vob ——— S(p +P, — Pi’ P,’) 
-(F,(0%.4) (0! .t) —F,(0f, #) fy(0)5*) | (69.5) 
where 
V pl) = | dr e eae ofr) , (69.6) 


We rewrite Eq. (69.2) by assuming complete weakening of the initial correlations : 


/ / 4/ // 
9 b b yt 
TqP. > PY >P sp’, t) 
foe) 
a -] e =~] 
= —th —E 
t | dt h exp | tL (e,, p’, pl" ot)" | 
0 


/ / " wt _ 
A(p!, BP), PY Pl, t-t) . (69.7) 
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We now transform the expression (66.8)5 for the collision integral. We 
substitute the expression (66.15) for Job in terms of the eigenfunctions (66.14), 
Fourier-transform the potential, and perform all possible integrations : 


N 


2 l b -1 
I(p,,t) == 1 2 | ap! dps ap v(h |p,— p/l) 
oa h (27hy® 5 V here: ao a 
ae ees / / 
6(p,+ Pp, —P)—P,) Im 95, (P) > P59P)2Pos%) . (69.8) 


From (69.8), (69.7) and (69.5) we obtain the desired expression of the collision 


integral for a weakly coupled nonideal gas. 
te 2] 


2 | 2 = 
I(p,,t)=— aD 5 Jac | ap’ dp’ dp,v',(hn'Ip,—-p' |) 
aul h 6 b [on 2 2 ab ae ae 
— p/ ~1 = 
5(p,+ P.— P, P,) cos E (, P, Ey! ps) | 
[fmol 5 t-1) fy(Ph. tt) —F4(my> Pt) F,(P 25 t=) | . (69.9) 


To first order in the retardation, this expression can again be represented as a 


sum of two terms 


I (p,,¢) re os (69.10) 
where 
a 27 ] > | I / 2 
I = 5-——— YP Ny, | dp! dp! dp, v*,(h|p. —p’ |) 
al h (2mh)® 5 b I 2°" 2. ab 1 1 
2 p2 p/? p'? 
P, (2 - ll _ 12] gp 4p —p’— pp! 
6 am. 2M 02mg mp (7, +P,~P Ps) 
|falP{.#) f,(P4.t) — fy (Py >t) f,(r2+8)| (69.11) 


is the collision integral of a weakly coupled ideal gas. This expression was first 


obtained by Bogolyubov and Gurov nay, The integral Ts is: 


= ere 2 e ae oe / / 2 =I i gl 
a2 ot h2 (27h)° 2 m, | dt | dp, dp, dp,v_p(h IP, Pil) 
5(p,+ P,— P, —P;) cos & (z, p. En! 5) «| 
1 2 1 2 


lfm!) f, (Pf .t)— f,(7, 6%) Ppl! 4) 


This expression modifies the non-dissipative properties of the gas, i.e., takes 


account to the nonideality. 


t This is actually a particular case of the kinetic equation derived by Uehling and 


Uhlenbeck in 1933 [49] , which is the full quantum generalization of the Boltzmann 
equation, taking also quantum statistics into account; see also [47]. (Transl .) 
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Here on is the two-particle density matrix for an uncorrelated system. The right- 
hand side of (70.3) differs from (66.10) because it takes into account the exchange 
effects. The upper sign (+) corresponds to the case of Bose statistics, and the 
lower sign (—) corresponds to Fermi statistics. 

We shall not consider here processes which involve the transition of the 
particles from one spin state to another. Therefore, the functions (70.1) depend 


on the spin variables as follows: 
50! ; pit) S226 
] | ; ]’ ) G5 a} oe fi{p,>t) 


a ae ee) ee 
Pp(9) »9, To, 0. 7) 27, 7 ee ae t) 


6 / WW / "Wt 
DG. Pye 05,0," Papll i» hy To, Ht) (70.4) 
where Jo 7 2s ti, Sa being the value of the spin in h as unit. 

The functions (70.1), (70.4) are normalized as follows 


> +, fa tlo.o,7.t)= 1 
e (27h)? < 


: | 
ae RO. Oo (Oy Os 5 C5 6 O55 Fa foe Toahoa ey = ls 
2 ] 2 Fea De Be ET BO Le DD 
2 27 ab (70.5) 
1 GF 


The subsequent calculations proceed as in section 66. The result is analo- 


gous to (66.19) and can be represented in the form 


=e (2) 70.6 
Pab Sab + Pap 
where 
1 Vs * 
A -—_ | ap dp v (r’ ori) rll opt 
ab (27h )® 1 2("P, Py 1° 2 pp,' 1 a) 


f(o}, ot »Py> t) Fr(O5> O5 »P. ,t) 


+ / 7 * / T 
ae OD Yo of, ) Y p62 oF) ) 


/ i / WW 
r d 
(2) 2 8 | | / Vl 1 dq"! A(- 
0b =e dt | dq dq! dq dq’ t 7 A(-t) 
0 
a / ut / i / i / 4 
eR ME a Le) (70.8) 


where A(-t) is the transition matrix, defined as follows : 
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4 
V 
A(t) = <1 | apt do, dot a0! toy gy (el 44) Vii git (rll otf 
(27h) '? PP, } Po} 2 
* 
Yy! pi 64>, 9-7) Ypl pu (ays q, > =) (70.9) 


The collision integral, to first order in the retardation, is represented 


as 


Tj(o,, 0 .p,.t) =I, +1, (70.10) 


From (70.2) , (70.7) we obtain: 


-2ZY°P 
_t Vv. / ] 
lah (20 5; — es oa » | av del dp, dre 


eaelti—te-$ OY) 9,567, - 7, +2 BY) | 


tiny, * Swill ! uw 


p,(Fo2 shy) f Oj, 2 Fos P48) Fpl oy ,p,t)}. 
(70.11) 


This is the quantum Boltzmann collision integral, taking account of the exchange 
effects, for an ideal non-degenerate gas. 

The term L5 is obtained from (70.8) and (70.2): it provides the effect 
of the interaction and exchange correlations on the non-dissipative properties of 
the gas. 

If the spin dependence is given by (70.4), Eq. (70.2) reduces to the simpler 


equation 


af (P >t) 


at => T(0,,0,.P,2t) = T(p,,¢) . (70.12) 


oi 
In order to obtain the expression for Ty we substitute (70.4) into (70.11), per- 


form the summations over o, and use the identities 


] ] 
> 2 7, a °o! 6, 9, of! =>. 9494 Sy! a” 9p 


0, O, oF ee 


We then obtain the result : 
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: 2 ~LY°pP 
ec V > / l 
Ta, = h (ony? ne n, | dY dp, dp, dr, e 
b 


ecw _ 1 
DAG ro—- zhy) — 6407, r+tny)| 


+ ao 
Sob a, Vp! > (r+ hY,r,) Yp! p'" vy ny) | 
fy (P\ >t) f, (Ps €)- (70.13) 


In the absence of exchange effects, this reduces to (66.22). In the weak coupling 


approximation, it reduces to the simpler form [16]: 


_ 27 | / / Senet eee 
re > #, | ap! dp, dp, 5(p,+ P,— P\- P,) 
b 


by 
| 
| 


2 2 12 12 
& Lice oye. Seas v2 (n7!| p, —p’ 1) 
2m 2m, 2m, 2m, ab Py Py 


I+ 


| -1 ee, -1 ety Sed 
“ab 9, ab (RIP, PLL) vay Ch |, AD), 


\f,( p) > *) fy(p,»t) — f(r, t) f,(P,»*)} (70.14) 


which reduces to (69.11) in absence of exchange effects. 

For a one-component gas of spinless particles the kinetic equation with 
this collision integral agrees with Eq. (10.41) of Gurov's book [l1]. 

We now proceed to the study of the quantum kinetic theory of nonideal 
plasmas. In the calculation of the thermodynamic functions we shall stress the 


important rdle of the exchange effects in these systems. 


CHAPTER 13 


Quantum Kinetic Equations for 
Plasmas 


71. THE PHASE-SPACE DENSITY OPERATOR 
In sections 4 and 5 it was shown that the equation for the six-dimensional 
phase space density (4.6) ,(4.7) can be taken as a convenient starting point instead 
of the Liouville equation. The distribution functions fi» f, »--. are related to 
the moments of this random function. We saw that this formalism is particularly 
effective in the theory of long-range fluctuations in gases and in the kinetic 
theory of plasmas. 
In quantum theory, instead of the phase density 
Na 
wy (x,t) = > 6(a-2.(t)) (71.1) 
t=1 
where x= (r,p), we use the phase-density operator for spinless particles 


! 
2n~V 


a 3 —-tY°P » 1 1 
Vi (@,€) = (27h) | dye Pp (rsh, r—shr) (71.2) 


where 


la 
7 gl’, r,t) = ur (r,t) ¥,(r’, t) (71.3) 
is the density matrix, vr wv, are creation and destruction operators, satisfying 


the following commutation relations [17] : 


vy (rst) ve(r’ .t) 2 ve (r’.t) wilr.t) = 60, Sr —0'} 
bal st) Vale’ sé) + vy lr’ 4t) alr ot) = 0 
wt(r ,t) uf(r’t) + wt(r’,e) wtlr,t) = 0 
The + sign corresponds to Fermi statistics, and the — sign to Bose statistics. 


The Hamiltonian for spinless particles is [17]: 
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‘ h? 
B= Dam, | ar vs (roe) OF tr 02) 
a 
t ESD [ary ary oye — ry) 0iCr, ot) vflr, ot) 
a b 


Wy(r, t) vi Cr, >t) . (71.4) 


We express this Hamiltonian in terms of the phase-density operators by using (71.2), 


(71.3). If the pairing effects due to exchange are neglected, we obtain 


A ] p* A 
H- | ae 2a (250) 
Z (27h)? ae 
th SD | de ae! one 0!) fyle.t) (eo! 5t). 
( 27h) D (71.5) 


The second term can be symmetrized in a,x; b,x’. 

Equation (71.5) corresponds to the classical equation (4.3); it also 
retains the self-interaction term. 

The equation for the phase-density operator can be obtained by means of the 
well known equations of motion for the operators wp‘, p, using (71.2). In absence 


of an external field, we find [18] : 


(2 ty 2) i («.t)-% ——, | at dn dr’ dp’ ot ¥* (n-P) 
ot or (2n)° (2mh)? b 


[eag(r—r thy) — e,(ror' + tay) |i, (2! 2) Wren se), (71.6) 


This equation corresponds to the classical equation (4.7). We now introduce the 


potential energy operator 


r = I t Sn BIN ay hed 
U Arse) = (omti)3 > | dz pl! r ) W(x st). 
b (71.7) 
We may then write (71.6) in a different form [18] : 


3 a\* ~ 21 z¥*(n —p) 
(e+e 2)ig(e.e) - 2 | anay e 


Jug(r- tay) —o,(r + tnyy] HCrsn,e). (71.8) 


This equation corresponds to the classical equation (4.6). Using (71.7) we rewrite 
the Hamiltonian as follows 
A ] > p° aA 
— [ar (Five ) (we) 
(27h)° g am, ao/ a 


; x 
He oa | de U Ar, t) N(x,t). (71.9) 


QUANTUM KINETIC EQUATIONS FOR PLASMAS 269 


This expression can also be used for the description of exchange processes, if 


instead of (71.7) we use the following expression : 


U Mage) ere a al Jo ap(r 1") 


= Sap Yaa 1p PI) 6(r— 7) W (2! yt). (71.10) 
The upper (lower) sign corresponds to Fermi (Bose) statistics. 

The expressions (71.9), (71.10) correspond to (36) in ref. [18]. In order 
to derive (71.10) from (71.4), we must consider all possible pairings of the 
form wtp. 

If we consider particles with spin, but do not retain transitions between 


different spin states, we must use the expression: 


(27h) 


U(2.t) 1 > | a’ leap(r 6") 
b 


] -] a 
g, ‘ab Yaa" lp-p'|) 6(r-r')| - Mi (e",t) (71.11) 


+| 


where G35 25,41. Thus, when the exchange effects are retained, the potential is 


replaced by 


ee ] -1 
Sapl—7') * Sang Yaalh |p—p'l) Slr -r") (71.12) 


If the exchange effects are taken into account, (71.8) must be replaced by 
a more general equation, corresponding to the Hamiltonian (71.9)—(71.11). The 
added complication is due to the fact that the corresponding potential energy opera- 


tor depends on the momenta as well as the positions. We thus obtain 
(2+. 2) fi (est) 
ot dr/ @ 


| dy dyn d® dq exp ley (n-p)+ 20+ (a-r)| 


ai 1 1 ei 1 } * 
(71.13) 
For the case of fermions, we may use a simpler equation, if the momenta of 
the particles differ but slightly from the Fermi momentum. We may then expand 
(71.13) in powers of hy,h® and obtain 
au 39 : 
tai +(»+ a). 2 4.2 \i (2,t) = 0, (71.14) 
at ap / or dr aps 2 
where U, is given by (71.11). 


In the case of short-range forces the potential . in (71.11) can be 


approximated by: 
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oo pir) = v(0) 6(r-r’). (71.15) 


This approximation is currently used in the theory of Fermi liquids [19,20]. 
72. THE EQUATIONS FOR THE MOMENTS 

We go over from the operator equations (71.6) , (71.8) to the hierarchy of 
equations for the moments. We denote by { ) brackets the average over the occupa- 
tion numbers [17] : 


(WV (2,t))= 1 F(x) (72.1) 


where i is the one-particle quantum distribution function (66.1). 
For the two-body moment we obtain the following equation, not. taking into 


account the exchange effects (we suppress now the caret .~ over JW): 


(Ww (x.t) N(x! ,t)) = (v N, — 6p Nv) fF plesn st) 


3 
PG a ASO | ay dn dy’ dn’ [ror 'etn(yey’)| 
aba (2n)° 2 


é(n—n’) exp [iy (n —p) +zy’ “(ni - p')| 
f,{ + (AR ela Ny tiny’ onset | (72.2) 


where Jy, is the two-particle quantum distribution function. In the classical 


limit this equation reduces to 
/ = 7 
(N(x; A M, (a ° t)) (W, Np ee Lap 


+N 6 (2mh)° 6(x— 2x’) fi (z,t) : (72.3) 


This equation agrees, for one-component systems, with the classical equation (5.2) 


(recalling (66.5)). For spatially homogeneous systems (72.2) simplifies: 


(1 (x,t) Wy (a’,t)) = (VS i540) fap 


+N 6 (20h)? s(p—p') | ay dn S(r—r’t++hy) ety*(n—p) f.(n,t). 
a ab 2 a 
(72.4) 
From (72.2) and (72.5) we derive the relation between the second central 
moment and the quantum correlation function. For instance, for spatially homoge- 


neous systems we find 


/ = (W_N,- 68 


(6, 6 t ay 


decd aba! Jab 
+H, 6,4 {8(P—P!) me | d¥ dn 6(r—r! + ny) or V( -P) Fp (ne) 


a ab 
— fi (e.t) fyle! ,2)} ; (72.5) 
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In the classical limit this relation reduces to (26.10). 

By the introduction of the exchange effects there appear new terms in (72,2), 
(72.4). We shall not write them down, as they will not be used below. 

The averaging of Eqs. (71.8), (71.13) leads, as in the classical theory, to 
a hierarchy of equations. In the first moment approximation we obtain from (71.13), 
(71.11) the quantum self-consistent field equations for the distribution ee and the 
function U Arspst). Thus, for fermions we obtain 


9 ou 9 aU 9 
{2+(» +—4). ns 2 f_ (x,t) = 0 
ot op or or Op a 


u(r .p.t) => M, | ar! dp! f(r! , 0’, £) 


a (27h)? 
Jo, p(r—r") 0-4 z Vag hp P|) S(r—r’ )| ; (72.6) 


Equations of this kind appear in Landau's theory of Fermi liquids [19,20]. These 


equations have no fluctuation term, and thus do not describe dissipative processes. 


73. THE POLARIZATION APPROXIMATION 
In order to describe the processes in the polarization approximation we 
start from an equation analogous to the classical one, (27.7). As appears from 


(71.8), it has the form 


i, {ou (# >t) — gy2ouree (a, ¢) | 


N 
i _ 4 an aN a ty*(nN-P) p+ 
a med dy dn BAG > hy) bu, (r+5 ny) | ¢ fi\r nyt) 
(73.1) 
where 
r ay (eCiaraer _2 _1 ty-(n—P) 
LAr sp) (2+» 5 )atr,p) . aa lat adn e 
Ju,(r— ny) — v,(r+ bey) | A(r,n,t) (73.2) 


and U. is the potential energy of the particles. For h>0O (using (66.5)), (73.1), 
(73.2) reduce to (27.7). 
To Eq. (73.1) must be added an equation relating the fluctuations by, ou. 


In the absence of exchange effects, we get from (71.7) 


] 
6U (r,t) = —_ | dx’ ® ,(r—r’) 6N,(x’,t). (73.3) 


; ; , urce . ‘ 
The two-time correlation of the source fluctuations 6N5°""°© is defined by 


a 
an equation similar to the classical one (27.8) : 


A0 source 
io Gy, 6p) = 0. (73.4) 
xix’ ,t,t! 
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The initial condition for this equation follows from the expression of the one-time 
correlation (6V Nye ag! Zz for 9,5 =0. Thus, for a spatially homogeneous 


plasma we get from (72.5) : 
source 


/ 
(54, Hy) Fr 
Ln? s(p-p!) | dy an 8(r—r/+ tay) eV (MP) 5 (nye) 
— fa lest) f(x’ ,¢)} (73.5) 


In the thermodynamic limit ¥*+~*,V+™, the second term involving (pees can be 


- Ni Sap 


t=t! 


neglected. For h+0O (73.5) reduces to (27.9). 


74. THE QUANTUM COLLISION INTEGRAL IN THE POLARIZATION APPROXIMATION 

Equations (73.1) —(73.4) can be taken as a basis for the calculation of the 
spectral densities of the fluctuations SN éU_. As the calculations are very 
similar to those of sections 34—37, we give immediately some results. 

For an ideal plasma, i.e., without retardation and inhomogeneity effects, 
the spectral density of the field fluctuations is 


(4n)* ern 


(se -5E) = Th — 44 | dp’ dp” é(hk— p’+ p") 
wk (2rh)° © k?le(w rk) | 
p'* nll2 ; ‘ 
a (nu 2 mm) [Fal ” ,t)+f (Pp sey | : (74.1) 


Here €(w,&) is the dielectric constant : 


ane. n V 
e(w, &) = | +>: Sg a | dp’ dp!' 6(nhk—p’t+p”) 
a k (27h) 


(pst) — £,(p"st) 


Saree Se ie Se (74.2) 
h(w + 2A) — (p’2/2mg — p"”2/2mQq) 
For h>0O, Eqs (74.1) , (74.2) reduce to the classical ones (35.6) , (35.5). 
In equilibrium, (74.1) becomes 
h 
(6 -5E) = 87 in S(O F) (tw TET) (74.3) 
Wyk rs le(w,k)|? ney BY -| 


and coincides with the well-known expression of the equilibrium theory of electro- 
magnetic fluctuations [21]. 

We rewrite the expression of the imaginary part of the dielectric constant 
which follows from (74.2) : 


= pu “a "a V / 7] / 7] 
a ee Smog ; dp’ dp” S(hk—p’+ p”) 
a k (27h ) 
a(nw— 2 we le fi(p’,t)—f (p" £) | (74.4) 
2m 2m, a’? a ‘ ° 


QUANTUM KINETIC EQUATIONS FOR PLASMAS 273 


The quantum collision integral can be expressed as in the classical case 
(sect. 37) in terms of the functions (SE > SE) , and e(w,k). We start from the 
’ 


equation for the one-particle distribution function (71.8). Using (73.2) we get 
L >. = Ii(rsp,t) (74.5) 


where the collision integral is 


I (rsp ;t) =i 3 | dy dn et¥* (1?) 


(sy, su, = (su s1,) : (74.6) 
Vr-shy,r,n,t - r+ yhy,r,n,t 


Thus, the collision integral involves the correlations of 6M ; 6U, . The quantum 

collision integral can be expressed in terms of the spectral ee (Ov, SU) k, p 
b > : 

The latter is provided by calculations similar to the classical ones of sections 36, 


37. As a result we obtain for the collision integral of an ideal plasma: 


e2 12 
OS ps / J co pe p* 
I, (pst) = rar | dp’ dw dk ae: 5(hk p+p')5(hw— oe + 2m, ) 
(88-88) [f,(p’, ) — (05 £)| 
fe (wk) [? [Zalo’ 4) + F0 ¥€) |p Gem 


In equilibrium the collision integral vanishes. Indeed, upon substituting 


the Maxwell distribution we find the identity 


eee 
2m, 2 2 . (p')- f(P) 


2 12 1 
om 2M e BY 1 
and use Eq. (74.3). In the classical limit Eq. (74.7) reduces to the Balescu- 
Lenard collision integral in the form (37.2). 
The quantum collision integral can be put into a form analogous to (37.1). 


We subscitute the expressions (74.1), (74.4) into (74.7): 


Ti(p3t) = 2 ere ; "» Toahys 3 | ao dp), dp, dw dk 
2 ie 


/ Sage | ie a eee 
5 (ik—p,+ pi ) (ru re am, _) 8(p,+ p,—P-P) 
2 2 12 1/2 
| s( + 2 oe) ae eee 


| £, (P40) f,(P2.t) — fy (P15) fy(0, >t) | (74.9) 
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We then perform the integrations over w and k with the result : 


ie 222 _ Vv / f ae ae: 
I (py>t) = >, 4ner etn, — | ap: dp, dp, 8(p,+ p,- P,- Py) 


b (27h)? 
(Hh ae 
+ pee a 
2m, 2my 2m. 2mp 
2 ‘2 2 j=l 
P P 
(p ~p{)*he [a ( 1 L) te, - pf) | 
i i 2m, 2m, i Py 
|Fal0/. #) F,l0s,#) — £,(01+t) Fylon,t)] - (74.10) 


The collision integral was obtained in this form by Silin [8] and by Balescu [7]. 

We now compare the collision operators in the polarization approximation, 
(74.10) and in the binary collision approximation (69.11). We therefore set in the 
latter voplk) = ane e,/k, which corresponds to Coulomb interactions. The differ- 
ence between the two cases is the presence of the function le\7? in the former: 
this factor describes precisely the polarization. As the dielectric constant 
depends on the momenta, the polarization is called dynamical. 

Still another form of (74.10) is useful. We introduce in the integrand the 


new variable p, — p', =hk, (Pp, + pi)/2 =p, hence 


_ ad fo. ee (74.11) 
P, =pt+ >hk, p, =p— hk 
We then get 
2 2 
4meé en 
I (p,,t) = a2 : | dp’ dp dk 8(p,—p; — hk) 
’ 5 h (27h) 
2 42 
P 
aod, l —hkK «vy 1, 
em Ea k*le(kev, k)| 
1 
|f,(p! *) fi (p oh k,t) —fi(P,t) fi (Pp +>hk, t) e (74.12) 
We thus see that the effect of the polarization is the replacement 
v_.(k) 
ab 
Vp tk) —> ————_—___. . (74.13) 


Je(k ev, kj? 

The polarization effects show up most clearly at large distances, of order 
ry. At short distances the quantum collision integral obtained here describes the 
interactions in the weak-coupling approximation. We already pointed out that in 
constructing a kinetic theory for nonideal plasmas we need a collision integral 
taking account both the polarization effects and the strong interactions, but this 
is very difficult. Therefore, as in the classical theory (sect. 55.56), we limit 


ourselves to the consideration of the average dynamical polarization. 
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75. THE EFFECTIVE POTENTIAL. THE PSEUDO-POTENTIAL 

The change (74.13) introduced by the polarization effects is analogous to 
(47.1). We recall that in the classical theory the effective potential, taking 
account of the average dynmaical polarization, is defined by Eqs (47,2) , (47.5). 


The latter is more general and can be used to define the effective potential in the 


quantum theory as well. Thus 
~ ] 
Vik Sees ge (sx -5E) ; (75.1) 
ab ete aT k,t 


The expression of the spatial spectral density of the fluctuations follows from 
(74.1): 


(se-se) = S24 1 __ | ap! ap 6(nk ~p! + p") 
k ‘ k? (27h ) 

/ it 
fi(p’,t)+ fi(p”’,.t) 


4 
e( p!2 = pee k)| 
2m h 2m h ? 

a a 


(75.2) 


We go over to the new integration variables p’—p”=hk’, (1/2)(p/+p") =p and 


integrate over k’; 


8 1? ern V 
— |dp 
seese) =D 
( kt 2 k (27h) 


> 


fip+zhk,t) + f,(p—zhk,t) 


5 (75.3) 
Je(kew, k)| 
From (75.1) and (75.3) follows the expression of the effective potential : 
5 (k) =v (kh) + — 
ab ab y e2n 
5 ee 
1 1 
f(pt+zhk,t) tage (p — > hk, t) 
-> en, —Y— | 4 ey SD) 
Pie Je(k-¥, k)| 
For h =O this relation reduces to the classical form (47.2). 
In equilibrium, Eqs (75.2) , (75.3) reduce to [22]: 
(se +56) = 4nk,T {( CT 2 > Re ( — —__.___} 5 
k e(0 ,k) “ e(217z h Lk,T, k) 
7 (75.5) 
The zero-frequency, equilibrium dielectric constant can be derived from 
(74.2): an ern : eee 
e(0,k) = 1 +> —44 Py (1.3,-—~_} ; (75.6) 
k? kT 2" Bm kT 
a B a'B 


where 1/1 is the confluent hypergeometric function. 
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In the classical limit, Fy! >>> 0) = | and the second term in (75.5) 


vanishes; thus 
4uak_T 
(se +52) et, (75.7) 
k i+rt x? 


Substituting (75.7) into (75.1) we obtain (47.4), hence the Debye potential opr) : 

The quantum effects are important when ak z | (A, = h/( 2mk 7)*). As 
m,<m,> the quantum effects are important only for the electrons. 

The study of the quantum effective potential (75.4), to be found in ref. 
[23], shows that at small distances (Ak > 1) both terms of (75.5) give the same 
contribution 2k .T/ (2 k* ); hence 

4nk 7 7 4m ee, 
(s£ + se) =——— _ ,_ v_,(k) = ————... (75.8) 
k r2k2 ab 
D 

Thus, at short distances (Ak > 1) the quantum effective potential reduces to the 
Coulomb potential. On the other hand, at large distances (Ak < 1) the quantum 
effects play no role, and o ") reduces to the Debye potential. Hence, the signi- 
ficant differences between classical and quantum effective potentials occur for 
intermediate distances, Aik ~ 1. 

In the classical theory, we may express the two-body distribution in terms 


of the effective potential (47.5): 


a 


api?) = exp [—  ,(r)/k 7] (75.9) 
which reduces at short distances to the Boltzmann distribution, and at large dis- 
tances coincides with the Debye distribution. 

In the quantum case the situation is more complicated: the function Poa{r) 
cannot be expressed through the effective potential o_4(7) . This difficulty origi- 
nates from the existence of bound states, which are not conSidered in (75.1),(75.2). 
The contribution of these states can be included by the use of the so-called pseudo- 
potential. 

We assume that the degree of ionization of the plasma is so high that the 
neutral atoms can be described as an ideal gas. The nonideality is due only to the 
interactions of the charged particles. The bound states can then be excluded from 
the consideration, and we may introduce a pseudo-potential through a formula of 
classical form: re 

Por) = exp (~u,./k,T) : (75.10) 

In ref. [23] an expression for the pseudo-potential was derived; for large 
distances (r re) it tends to the effective Debye potential, for intermediate dis- 
tances (a, <r < ry »where a, is the Bohr radius) it is close to the Coulomb poten- 
tial, and for r=0 it tends to a finite value. The simplest expression for the 


pseudo-potential is 
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2 =7r/r 
7 Set IR fs, cd Me Dre 
u(r) = e (to + aoe) e € 1) ° (75.11) 
The three constants d, f, @, are defined by 
2 
a Ce 
0 et Te 23 
—— ee —— + easels . 
‘ e? kt ( eo os 0) 
a. a 
de~f = pe Ke’ 7, Set 
er 
detf = | (75.12) 
Here a Qn e,/kat dD is the Born parameter, 


oe | -1 
Nog =e Koo f/m_ + : 
ab = Map h (2%y git, + 2k,T/m,) * » 
and a, is the Bohr radius. 
From (75.11) follows that the pseudo-potential has the following finite 


value for r=0: 


~ oF a 3 bon ee 
u_.(r=0) =—k T | — + ln — &°.- —— . (75.13) 
CL B 16 8 “et ry 
For r> a, we find 
-r/r 
i (r)=$ (r)e-Le mp (75.14) 
eL eL r : - * 


Note that in the absence of the polarization (r, ==), Eq. (75.11) behaves 
at large distances as i/r? . It is well known that the Slater sum Soz\v) , defin- 
ing the function Poe in that case, behaves for Coulomb systems as l/r’, Eq. (75.11) 
can be improved in such a way that the terms in l/r? , 1/r disappear. Then (75.11) 
behaves at large distances as i/r*, in the absence of polarization [23]. 

The pseudo-potential (75.11) must be viewed only as a rather simple model 
expression, useful for a certain type of problem. The more complete theory of 
the pseudo-potential for a plasma is quite complicated, and is not very well 


developed at present. 


76. THE QUANTUM BOLTZMANN EQUATION FOR A NONIDEAL PLASMA 

The quantum kinetic equation for an ideal plasma in the polarization 
approximation was derived in section 74. As in the classical case (sects 53, 54) 
we may derive a generalized kinetic equation for nonideal plasmas. However, we 
know from section 56 that the contribution of the short-range interactions in the 
polarization approximation is incorrect. This difficulty is especially serious in 
the calculation of the non-dissipative properties of the plasma. 

It is. therefore necessary to derive a kinetic equation for nonideal plasmas 
taking into account both the polarization effects and the short-range strong inter- 


actions. As in the classical case we shall only consider this problem in the 
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approximation of the averaged dynamical polarization. This amounts to introducing 
the effects of the polarization through the use of the effective potential, or of 
the pseudo-potential. 

In this approximation we may use for the two-particle density matrix Po 
the expression (66.10) obtained in the binary collision approximation, after sub- 
stituting 


ee es Usb (76.1) 


“ab \ ~ (76.2) 
U ab for aGQ#b 

Thus, the potential Uo is the effective potential for particles of the same sign, 
and is the pseudo-potential for particles of different sign. If we limit ourselves 
to the equilibrium approximation, we may take for Ds the Debye potential. and for 
U ob the expression (75.11). 
We denote the density matrix obeying Eq. (66.10) with the potential (76.2) by 

Pop: We express this density matrix in terms of the eigenfunctions » P, (ry, 15) 
defined by (66.11) and (76.1). The solution for Oop Can again be expressed in the 
form (66.19). The substitution of this result into (66.8)5 provides the collision 
integral which can be represented in the form (66.20). For Ia we find instead of 


(66.622) ::3 


4 y? ee 
I (p,,t)=-— a: | dy dp! dp. dr, é 
uf 2 2 
al h (27) h? b ] 
1 1 
[ogy (tim te Eh) — 8257, ro + day) | 
W a ye a / 
(76.3) 
where ¥ is an eigenfunction obeying the equation 
2 2 
he xo h* _2 ~ es 
cee, AE ae (r=) ¥ (fig SE y (r,,7r.)- 
| 2m, %, 2m, Fo ab 1 2°) pp i 2 PP, P,P, 1?" 2 


(76.4) 
Equation (76.3) cannot be brought into the form of a Boltzmann equation with a 
quantum cross-section, because it contains collective interactions through the 
potential UD: The solution of Eq. (76.4) is as yet unknown. In ref. [24] some 
numerical data about the eigenvalues of this equation were obtained for a Debye 


potential. 


77. THERMODYNAMIC FUNCTIONS OF A NONIDEAL PLASMA 
The purpose of this section is to examine to what degree the expressions 


for the thermodynamic functions obtained from the models considered above compare 
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to the known results of equilibrium quantum statistical mechanics. Till now, the 
concrete calculations were performed only with an effective Debye potential re 
not with the potential Uap’ 

From (67.10) we obtain an expression for the correlation part of the 
internal energy Uae, in terms of the potential energy. The corresponding expres- 


sion for the free energy - 


= mace 
neae =| a 5 payee? ; Ueee 98 Pl coe Ene) 
0 
From (67.1) we obtain 
= ~l 
Use = 222. n ny | alr-r,) o(,- 75) Pap (r,, Piolo. r,) . (77.2) 
a 


The function are is given by (67.2), with Y>¥. The exact form of YD, P, is 
unknown, even for the Debye potential. We therefore express the thermodynamic func- 
tions as power series in the Born parameter Cob’ 

In the Born approximation, and for the local-equilibrium state, the Fourier 
transform of an is given by 


pot) = (2m) 6(k) 


8, (k) FP ¢ ee es Ke) (77.3) 
b 11 > 2% 4 “ab : 
Ma ket, bl oD key 7 


From (77.2) , (77.3) we find 


ne +m 
b 
ee =— 27 22. n a} ees ar YD G(r ,/%)) > (77.4) 
where 
/ 1\ -p* | 20 : / / 
G(n) = dp p few a(k ye —, sin (nk’p) — cos(nk’p)) (77.5) 
Tab re, ey | de 


with ki=rk. The expressions (77.4) , (77.5) are valid for any potential Uap: 
For the case of the effective Debye potential 


G(n) = ae — exp (n*/4) [I — o(n/2)}} (77.6) 


For n< 1 we find 


(2) -1-2 4! nab 0 (22) (77.7) 
D 
For an isothermal plasma we find from (77.7) , (77.4) an expression identical with 
the result of the equilibrium theory [25, 5, 44, 39]. 
Thus, to first order in hap!’ p? the use of the Debye effective potential 
leads to the correct equilibrium expressions. Note also that (77.7) is practically 


independent of the choice of the effective potential. 
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For an isothermal plasma in the local-equilibrium approximation and for 
(p/p) <1 the calculation of the thermodynamic functions can be performed to 


arbitrary order in the Born parameter. For the internal energy density we obtain 


kT 
Ss: __B_ 
Ura kA? 2%, anr3 
r 
= i a _ab\ ~3 
wk? >> ns, oe re bob (4 + &n ; ) 3, 
a b D 
! ~ C(m-2 m A 
+ 1? ey Re ale (+e,5) +0 (-28) | , (77.8) 
Pimsiy Tr (3m) + | ro 


where 
ae 1 
er in2— > 


and ¢ is the Riemann zeta~function, I the gamma function, and C the Euler con- 
stant. 

This result agrees with the result of equilibrium theory. The only differ- 
ence is in the value or the constant a, but this difference is not important, as 
in a plasma with me the term in ae vanishes. 

Equation (77.8) takes account implicitly of the bound states with a life- 
time much shorter than the mean free time. In order to exhibit this contribution 
more explicitly, we transform (77.8) further, for the case of a hydrogen plasma. 


We make use of the following formula [29]: 
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(77.9) 


where we used the fact that gf fan? = — BEE being the levels of the hydrogen 


atom. This equation gives the total contribution to (77.8) of the even powers of 


Set 
that it is defined as the derivative of the partition function of the hydrogen 


eo ce j 4 i ae : : 
,» beginning with cor: this 1s the contribution of the bound states. We see 


atom, cut off by the Planck-Larkin method [28 , 29]. 
The remaining contribution of the bog Series will be denoted by K*(B). 


Thus, the expression of the internal energy of the plasma can be written in the 


form: 
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k_T 
cae ct Be 
- : “p” 2 "a Bir? 
2 D 
3 sis BE 
312 D> 2 43 2|, Pon _ * 
n, rT: 87 deo 2" E 1+ BE) +x me (77.10) 
n= : 


The contribution K* depends weakly on the temperature. It can be approximated by 
the following interpolation formula: 


* 


K*(B) w—4n* A | BE, | 


where £, is the ground-state energy of the hydrogen atom. 


We now come back to the two-particle distribution function 


<1 

a COnrLer T,sT,)- 
This function is finite for all distances r= Bape Its decay at large distances 
is determined by the polarization, whereas its finiteness at short distances is due 
to the quantum effects. For instance, in the local, non-isothermal equilibrium state, 


we find from (77.3) by using the Debye potential : 


l 
a? (m_+m,)e_e i r 
ES b b 
(my kyl, tmp B a) AaB ar) D 
For an isothermal plasma, for hab’ p € 1, this reduces to 
ee 
mol } a b 
=Q = — a 7 
Pap” )=1-—T Xap kel (77.12) 


which is identical to the result of the works of Kelbg [30] and of Trubnikov and 
Ebeling [25, 44]. 


78. EXCHANGE EFFECTS 

We now discuss some results of the quantum kinetic theory of nonideal plas- 
mas, including exchange effects. The quantum kinetic Boltzmann equation for a 
nonideal plasma, including exchange effects was considered in ref. [6]. This equa- 
tion is obtained from the equations of section 70 by the method described in section 
76. We consider some of these results in order to illustrate the exchange effects. 

If the exchange terms are included, Eq. (77.3) takes the form: 

bik) = 2d dt,(0, .0,,0),0,,k) 

Oy, S23 


2 3 Se 3 1,2 12 
zeny OVE at apt ®) Fy) »z 9 ZAgyk ) 

+ 3 
oe 12 42 

bob q, d b exp ( rape ) 
" ae a sh. kt 

ss a ra (- 322, )J at exp(— rapt Ju gp (20) kt 

g B 0 (78.1) 
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This equation is valid for any function Uap? The exchange terms in this equation 
are those involving the factor Sab: For a Coulomb potential the last term in 


(78.1) is 
2 fore) 
Sab 2 "2a °h*ab _ =. ) Map) 
Iq kf "ab — 4’ vi(2v4e1)? 
The distribution function en for a Coulomb system is (Kelbg [30] ): 
—~pn2/}2 
625. He / 


na 
op (rr) = 1-—e 
ab 9, 


6,¢€@ @é -p?/r? , 
ab a bi} ab l ar 
+ —— —-— e day (2) (78.2) 
For r=0O and J= 2 we find 


! 
7 tT’ e@ e 5 
pt (r=0) Z ( en: V( _ a ) (78.3) 


Thus, for a=b, the result is divided by two, as a result of the exchange effects. 
For the Debye potential we find from (77.3) or (78.1) without exchange 


effects the result : 


\ 


a i h 
r 1 Qa r ab 
hie (eae) Vag sty 22 (78.4) 
& : 7 GS = 


The contribution of the exchange terms is complicated: we only write the result 


i) 


for r=0 (9,72) : 


2 
6 (r=) = 4 _q ee vo(3 2) | — «2 ( -*2) (78.5) 
B “ab ry D 
We see that here too the result is divided by two for a=b as a result of the 
exchange effects. 
We now consider the thermodynamic functions, including the exchange effects. 
We know that 
Ue = > 2 2 n ny | ar 6 ptr) ® ai?) 


=1> D2," eas | dk Bap (k) vap() » Meo2) 
a b 
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as a result of Eqs. (67.10) , (77.1). Here pl?) is the Coulomb potential. 
The part of the potential energy due to exchange effects is given by (78.1) 
with the Debye potential : 


6 
exch _ 1 ab 2 
ee “22 Qn n 2 e e,? r 
a 


2 22 21 1 
8r,.e e } 
i ae ab | au | av T = 
Be 0 0 224, (l —u? v*) 
2 ny, a 
d A ( uv) 
~ np | (1a ?)] «fro CH WY a. 
4rb 4r? 2Prp 


The first bracketed term is the Hartree-Fock contribution. The first integral in 


(78.7) can be calculated exactly, the second one is expanded in powers of dap! p: 


(78.8) 
For eee (i.e., the Coulomb plasma) this result agrees with the result of equili- 


brium theory. 


As in section 77 the thermodynamic functions, including the exchange effects, 


can be evaluated to arbitrary order in the Born parameter Cab =—e ekg Ti. 
Thus 
k_T 6 
oop 3 - 20k? DD, *b a g E (Eup) 
12 TP) a b a 
r 
1 3 ab 
7 3 Mab — Py - aE a3) } ; ae 


The first term corresponds to the Debye-Huckel approximation. The term involving 


E(E) describes exchange effects. This function is given by 


Eg) 5 6 ae op 


D 


es r 
4 o-m\ G(m-1) (Sap\™ 2 a 
+7 > (1-2 ) : 7 or + Q Eb oat (78.10) 
m=3 € 


The last two terms in (78.9) describe the ordinary quantum effects. the function 


Qe.) is defined as follows: 
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1 5 2 Qa 3 
Q( Ep) ae Sab 6 ooh 
5 . o(m-2) ea ( 2 ab 
+r > —— (22 + o(e., 7) (78.11) 


m=y P(>m+1) 
where a => Cr ins = C being the Euler constant. 
We briefly presented some problems of the quantum theory of nonideal gases 
and plasmas. Because of lack of space, it is not possible to discuss here the 
quantum theory of kinetic fluctuations. We only note that this theory can be con- 


structed by analogy with the corresponding classical theory. 


CHAPTER 14 


Kinetic Equations for Partially 
Ionized Plasmas and for Chemically 
Reacting Gases 


79. PARTIALLY IONIZED PLASMAS. INITIAL MODEL 

In recent times, the kinetic theory of molecular gases was thoroughly 
studied (see for instance the work of Dahler and Hoffmann [31] and of Waldmann [32]). 
The complication of the theory in that case is due to the necessity of including the 
internal degrees of freedom of the molecules in the description. 

The kinetic theory of chemically reacting gases and of partially ionized 
plasmas is even more complex. Very few works have been devoted to the kinetic equa- 
tions taking into account chemical transformations. 

The work of Peletminsky [33] and of Kolesnichenko [34] represent an attempt 
at constructing such kinetic equations. They use an expansion in the density para- 
meter, but modify the condition of weakening of the initial correlations. This 
method is not convenient when the concentration of bound particles increases. 

Yakub [35] and Kolesnichenko [36] used a generalization of the Bogolyubov 
method for the derivation of kinetic equations for chemically reacting gases. The 
starting point is a Liouville equation for the distribution of MW simple particles 
which can be transformed into bound complexes, the molecules. The difference with 
the Liouville equation (!.2) lies in the fact that the interaction potential cannot 
be considered to be additive. As a result, the right-hand sides of the equations 
of the hierarchy are infinite series in the density. 

In order to derive kinetic equations including chemical reactions the den- 
sity expansions must be cut off in such a way that, in each approximation, all 
possible collisions of any given group of particles be accounted for. Such a method 


was used in Kolesnichenko's work [36] . 


+ 


A different, more fundamental approach to the problem of composite particles 
appears in refs. [50, 51, 52]. (Transl.) 
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In refs. [22 ,27]) a different method was used for the derivation of kinetic 
equations for partially ionized plasmas with Coulomb [22] and with electromagnetic 
interactions [37]. We essentially follow this method here. 

We consider a three-component plasma, consisting of electrons, ions and 
hydrogen atoms. The electrons and the ions will be denoted by subscripts e and tf 
respectively, whereas the atoms are denoted by e7. The charged particles inter- 
act through Coulomb forces. 

In a partially ionized gas, there are two limiting situations: the state 
with zero degree of ionization, i.e., a neutral gas, and the state of a fully 
ionized plasma. 

As a starting point we take the first state, in which all particles are 
bound as atoms. This state is characterized by a density matrix for the atoms, 
ptr! , ri, rill , r,t) (see (71.3)). 


L e 
Instead of I re, it is more convenient to use the variables: 


m F + me ss rf 
R= <2 * 74 r = R + —— 
m+tm. é m +m. 
e L e L 

Me 

r=ro—fPr, r =R - —— (79.1) 

e 4 e m+m. 
e t 


and the corresponding density matrix Pp, ,( RR” sr’, r’’,t). The latter obeys the 


equation 95 


7 2; 2 
et __h Dee NA AM fee ) n 
eT ae G2 VR ») "et Ou (oF, "r") Pes 


tpl ] bopt) .. WY Fy Wopiyh a |. 9.2 
+ fo, t71) + FAR) — 0,500) — BAR" oY] Bg (79.2) 
Here © . is the Coulomb potential. 
ev mm. 
ie 
= -=u= ——. 79.2 
Ms LL, : Wer =u m, +m, ( ) 


. 9 e e 


is the pptential energy of the particles in the pair, due to the field of the sur- 


rounding particles. The operator U(q) obeys the Poisson equation : 


m, 
2° a 1 - L 
Vout{qa,t)= any | dR arje,6(q-R m+ mi, mn r) 
m, , 
"2 a Seen gh ee © ° .4 
+ 0, 8(4 R+ or) P,g(R Ror. st) (79.4) 


Equations (79.2) and (79.4) form a closed set for the operators ae and U. We 


must add the normalization condition 


} = = 
a, | ar dR), (R»Rr or) = 5 (79.5) 
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where WV is the total number of atoms for zero ionization degrees. 

In the opposite limiting case, when all the charged particles are free, the 
Starting point is the set (71.6) , (71.7) for the operators W (c.t), U(r, t) (or 
for p.? iv). 

We represent O04 in terms of the eigenfunctions of the Hamiltonian of 


pairs, i.e., in terms of the eigenfunctions defined by: 


2 2 
ho? _ fl 2 = 
| oi VR Di v + (7) | Y pir») = Ep * pir) . (79.6) 


It follows from this equation that 


(r,R)=Y¥ (r)¥ 


YP a p'R) > E. = Ey ey Ep . (79.7) 


a P 
The subscript a denotes the quantum numbers n,p (n for the discrete spectrum 
and p for the continuous spectrum). The normalization condition for the eigen- 


functions is 
-! aoe 
re i exp (ih P-R) 


P 
k (27h)? 
dR ¥pAR) ¥p i (R) = —— 6(P’/—P”) 

ees , for a=n , B=m 

a a=-p’, B=m 
| ar ee ae iy for { gon » B= pl” 

3 
(27 h) S(p’—p"), for a=p',B=p". 
V (79.8) 


We use the following representation in terms of the eigenfunctions 


2 
n~ V nw 
et rer > > dP’ dp” PgiP’» Pi’, t) 
(27h) a £8 
wile! )¥a(r”) ¥p/(R’) ae (R"). (79.9) 


From (79.2) , (79.9) we find the following equation for the density matrix 
a f pil 
8 PyglP’ P’, ¢t) 


Oe Sn a - / 4 
th wr = (E+ E'p! Bo Epi) Pag (P > P , t) 
Vv A Be 
- —! 2 | ap li CPP cp CPP" ft) 
3 ay YB 
(27h) Y 
hie / ae: WW 4 
Py yP PE) UgiP, P )| (79.10) 
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V 
Dios a> save: re | dp ase) Q=7,p’ , B=m,p" (79.11) 
a (27h) 


and 


aA * * A 
ghee, t) = [ar dR ¥ Cr) ¥pi(R) U,(R, r,t) Ypw (R) ¥a(r) : (79.12) 


“a A 


Equation (79.10) is shorthand for a set of four equations for the functions 
A Yoon A 
Pa AP me i yb) Pp! , pp”? ny pl? Pp! sm* 


buund and the free states of the particles, coupled in the atoms, whereas the last 


The first two equations describe the 


two equations describe the transitions between bound and free states. 
The set of equations (79.10), (79.12) and (79.4) are the starting point for 


the derivation of the kinetic equations for partially ionized plasmas. 


80. KINETIC EQUATIONS FOR THE DISTRIBUTION FUNCTIONS 
OF ELECTRONS, IONS AND ATOMS 


We shall derive these equations in two steps. We first obtain the kinetic 
equation for the atom distribution function under the assumption that the degree of 
ionization is zero. Subsequently, we introduce the condition of weakening of the 
correlations, corresponding to the formation of free charged particles by the ioni~ 
zation of the atoms. 


We consider a spatially homogeneous gas, thus: 


3 
K | 27 
6, (P' pt) = by seth SCP PU) AP! sr) 


(i) = 0 (80.1) 
and the equation for the distribution function f, is (see (74.6)): 
! 


ot (20h)? 


i t pil jf apll a / 
> | dP" Im (5? ag (? PoE) SU alP iP ,t)) = rl <t)) 
B (80.2) 
If the correlation (606 SU ya) is evaluated in the polarization approxima-~ 


tion (see sects 73, 74), we find for the collision integral: 


2 
1,(P’, ¢) = —L. | du dk dp’ —°8—_ s(nk— P! + P") 


d(hw—-E — Eps tEgt Epi) 


{(se . 6c) fa?” st) ee eae +) | 


4n Im e(w>k) ; 
ren alee + fr 2)]] ea 


The dielectric constant has the following form 
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4tn V 5 
k* (ann)? 5 


e(w,k) = 1 + > | dp’ dp" S(hk— P’+P") 


: 
IPg(*)I” Fxtae fet PN) 


(80.4) 
h(w +A) —(£, +Eps ~E—Epu ) 
The spectral density of the field fluctuations is: 
anv 
(se-se) 9 = “SDD | ap aev |r r', c) + 5(P", 2) | 
w,k h a 8B o B 
2 
Pug lk) | Seopa 
SE EE hk — P’+P 6(hw —EF.— Ep, + FE, + Epw). (80.5) 
ke le(w,&)|? a ns 
Finally, the matrix element entering here is 
_ * 
Pk) = | ar ¥*(r) Yo(r) 
m» m, 
” le, exp (« mi +m, kr) + e- exp (-2 m+ m, k-r) | é (80.6) 


Equations (80.3) —(80.5) correspond to Eqs. (74.7), (74.2), (74.1) for the fully 
ionized plasma. If the functions (SE ° SE). k and Im e(w,k) are eliminated by 
using (80.4), (80.5), we get an expression analogous to (74.9) or (74.10). 

In order to obtain from (80.3) the collision integrals for electrons, ions 
and atoms we proceed as follows. We noted already that by analogy to (79.11) the’ 
right-hand side of (80.3) can be represented as a sum of two terms, taking into 
account the contributions of the discrete and of the continuous spectrum. Ina 
similar way, the spectral density (SE- SE) , and the function Ime(w,k) can be 


> 
represented as 


a(w,k) = = Je (w,) -| = Opt opt Opp Spp (80.7) 


The indices f and b denote, respectively, free and bound states. 


For the particles in free states the eigenfunctions are: 


Nole== 


¥ (7) — Yp(r) = V * exp (tn? per). (80.8) 


For the description of the free particles it is convenient to use, instead of p,P 


the variables p , P, defined as follows 
a 


P=p + -~—“__ Pip? 
Ps p. P. mi +m, P 
m.—Pp —m_p. m. 
- bt é ert a L S 
ee eres ——s Per a P—p. (80.9) 
e z e L 


Thus fp (Pt) —> flp,.P;>t) - (80.10) 
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The function 


Nf, (Pst) = "f(P,.P >t) (80.11) 


defines the mean number of pairs of particles (atoms) in which the particles are so 
far apart that they can be considered free. If the degree of ionization is zero, 
such states are impossible, and the collision integral is defined by (80.3), with 
a=n,B=m. 

If the degree of ionization is not zero, the partially ionized gas can be 


described again by Eq. (80.3) in which we perform the substitution 


Nf(P,>P, >t) —> Nf(P,,t) Nf(p,st). (80.12) 


This means that we replace the number of pairs of free particles by the product of 
the average numbers of free particles with the same momentum. This is precisely 
the assumption of weakening of the correlations, mentioned above. 

In order to derive the set of equations for the distribution functions of 
the electrons, the ions and the atoms we use Eqs (80.2). (80.3) and (80.12). We 


substitute into (80.2) a=p’, perform the change of variables (80.9) and substi- 


tute : 
/ 
Ii (P >t) —> I(p,>P;>) ‘ (80.13) 
We introduce the following definition for the distribution function of the ions 
(electrons) : 
= V et, “ch 
f (Pit) = ; | dp, f(P,>P,>t) (b# a, a=e,t). (80.14) 
(27h) 
The equations can now be written in the form 
of _(p,»t) 
a*"a V | 
————__————— = —— | ad r Se = oF ma 80.15) 
ot (anh)? Py (p> Pp ) gee ) ( 
Introducing into (80.2), (80.3) a=" we find the kinetic equations for the atoms: 
af (P’, t) 
—————— = 1 (P’,t). 80.16 
ot a ( 
The distribution functions for the electrons, ions and atoms are normalized as 
follows V NW 
(20h)? | ae, OS ea Bea aaa 
V | Neg 
—_———_ dP f (P,t) =—“e=ec. (80.17) 
(27h) > n N eu 


n 
where Cc. (a2 =e,t) is the concentration of the electrons and of the ions, and Cas 
the concentration of the atoms. These concentrations are related by: 


oe te .= 1. (80.18) 


a ev 
a 


We now study some properties of these collision integrals. We represent 
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the integral I (p>) as a sum of two terms : 


a 
I( Pg >t) =| 14(0,+¢)] 4 [Za (a,+€) | (a =e,7) (80.19) 
where 
e2 ; pi2— pll2 
I (p/,¢)] - —4— | dp" au dk ky s(hk—p! + p,’) 6(hw — +2 
a‘ a } (2n)?h a a 2m, 


(se-se) | [eto se) — 2,04, ¢)| 


_ 4th Ime(w,k) 


Gal [f(0 2) + (02, ¢) | (80.20) 


In order to obtain this expression, we put a= p’, 8B =p” in (80.3), use (80.9) and 
express the matrix element (80.6) in terms of free-motion eigenfunctions. 

As the spectral density of the field fluctuations and the imaginary part of 
the dielectric constant consist of a sum of four terms, Eq. (80.20) also splits up 


into four collision integrals, describing four different processes: 


J Wooey nll + / 
= Pa % Pib Pa Pib 
is the scattering of free particles; 
/ itd s i / / a * b 
2. pi +m PY <> PL + Pi+Pip ( ) 
is the ionization of an atom in the state m, Pp,’ through the collision 


with an electron or an ion; 


/ u " ” / 
3 : <> 
3 ae + Pit Pip Po + n, P, 


represents the recombination in presence of an electron or of an ion; 


/ w 4 yn pl 
4. p +m, P, <> pr fi 


represents an inelastic collision of an ion or electron with an atom. 


In all these four processes, the average number of particles of type a, 


interacting with free particles or with atoms, does not change; thus 


V = 
ae | dp. [1 (9, )] = 0 (80.21) 


and the concentrations of the free particles, Cy does not change in these pro- 
cesses, 


The second term on the right-hand side of (80.19) is defined by: 
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I V —2 
I(p +) = —_ — | apf dP" du ak 
g c 12 (2m) h care B 


2 


6(hk- p,— pit P”) 


P 
(m, pi-™, pi)/(m_+ ry, ) Mm 


(ae 
fq — —— — — + + 
Gy) 2m, om E'p! 


= 41h Im e(w,k) lr,(P,¢) + vfy(P) >t) fF, (0',t) | . (ba) (80.22) 


In order to obtain this equation, we set in (80.3) a=p’,B=m, use (80.9), inte- 


grate over P, and use (80.12) under the integral. We again distinguish four 
processes, 
5. p' +p! +p" <>mP" +4 p' 
a b la la 


is the recombination of particles @ and b (a#b); 
6. 14 pl +m PP"! <> mP" 4p’ +p! 
Pa * Pp is 41 Pia’ Pib 
is a process of inelastic scattering, accompanied by an exchange of 
particles; 
he 1+ pl +p" 4p") <a>mP" +n, Pi 
fa pe Pig Pap 1 1 
is the process of double recombination; 
/ / wt Ww / 
8. p+ Py tm, P, <> mP tn, P, 
1S a recombination process in the presence of an atom. 


For the collision integral (80.22) the property (80.21) does not hold: 


V 
oe ee x e e 
ae | dp, [2,0 |, 0 (80.23) 


Thus, in the processes 5—8 the concentrations of the free particles change. 
If the plasma is completely ionized, only the process (1) is possible. 


Thus, instead of (80.7), we have 


e(w, k) = 1+ 470 (80.24) 


Pp 
and the dielectric constant reduces to (74.2), whereas (80.5) reduces to (71.1). 
The collision integral (80.22) vanishes, and (80.20) reduces to the form (74.7) of 
the quantum Balescu-Lenard collision integral. 


The collision integral for the atoms can be represented as 


z(P’,t) = FaGaa + lr, (P’.t) |. (80.25) 
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The first term follows from (80.1) with a=n,B=m. We have here the 


following four processes: 


ys n Pp’ "  e> mPl + pl 
P+ Py, aaa 
2! : n / Pp a> i + / + / 
P’ + m, ‘ mP Pia Pin 
3°. / WW 7] Han / 
nP ae i i cae Le + 7s 
an nP!’ + m, Pi <> mP" +n, P! 


These processes do not modify the number of atoms, thus 


> | ap’ |, (P e)| =O. (80.26) 


n 


In order to obtain the second part of the collision integral, we set in (80.3) 


a=n,8 =p”, use (80.9) and (80.12) and obtain 


[7,(P, #) | 2 ete 


(27)?h (27n)? 


i iW -2 
| ap’ dp, dwdk k | Pe (mp! —m pi! )/(m +m,) | 


nll 2 72 
ae Ph 
6(hk— Plt+p"+ p”) S(hw-E SE pe a | 
a b n e 


(sz . F) 


¢ 


las”) Fle) ~ £2) | 


w,k 
4uh Im e(w,k) 
— A [we t02) Flor) + 2,00) | (80.27) 


le(wyk) |? 


Here we find the following four processes: 


5 nP' + p! es p"+p" +p’ 

1q a b la 
6". n Pp’ + Py + py <p +P + n, Py 
7", nP’ + m Py <> pl + py + py ot Pry 
8'. nP’ + m Py <y Po +pytn, PY 


These processes change the number of atoms, thus: 


> far —4 [2 (P’, +) #0. (80.28) 
yw 2 
o (27h) 
The collision integrals (80.19), (80.25) possess the following conservation proper- 
ties: 

r(t)=2> | ap’ Vi # (P’) T(p’,t) =0, (80.29) 

V 3 ‘O oO 
s ( 27h) 
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for o,(P") =F lugs x Bot En! : These properties express the conservation of the 
total number of charged particles of each type (in free and bound states), the total 


momentum and the total energy of the free particles and of the atoms, Furthermore: 


I(t) 20 for bo saa Qn f(P’, t) : (80.30) 


This expresses the increase of the total entropy for the isolated partially ionized 
plasma. In order to prove these relations, we need Eq. (79.11). 


We consider the equilibrium solutions of (80.15), (80.16), determined by 


the equations 


r,(Pst)=|1,(P.¢)| +[7,(P.t) |, = 2 ; (80.31) 


In order to satisfy these equations it is not sufficient to have the equilibrium 


distributions for the electrons, ions and atoms : 


—E 
flip.) =- i "a Het 'n*p 
= — exp |—————_ , P)=-— eae eee : 
D . 7 ) ae TA ) wy &XP Te (80.32) 
B B 
with 
N 2\} V.. 2 \3 
2m7h* \2 2nh° \? 1 
= kT &n 2 (=) ; .= kL? Qn 2 ( ) 4 80.33 
Ka B V \m_k iT Met B V \Wkgr/ 2 : 
a B B 
(2 is the partition function). We must also impose the relation 
Wty = Woe (80.34) 


among the chemical potentials, which expresses the condition of chemical equilibrium. 


The latter can also be writen as follows: 


a oo (80.35) 
eu eL 27h 

This is Saha's formula. Thus, in equilibrium, the distributions of the electrons, 
ions and atoms are Maxwell-Boltzmann distributions, related through the condition 

of chemical equilibrium. 

From the kinetic equations (80.15),(80.16) we may obtain the hydrodynamical 
equations for a partially ionized gas, taking into account the chemical transforma- 
tion [22]. 

In reference [37] a similar method was used for the derivation of the kine- 


tic equations of a system of charged particles with electromagnetic interactions. 
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8]. CHEMICALLY REACTING GASES. INITIAL MODEL 

We consider a three-component gas, consisting of atoms a and Db, and of 
molecules ab. We may again consider two limiting cases: the molecular gas (degree 
of dissociation equal to zero), and the fully dissociated gas, a mixture of two 
atomic gases. 

We take as a reference state, as in section 79, the molecular gas. We assume 
the gas to be sufficienly dilute, in order to be allowed to use the binary colli- 
sion approximation. The state of the gas is then described hy the two-varticle 


density matrix 


a,b, a,b, a,)b,)a,b, © a," by,” ay*® by’ a,” by’ ay’ bp 
where |! and 2 are the molecules, and a,b are the subscripts of the atoms in the 
molecules. 
Let 
2 
. hn? 2 h 2 
Le = V - > V, +96 (81.2) 
be the Hamiltonian of a molecule, 
“0 A A 
H = + #H (81.3) 
a Beads, gabe Me bs 
be the Hamiltonian of two non-interacting atoms, and 
U SUC. offi 3h. ee) (81.4) 
a,b,a,b, a,’ by’ ay’ by 


be the interaction potential of two molecules. If both interacting molecules are 


in the dissociated state, then 


+ > (81.5) 


U = 6 + + > 
a, by ay by ay to a, by b, a, by b, 


where Ley ls the interaction potential of the atoms a,b. If only one molecule, 


say 2, is dissociated, then 


U = 
a,b,a,b, a,b,a (81.6) 


Thus, the potential U is additive only in the case of free atoms. In the general 


case we have to know the following potentials: 


Na, by a,b, . "a, bya, : "a,b, b, ? aa OD (81.7) 


The equations for the density matrices in the binary collision approxima- 


tion can be written by analogy with (66.10) as follows: 


KTNG -L* 
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H ( etn gO Bt } 
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~0 NW " 7 u“ 
H ¢ ir Pe eet a )| 
a,b,ayb, ay b, a» bs 
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( a,b,a5b, a,b,'a,b, 


/ / / 


/ 
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Py er r 


U (, ; |p ; 
a,5,a,b, ay b, ay by a ,b,anb»o 


In the weak coupling approximation for the molecular interactions, we may take in 


(81.8) 


the right-hand side: 


0 = 0 ) (81.9) 
a,b,a,b, a,b, a,b, 


and find an equation analogous to (69.1). 


82. KINETIC EQUATIONS FOR CHEMICALLY REACTING GASES 

The derivation of the kinetic equations can again be done in two steps, as 
in section 79. First one derives kinetic equations for the two-molecule distribu- 
tion functions, then one identifies three kinetic equations for the atoms and 
molecules, by using the assumption of weakening of the correlations in the forma- 
tion of free atoms. 

The kinetic equations were derived in ref. [38] (see also [45,46]). We 
only quote a few results here. 

We assume that the weak-coupling approximation is valid. For a spatially 
homogeneous gas in the diagonal approximation, the kinetic equation for the distri- 


bution function Ty (Ps . ,»t) can be written as follows: 
l 171 


a,b 
of 


n 
a,b, ( ; } 

SS = T P gfe (82.1) 
Ot Nabe a 


The collision integral is defined as follows : 


27N 


rayne) > ths 
Oa ils a,b, h(27h)° 


U Ge sup! ) (82.2) 
Na b. ™a b."a.b, ™a.b a,b, a,b, 
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6 (P: 4+ Pp! _ pil _ pil ) 
a,b, aod, a,b, aod, 


6 (2, +Ep; TE +Ep, —E —Enn  —E — Eon } 
ayby Fayb, "ayby Fayby "ayb, Payb, ab, Pa,b, 
faa (hay) Fagg (tse!) 
Mab \ a,b, VAsd a,b, 
(82.2) 
~ fn, (Payby°t) fag g (Pay ,"*) | 
aap, ab, omer aod» (cont) 


where NW is the number of molecules in the zero-dissociation state, and 


nab, "a,b, "asb, Magb,(t)” | 8 a,b, apb, (hr by Tasb,) 
ye (, ; ) ys (, ; ) Vm (, 4 ) Vr (+ A ) (82.3) 
eq MPa a Bp PigNa2= 2 Apdo F202 ab, 71%) 
is the matrix element of the molecular interaction energy. Yn ap ab?) are eigen- 


f ion f th ami i i 1 - 
unctions o e Hamiltonian Hop? and U( Reta bab, 1s the Fourier trans 


form of the interaction energy of the molecules: 


U 


= UY (R — R , vr a 4 ) 
a,b,a,b, a,b,a,b, a,b, a5), a,b, a,b, 


In the elastic collision approximation: 


U (kK) = v(k) 6 
"ayb) ™a1b, "aobo aes ( i 


and from (82.1) follows the relation 
ECP gt) > Ty (Pape?) 
"ab 
For monatomic gases this relation reduces to the Bogolyubov-Gurov collision inte- 
gral (69.11). 
From (82.2) we may derive also the collision integral for particles with 

Coulomb interactions, but without polarization effects, because we used the weak- 
coupling approximation to start. In that case we use (81.5) for U and obtain for 


the matrix element (82.3): 


' (ke) | 
E Gaby aa by "aob» 
"ab De 


- (3) 
2 
k 1° 1 


We used here the expression (80.6) of the matrix element. 


P (k) ae “ (kK) |. (82.5) 
a,b, a,b, 


Using a relation analogous to (80.]2) we may derive, as in section 80, a 


set of three equations for the distribution functions of the atoms and of the 
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molecules. These equations have the same structure as (80.15), (80.16) (see 


ref. [38] ). 


83. EQUATIONS FOR THE CONCENTRATIONS OF FREE AND BOUND CHARGED 
PARTICLES. IONIZATION AND RECOMBINATION COEFFICIENTS 


We consider a non-equilibrium state of a homogeneous partially ionized 
plasma. We assume that the Maxwell-Boltzmann state is already reached for the 
electrons, the ions and the atoms, but that the state of chemical (ionization) 
equilibrium is not yet attained. AS a result, the concentrations of the components 
are not related by the ionization equilibrium relation (80.35). 

In order to obtain an equation for n(t) , say, we multiply the kinetic 
equation (80.15) by nV/(2uh)*> integrate over p,, and use (80.5), (80.4), (80.7) 
and (80.32). We obtain [22] : 


gil a = (« "a "ab — Bn2) ¥ (a, no =e) ne nab) 
dt 
5 (a, no, BX, np) + (a, ne ny B32 Gy) - (83.1) 
We used here the equality of the concentration of ions and electrons. a is the 
coefficient of collisional ionization, 8B the coefficient of triple recombination 
(two electrons and an ion, or two ions and an electron), a, the coefficient of 
Lonization through the collision of two atoms, BL the coefficient of recombination 


through triple collisions of an ion, an electron and an atom, B, the coefficient 


of recombination of four particles, yielding two atoms, a, the corresponding 


2 
1onization coefficient, Ot, and B, coefficients of exchange processes. 


As an example we consider the coefficients a@ and 8 [22]: 


|P 
a = a > ee > | dp' dP! dP" dp! dp! du dk —__$4— 
(ari 3 55 k le(w, k)| 


42 
42 42 P 2 P 


Ce 
4 pi2 pla pil2 
s(ae—ris re) (noe Pan 9 2) 
2u 2M =m 2M 
rn 
ae Oe saieapemal | ae (83.2) 
[20 (m,M)* kT] 2M 2m, 
2 \2 
2 
B = ( = ) Za. (83.3) 
uk? 


The integrations in this equation can be performed, if we assume the following 


simplifications are valid. The polarization effects are unimportant (e€(w, k) =1), 
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the ionization is mainly due to electrons, the atoms are at rest (M=™), and the 
Lonization proceeds from the ground state. We then obtain from (83.2) the following 
expression for the ionization coefficient a: 


4 

; eG he ROP S1/k7 

a=-5— 35 e 2. = ¢ (83.4) 
3 n> oT 


we 


where J is the ionization potential, a, the Bohr radius. In deriving this formula, 
we used the expression for the matrix element LP tm (RIL for m=0 (see reference 
[40], p.667). 

If the ionization coefficient is calculated classically [41] one obtains a 
result differing eon (83.4) in the pre-exponential factor: instead of (kK, 7/T) , 
one obtains (ald be . As a result in the neighbourhood of the threshold, the 
dependence on the distance from the threshold is nonlinear. 

Equation (83.4) was obtained in the Born approximation. This approximation 


is also used in the numerical calculations (see, e.g., [42]}. 


84. EFFECT OF THE ELECTROMAGNETIC FIELD FLUCTUATIONS ON THE 
KINETIC PROCESSES IN A PARTIALLY IONIZED PLASMA 


Using the method considered in sections 79, 80, we may include in Eqs. 
(80.15), (80.16) also the processes due to the interaction of the charge particles 
with a fluctuating transverse electromagnetic field [37]. The additional terms in 
the collision integrals, due to the fluctuations of the electromagnetic field are 
expressed by similar formulae. For instance, the additional term to [Z(p,> t)}, 


has the following form [37]: 


| ef (kx vt ) 7 Zi 
I (p’, -——4*_ | ap" dw ak — § (hk-pltp” ) 
: pi 2 Wo? 
ice ae ( cl, rt) | ee 
8 (hw — 5 re | SEN O8E’) | Fala’ t) —f,(0f + 4) 
8th Im ct (w,k)w* 
oa att [ated 8) + lege] ep 


L ° ry Oo 
Here, (SE 6E \, , is the spectral density of the transverse electric field fluc- 
: 
tuation, € (w,k) is the corresponding dielectric constant. As in the Coulomb 


case, these functions can be represented as follows (see (80.7)): 


(se*- se") - (se'-se' ff ee ae oes ae es ae 
’w,k w ,K 
e+(w,k)=1 + Am (Opp t Oop, + Op pt Op>) (84.2) 


The expressions of these functions were derived in reference [37]. 


In equilibrium, the spectral density of the transverse field fluctuations 
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is given by 


16 mhw4 Im e-(w,k ) ‘ 
(se*. sz") Lae 4 4—__t (84.3) 
wrk = lwie (w,k)—e*k | exp (hw/k 7) — | 


For h-+0O, this expression reduces to (39.42). The corresponding expression for 


the time-spectral density is 


3 
4h 
(se'- se") = (Re c+)? Ee ee 
w Cc ; exp (huw/k 7) — | 
2hw? 
= . (Re else t+4n2o% (84.4) 
a Ww 


where . is the temperature part of the Planck function. 

Using (84.2), we may represent the collision integrals as sums of eight 
terms and introduce a classification of all the contributions, as in section 80. 

The collision integrals take into account the interactions in the polariza- 
tion approximation. Therefore, in addition to the usual processes of photo- 
ionization, photo-recombination, emission, absorption, etc., there also appear 
‘anomalous! (superluminous) effects [43]. Such are the Cherenkov effect, the 
anomalous Doppler effect, the anomalous bremmstrahlung, as well as the spontaneous 
and induced ionization of atoms with emission of a quantum, of the induced recom- 
bination with absorption of a quantum, etc. 

For the purpose of illustration, we quote the expression of the coefficients 
of ‘normal’ photo-~ionization, and photo-recombination (a, and B.) in the approxi- 


mation of an infinite mass for the heavy particles [37]: 


iP as p* 
r ! 8 (hue |~2) 
pm m 2Mp 


_ 3 
Ba a (2mm, kgf ) > | aw dp 
m 
1 L 2 
“([6E - 6E exp (— p“/2 m., ka?) : (84.5) 
w) 
Here le | 1s the corresponding matrix element, (set. gE) is the spectral 
function of the field, excluding the contribution of the ground-state oscillations. 


In equilibrium, this function reduces to 47? p. (see (84.4)). The photo-ionization 


coefficient can be obtained from (84.5) by means of the substitution 


$ 


m kK _T 
(se. se") — ( e B) exp (- (se. se" ) (84.6) 
w 27h Z kf 0) 
For the process of recombination in the ground state, Eq. (84.5) takes the form [37] : 
8 _4 2 3 a 
2-e 27h 2 3 hw —I 1 1 
Be (BB a Jor BS) (eet) ae 
B B 
T/h % 


The corresponding photoionization coefficient is obtained by means of (84.6): 
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oa OS " 1 1 
GS a | dw (se OE ) ; (84.8) 
T/h 23 
If the fluctuations of the field are in equilibrium, i.e., when 


(se. sE* | = 472! 
Ww Ww 


and [I > kar , we obtain from (84.8) [37]: 


| 
3 3 
10 9-4 T° [Re e(I/h)]° &,7 
27° e@ 3 B 
a. ee a, 3 ; exp (=i/R 2) (84.9) 


This result differs only by a numerical factor from the result of the quasi- 
classical method (see, e.g., Eq. (6.96) in ref. [41] ). More details about these 


problems are found in ref. [37]. 


85. KINETIC THEORY OF FLUCTUATIONS IN CHEMICALLY REACTING 
GASES AND IN PARTIALLY IONIZED PLASMAS * 


In deriving the kinetic equation of this chapter, we used the assumption 
of complete weaking of the correlations; therefore, the kinetic fluctuations do 
not appear in these equations. The latter can, however, be studied by analogy with 
the theory developed in Chapters 4 and 11. 

As a Starting point, we muSt use instead of (79.10) the equation for the 
smoothed density matrix. In contrast to (79.10), the latter equation is dissipative. 

The kinetic equation, taking into account the long-range fluctuations is 


now: 
ofj(P" ,t) 

Ot 
The integral q, is defined by (80.3), whereas 


sie eG callers) cee 0 care) (85.1) 


i (Pe) =-< ee 
8 (27h) 
7, = . } Ww 
| dP” Im ogg (PLP) 6U 3 (P ne 7), (85.2) 


1s an additional term, taking into account the long-range fluctuations. 

We recall that, in the kinetic theory of fluctuations in both gases and 
plasmas, the source of long-range fluctuations is a sum of two terms (see (22.26), 
(62.17)). One of them is due to the correction to the collision integral, i » and 
vanishes when r=0. The second term is due to the atomic structure of the medium, 
and remains non-zero even in equilibrium, when both collision integrals Tyo ee 


vanish. 


u This section was added by the author for the present English edition (1977). 
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The contribution due to the collision integral I, 1S important when the 
state of the system is far from equilibrium. Here, we shall only discuss the case 
when a is zero. In that case we may assume that the matrix 60 (P’. P” ,t) is 


diagonal, i.e.: 


(20h)? 
— 


66, (P’, P”,t)=6 6(P’— P”) of (P’,t) (85.3) 


aB 


Here 8fy is the fluctuation in the distribution function tas oF = i (ie) 
In the present approximation the equation for the distribution function can 


be written as a Langevin equation 


, V 
=I (P’,t)+- Pt) (85.4) 
a o(Pl,t) + UglP's €) 


The moments of the random source are given by 


(y(P, t)) = 0 


(Ug (Pts 2) ya(P”, t)) = Ayg(P’,P” ,t) 8(t-t') . (85.5) 
The intensity of the random source can be obtained by formulae similar to those of 
sections 22, 62. 
In the local-equilibrium approximation we obtain from (85.1) the correspond- 
ing Langevin equations for the concentrations of electrons, ions and atoms: 


dn 
—£ _]lan » ~Bnin +a ve —- Bi n n.n 
e ‘o e t 1 | e 1 e 


et. C4 


er eu e 
mo=n., nN_ +n. oe : (85.6) 
e 1 eu V 
The last term of Eq. (83.1) does not appear here because the coefficients O, = Bai 


therefore the term does not contribute to the concentration balance. 


The moments of the Langevin sources are given by: 
(y(t) ) = 0, (y(t) yo (t’)) = A, (4) 6(t—t’) . (85.7) 


The expression for Az, follows from the general expression AyglP!.P",t) 
given in (85.4). When the Maxwell-Boltzmann distribution is reached but not 
chemical equilibrium, one finds the following expression for Aso [Belyi and 


Klimontovich] ; 
=] 2 2 
= e e + e + e e 
Age\t) - {(2 Mo"et * aie "eo ) (., "et By "eine ns) 


2 2 2 
.t¢+ 
+2 (a, "og B, nen’) ¢ (85.8) 
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Thus, the intensity of the random source involves three terms, each corresponding 
to one of the pair (direct and inverse) of processes defining the change in the 
concentrations. 

In a state of complete equilibrium (when the Saha law is valid) the first 
and second term in each pair in (85.8) become equal. 

For small departures from equilibrium Eq. (85.6) reduces in the linear 


approximation for on, to 


d _ _ No 
ap te a , rea(2# we 


Sn, = dn, ; én .=-—6n_. (85.9) 


For simplicity we retained here only the term describing the ionization and the 
recombination. We obtain from this equation an expression for the mean square of 


the total number of electrons SN, = Von, : 
es. N — N, 
(( 8M, ) ) = No 2N— WM, ° (85.10) 

Clearly, in both limiting cases of a fully ionized plasma and of a vanishing degree 
of ionization this expression vanishes, 

Using the relations between the fluctuations én, , én, and on, one 

" : : 2 2 

easily finds expressions for ((5¥,) ) and (84, ,) ) 

The concentration fluctuations can, of course, be calculated also by other 
methods (see, for instance, the work of van Kampen, Brenig, Horsthemke, Grossmann, 


etc.). The method sketched here can be used even in states far from equilibrium 


when the contribution of the long-range fluctuations becomes important. 


The present chapter must be viewed as a short introduction to the theory of 
partially ionized gases and of chemically reacting gases. In this field there are 
still many unsolved problems. One of them is the construction of the kinetic 


theory of nonideal, chemically reacting systems. 
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